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Let M be a complex manifold of dimension n furnished
with both the Bergman metric and the Caratheodory
distance. The main result of the present paper is to prove that
the Bergman metric is always greater than or equal to the
Caratheodory distance on M. The case where M is a bounded
domain in the space Cn was already considered by the author in
Proc. Nat. Acad. Sci. (U.S.A.), 73 (1976), 4294.

1. Introduction. The main purpose of the present paper is to
prove the following

THEOREM A. Let M be a complex manifold which admits both the

Bergman metric sM and the Caratheodory differential metric aM. For each

z E M and each holomorphic tangent vector ξ,

(1) aM(z,ξ)^sM(z,ξ).

Let ρM and dM denote the integrated metrics on M which are
induced from aM and sM, respectively. Then the Caratheodory distance
cM ([2]) satisfies

(2) cM^pM^ dM

and there are cases when ρM differs from cM and dM.
From this observation and Theorem A, we obtain

THEOREM B. Let M be a complex manifold given as in Theorem
A. Then the Bergman metric is complete in M whenever the
Caratheodory distance is complete.

If in particular M is a bounded domain in the complex Euclidean
space Cn (n ̂  1), M always admits the Bergman metric and the
Caratheodory differential metric.

Theorems A and B have a number of interesting consequences.
In [4], C. Earle has proved the completeness of the Caratheodory

distance in the Teichmuller space T(g) of a compact Riemann surface of
genus g = 2. Therefore, Theorem B immediately implies the following
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THEOREM C. In the Teichmύller space T(g) of any compact
Riemann surface of genus g § 2 , the Bergman metric is complete.

Recently, S. Wolpert [11] and T. Chu have independently proved
that the Weil-Petersson metric is not complete in T(g). Therefore, we
have the following

THEOREM D. In the Teichmύller space T(g) of any compact
Riemann surface of genus g = 2, the Weil-Petersson metric is not uni-
formly equivalent to the Bergman metric.

Finally we have

THEOREM E. Let G be a bounded open connected subset of a
separable complex Hilbert space X of finite or infinite dimension, and let M
be a complex manifold of finite dimension which admits sM. If G is
homogeneous, then there exists a constant, depending only on G, such that
for any holomorphic mapping f: M—> G

(3) aG(f(z),Df(z)ξ)^k(G)sM(z,ξ) (z ε M, ξEC"),

where Df{z) denotes the Frechet derivative of f at z E M.

If in particular G is a ball, B, in X, then

(4) aB(f(z),Df(z)ξ)^sM(z,ξ).

Theorem E contains Theorem A as a special case when B is the unit
disc in the complex plane C.

2. The kernel form and invariant metric of
B e r g m a n . The theory of the Bergman kernel function and invariant
metric on a bounded domain in the space C" has been extended to a
complex manifold by S. Kobayashi [7] and also by A. Lichnerowicz [8].

Let ZF(M) be the set of holomorphic n -forms

a = adzλ Λ Λ dzn

on M such that

(1) α Λ ά <oo.
I JM

Then 2F(M) is a separable complex Hilbert space with an inner product



ON COMPLETENESS OF THE BERGMAN METRIC 439

given by

(2) (a,β)=in2l a
JM

Let {cpo, φu - •} be an orthonormal basis for SF. Then every a G SF may
be represented uniquely by the convergent series

(3a) oί(z)= X cvφv{z), cv

or

(3b)

where φv = (Φ^udzi Λ Λ dzn, in a local coordinate neighborhood U of
z6Aί.

Moreover,

(4) (α,α) = l l « U 2 = Σ k l 2

Let V be a local coordinate neighborhood of ζ E M in which
φv{ζ) = {Φv)v{ζ)dζι Λ Λdζn. Then the series

(5) in2

ί"2 Σ (Φ,)l/(Z) (Φ,)v(O dz, Λ Λ dzn Λ dί, Λ Λ dζn
0

converges absolutely and uniformly on every compact subset of M x M,
where M is the complex manifold_conjugate to M, and hence, represents
a holomorphic 2n-form on M x M Moreover, the sum (5) is indepen-
dent of choice of orthonormal basis. The Bergman kernel form is
defined by the sum (5) and written as

(5a) K (z, ξ) = κζ(z) = i"2k(z, ζ)dzx A Λ dzn A dζλ A Λ dζn

with a locally defined Bergman kernel function:

(5b) fc(z, 0 = Σ (Φ,)α(

Further we define the reduced kernel form by
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(6) Kζ(z)=k(z,ζ)dzίΛ'-Λdzn.

As in the classical case, see [1], the reduced kernel form has the
reproducing property of n-forms in 2F. More precisely,

LEMMA 1. For any a E 3* with a(z)= av(z)dzιA * Λ dzn,

(7) au(z ) = (a,Kz)=i"7ί a(t)ΛK(z,ϊ) (zEM).
J

Proof. First we observe that for each fixed z E M, Kz{t) is a
holomorphic n-form in M. From the uniform convergence of the series
(3a) and (5),

= Σ C -Σ Φμ(z)(φπφμ) = Σ cvΦp(z)= av(z).
v μ v

Setting in Lemma 1 a = Kζ7 ζ E M, we have

In particular, kz(z)^O. kz(z)>0 holds whenever M satisfies
(Al) For any z in M, there is an a E 3^{M) such that α (z) ^ 0. In

this case,

(9) S2(z £)= y ί

is a well-defined positive semidefinite hermitian form which is invariant
under biholomorphic mappings of M. In fact s2(z, ξ) is positive definite
if and only if M satisfies

(A2) For every holomorphic tangent vector ξ at z E M, there is an
α E &(M) such that α(z) = 0 and

where a — adzλ Λ Λ dzn.
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Therefore, any complex manifold M with properties (Al) and (A2)
is entitled to an invariant Kahler metric sM of Bergman.

3. An extension of Schwarz inequality. Let M{Ω) be
the set of square integrable n -forms defined on a measurable subset Ω of
a complex manifold M of dimension n. Then M{Ω) is a separable
complex Hubert space with respect to the inner product:

(1) ( α , / 3 ) Ω = ; " 2 ί aΛβ (a,βGM(Ω)).
J

We need the following extension of the Schwarz inequality.

LEMMA 2. Let {av} and {βv} be two sequences (finite or infinite)
from Jl(Ω) such that

(2)

Then

(3)

where " S " denotes the matrix inequality, i.e., A g B if and only ifB - A
is positive semidefinite, M and N the matrices whose entries are Mμv =
(αμ, βv)a and Nμv = (βμ, βv)n (μ, v = 0,1,2, •), respectively, and M* the
adjoint of M.

Proof. It is enough to prove the case where {av} and {βv} are infinite
sequences. The other cases can be proved in the same way. Let
u = (u0, Mi, •) be any non-zero constant vector in £\C). Then

M * M * M M = 2
μ=0 \ v = 0 / \v=0

( 4 ) - / - Λ >
μ=0 \ v = 0 1 Ω

By the Schwarz inequality in M(Ω), (4) becomes
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u*M*Mu si Σ («M»«/.)n(Σ 0Λ, Σ ft*
μ=0 \i/ = 0 τ=0

(5)

/x=0

from which (3) follows, since u was arbitrary.
In the case where M = Cn and Ω is a measurable subset of C", we

define M(Ω) to be the set of square integrable functions on Ω. Lemma 2
then holds in this case. We shall state it separately for the future use.

COROLLARY 1. Let {av} and {bv} be two sequences (finite or
infinite) from M(Ω), ΩCC", such that

Then

(7) M*M^N Σ (av,av)n,
v

where M and N are matrices whose entries are (aμy fev)Ω and (bμ,bv)n

(μ, v = 0,1,2, •), respectively.

4. The main theorems.

THEOREM 1. Let f = (/o?/i, * * *) be a holomorphic mapping from a
complex manifold M satisfying properties (Al) and (A2) of §2 into a
separable complex Hilbert space X of finite or infinite dimension such that

(1) | | / ( z ) | | χ ^ O for some Q >0.

Then

(2) \\Df(z)ξ\\x^QsM(z,ξ) (2 6Af, f 6 C " ) ,

vv/zere || | | x denotes the usual norm in X.

Proof. For each z E. M, let

(3) aμ(t) = fμ(t)Kz(t) = fμ{t)kz{t)dt^ - Λ dtn ( μ = 0 , l , 2 , )

dzv
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where

(5)
dKz(t)= dk(t,z)

dzv dzv

ti Λ Λ dtn.

In view of the reproducing property of the kernel form, see Lemma
1, we obtain

(6) <**) = Σ (f.Kz,fμKz)=(Σ fJμKz,Kz)^Q2(Kz,Kz)
μ \ μ * /

= Q2k(z,z),

(7a)
kz{z) dzμ>dzJ KΛZ) dzv

^ ( z ) / dKΛ dkz(z) dkz(z)
KΛZ) dzμ \K"dzJ+ dzμ dzv

From Lemma 1, we also have

(dKz dKΛ_ d2 d2k(z,z)
\dz/dzj~ dzpdzμ

{ " z)~ dzvdzμ

Therefore, (7a) becomes

dzvdzμ

dk{z,z)dk{z,z)
dzv

dzμ

(7b) 1

k(z,z) dzvdz
— logic (z,z).

(9)

From Lemma 2 applied to ^(M), together with (6), (7b), (9) and (9) of §2,
Theorem 1 follows.

Let X(M, B m) be the set of all holomorphic mappings / of a complex
manifold M into the unit ball Bm in the space Cm ( l ^ m S ω ) .
Following H. Reiffen [10] we define

(10)
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for (z, ξ)G M x Cm, where Bω denotes the unit ball in the Hubert space
Cω = €2(C) with the usual ί2-noτm.

It is easy to see that a^ is a pseudo differential metric in the sense of
Grauert and Reckziegel [5], and that α ^ } becomes a differential metric
whenever M satisfies the properties (Al) and (A2) of §2 by bounded
mappings in the class %!(M,Bm). We note that a$=aM is the
Caratheodory differential metric of H. Reiffen [10]. However, it turns
out that for all m, 1 g m § ω, a^ coincide with αM, as it is seen in the
following.

LEMMA 3. Let M be a complex manifold of dimension n. For each
z EM and each ξ G Cn,

(11) aW(z,ξ)=aW(z,ξ) for all m g 1.

Proof Suppose that / = (fuf2, , / m ) e W(M,Bm). Then / =
(/, 0) = (/i, , /m, 0,0, •) is a holomorphic mapping of M into Bω. Let

") = {/: / = (/,0), /

Then

^ ( M , β ω ) C ^ f ( M , β ω ) and \\Df(z)ξ\\m =\\Df(z)ξ\\ω.

Therefore,

(12) = sup{||D/(z)ί||.: /

The opposite inequality follows from the following observation.

(13)

where (\CY denotes the dual of t\C).
The second half of Lemma 3 is due to Clifford Earle (by communica-

tion) to whom the author is indebted.
It should be pointed out that the method of the proof of Theorem 1

is essentially due to K. H. Look [9]. In fact, he has proved Theorem 1
for the case when M is a bounded domain in Cn and X = C". However,
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K. H. Look did not seem to realize Lemma 3 which enabled us to relate
Theorem 1 to the Caratheodory distance.

Theorem A is now an immediate corollary of Theorem 1, or rather a
special case of Theorem 1.

Proof of Theorem A. Set X = C and Q = 1 in Theorem 1. Then
(2) becomes

(14) \Df(z)ξ\^s(z,ξ) (z6Af, ξeC)

for all fe W{M,BX), and Theorem A follows.

Proof of Theorem E. Let x0 be any fixed point in G and let
γ : G - > G b e a holomorphic automorphism of G such that y(x) — x0,
where x = /(z), z EM. Then y / is a holomorphic mapping of M into
G such that (γ f)(z) = x0. Let Q be the radius of the smallest ball in X
which contains G. We may assume that the center of this ball lies at the
origin. By Theorem 1,

(15a) \\D(γ f)(z)ξ\\x^Qs(z,ξ), (zGM, ίεC").

It is known [3] that if G is bounded then there are two positive
continuous functions A and Λ in G such that

(16) λ(x)\\ξ\\x^aG(x,ξ)^A(x)\\ξ\\x (xeG),

for each ξ G X. Set η = Df(z)ξ. Then (15a)"becomes

(15b) \\Dy(x)η\\x*ίQs(z,ξ), x=f(z).

By the invariant property of the Caratheodory differential metric aG

under biholomorphic mappings of G, see [3],

(17) aG(x,η)= aG(γ(x),Dy(x)η)= aG(x0,Dy(x)η).

From the second half of (16), (17), and (15b),

(15c) aG(f(z),Df(z)ξ)^A(x0)Qs(z,ξ).

The first half of Theorem E follows from (15c) when we set

(18) fc(G)=(?infΛ(jc).
xGG
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If in particular G is a ball, say B ={x E X : ||JC||X < JR}, R >0, then
Q = R and inequalities (16) may be reduced to

(19)

see [3]. Therefore, k(G) = 1 in (18) which proves the rest of Theorem
E.

REFERENCES

1. S. Bergman, Uber die Kernfunktion eines Bereiches und ihr Verhalten am Rande, J. Reine

Angew. Math., 169 (1933), 1-42; 172 (1935), 89-128.

2. C. Caratheodory, Uber das Schwarzsche Lemma bei analytischen Funktionen von zwei komplexen

Verάnderlichen, Math. Ann., 97 (1926), 76-98.

3. C. J. Earle and R. S. Hamilton, A fixed point theorem for holomorphic mappings, Global Analysis,

Proc. of Symposium, in Pure Math. XVI, Amer. Math. Soc, Providence, R.I., 1965.

4. C. J. Earle, On the Caratheodory metric in Teichmύller spaces, Ann. of Math. Studies, 79,

Princeton Univ. Press, Princeton, N.J., 1974.

5. H. Grauert and H. Reckziegeί, Hermitesche Metriken und normale Familien holomorpher

Abbildungen, Math. Z., 89 (1965), 108-125.

6. K. T. Hahn, On completeness of the Bergman metric and its subordinate metrics, Proc. Nat. Acad.

Sci. (U.S.A.) 73 (1976), 4294.

7. S. Kobayashi, Geometry of bounded domains, Trans. Amer. Math. Soc, 92 (1959), 267-290.

8. A. Lichnerowicz, Varietes complexes et tenseur de Bergman, Ann. Inst. Fourier (Grenoble), 15

(1965), 345-407.

9. K. H. Look, Schwarz lemma and analytic invariants, Scientia Sinica, 7 (1958), 453-504.

10. H. J. Reiffen, Die differential geometrischen Eigenschaften der invarianten Distanz Funktion von

Caratheodory, Schr. Math. Inst. Univ. Munster, 26 (1963).

11. S. Wolpert, Non-completeness of the Weil-Petersson metric for Teichmύller space, to appear in

Pacific J. Math., 61 (1975), 573-577.

Received June 20, 1976.

T H E PENNSYLVANIA STATE UNIVERSITY

Current address: 818 Webster Dr.

State College, PA 16801



PACIFIC JOURNAL OF MATHEMATICS

EDITORS

RICHARD ARENS (Managing Editor)
University of California
Los Angeles, CA 90024

R. A. BEAUMONT

University of Washington
Seattle, WA 98105

C. C. MOORE

University of California
Berkeley, CA 94720

J. DUGUNDJI
Department of Mathematics
University of Southern California
Los Angeles, CA 90007

R. F I N N AND J. MILGRAM

Stanford University
Stanford, CA 94305

E. F. BECKENBACH

ASSOCIATE EDITORS

B. H. NEUMANN F. WOLF K. YOSHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA
MONTANA STATE UNIVERSITY
UNIVERSITY OF NEVADA
NEW MEXICO STATE UNIVERSITY
OREGON STATE UNIVERSITY
UNIVERSITY OF OREGON
OSAKA UNIVERSITY

UNIVERSITY OF SOUTHERN CALIFORNIA
STANFORD UNIVERSITY
UNIVERSITY OF HAWAII
UNIVERSITY OF TOKYO
UNIVERSITY OF UTAH
WASHINGTON STATE UNIVERSITY
UNIVERSITY OF WASHINGTON

• •
AMERICAN MATHEMATICAL SOCIETY

The Supporting Institutions listed above contribute to the cost of publication of this Journal, but
they are not owners or publishers and have no responsibility for its contents or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typed
form or offset-reproduced (not dittoed), double spaced with large margins. Underline Greek letters in red,
German in green, and script in blue. The first paragraph or two must be capable of being used separately
as a synopsis of the entire paper. Items of the bibliography should not be cited there unless absolutely
necessary, in which case thev must be identified by author and Journal, rather than by item number. Manu-
scripts, in duplicate, may be sent to any one of the four editors. Please classify according to the
scheme of Math. Reviews, Index to Vol. 39. All other communications should be addressed to the
managing editor, or Elaine Barth, University of California, Los Angeles, California, 90024.

100 reprints are provided free for each article, only if page charges have been substantially paid.
Additional copies may be obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular subscription rate:
$72.00 a year (6 Vols., 12 issues). Special rate: $36.00 a year to individual members of supporting
institutions.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific Journal of
Mathematics, 103 Highland Boulevard, Berkeley, California, 94708.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Jerusalem Academic Press, POB 2390, Jerusalem, Israel.

Copyright © 1977 Pacific Journal of Mathematics
Ail Rights Reserved



Pacific Journal of Mathematics
Vol. 68, No. 2 April, 1977

William Allen Adkins, Aldo Andreotti and John Vincent Leahy, An
analogue of Oka’s theorem for weakly normal complex spaces . . . . . . . . 297

Ann K. Boyle, M. G. Deshpande and Edmund H. Feller, On nonsingularly
k-primitive rings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 303

Rolando Basim Chuaqui, Measures invariant under a group of
transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 313

Wendell Dan Curtis and Forrest Miller, Gauge groups and classification of
bundles with simple structural group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 331

Garret J. Etgen and Willie Taylor, The essential uniqueness of bounded
nonoscillatory solutions of certain even order differential
equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 339

Paul Ezust, On a representation theory for ideal systems . . . . . . . . . . . . . . . . . . 347
Richard Carl Gilbert, The deficiency index of a third order operator . . . . . . . . 369
John Norman Ginsburg, S-spaces in countably compact spaces using

Ostaszewski’s method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 393
Basil Gordon and S. P. Mohanty, On a theorem of Delaunay and some

related results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 399
Douglas Lloyd Grant, Topological groups which satisfy an open mapping

theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 411
Charles Lemuel Hagopian, A characterization of solenoids . . . . . . . . . . . . . . . . 425
Kyong Taik Hahn, On completeness of the Bergman metric and its

subordinate metrics. II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 437
G. Hochschild and David Wheeler Wigner, Abstractly split group

extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 447
Gary S. Itzkowitz, Inner invariant subspaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 455
Jiang Luh and Mohan S. Putcha, A commutativity theorem for

non-associative algebras over a principal ideal domain . . . . . . . . . . . . . . . 485
Donald J. Newman and A. R. Reddy, Addendum to: “Rational

approximation of e−x on the positive real axis” . . . . . . . . . . . . . . . . . . . . . . 489
Akio Osada, On the distribution of a-points of a strongly annular

function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 491
Jeffrey Lynn Spielman, A characterization of the Gaussian distribution in a

Hilbert space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 497
Robert Moffatt Stephenson Jr., Symmetrizable-closed spaces . . . . . . . . . . . . . . 507
Peter George Trotter and Takayuki Tamura, Completely semisimple inverse

1-semigroups admitting principal series . . . . . . . . . . . . . . . . . . . . . . . . . . . . 515
Charles Irvin Vinsonhaler and William Jennings Wickless, Torsion free

abelian groups quasi-projective over their endomorphism rings . . . . . . . 527
Frank Arvey Wattenberg, Topologies on the set of closed subsets . . . . . . . . . . . 537
Richard A. Zalik, Integral representation of Tchebycheff systems . . . . . . . . . . . 553

Pacific
JournalofM

athem
atics

1977
Vol.68,N

o.2

http://dx.doi.org/10.2140/pjm.1977.68.297
http://dx.doi.org/10.2140/pjm.1977.68.297
http://dx.doi.org/10.2140/pjm.1977.68.303
http://dx.doi.org/10.2140/pjm.1977.68.303
http://dx.doi.org/10.2140/pjm.1977.68.313
http://dx.doi.org/10.2140/pjm.1977.68.313
http://dx.doi.org/10.2140/pjm.1977.68.331
http://dx.doi.org/10.2140/pjm.1977.68.331
http://dx.doi.org/10.2140/pjm.1977.68.339
http://dx.doi.org/10.2140/pjm.1977.68.339
http://dx.doi.org/10.2140/pjm.1977.68.339
http://dx.doi.org/10.2140/pjm.1977.68.347
http://dx.doi.org/10.2140/pjm.1977.68.369
http://dx.doi.org/10.2140/pjm.1977.68.393
http://dx.doi.org/10.2140/pjm.1977.68.393
http://dx.doi.org/10.2140/pjm.1977.68.399
http://dx.doi.org/10.2140/pjm.1977.68.399
http://dx.doi.org/10.2140/pjm.1977.68.411
http://dx.doi.org/10.2140/pjm.1977.68.411
http://dx.doi.org/10.2140/pjm.1977.68.425
http://dx.doi.org/10.2140/pjm.1977.68.447
http://dx.doi.org/10.2140/pjm.1977.68.447
http://dx.doi.org/10.2140/pjm.1977.68.455
http://dx.doi.org/10.2140/pjm.1977.68.485
http://dx.doi.org/10.2140/pjm.1977.68.485
http://dx.doi.org/10.2140/pjm.1977.68.489
http://dx.doi.org/10.2140/pjm.1977.68.489
http://dx.doi.org/10.2140/pjm.1977.68.491
http://dx.doi.org/10.2140/pjm.1977.68.491
http://dx.doi.org/10.2140/pjm.1977.68.497
http://dx.doi.org/10.2140/pjm.1977.68.497
http://dx.doi.org/10.2140/pjm.1977.68.507
http://dx.doi.org/10.2140/pjm.1977.68.515
http://dx.doi.org/10.2140/pjm.1977.68.515
http://dx.doi.org/10.2140/pjm.1977.68.527
http://dx.doi.org/10.2140/pjm.1977.68.527
http://dx.doi.org/10.2140/pjm.1977.68.537
http://dx.doi.org/10.2140/pjm.1977.68.553

	
	
	

