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The main theorem of this paper characterizes bi— &
spaces as those spaces whose product with every compact
spaces is sequentially k.

1. Introduction. The classes of bi — k spaces, countably b7 — k&
spaces and singly b¢ — k spaces were studied in [5], and the class
of sequentially % spaces was introduced in [3]. The following im-
plications hold among these spaces, without the assumption of any
separation axioms: bi — k— countably bi — k — singly bi — k— se-
quentially k. Also, all k spaces are sequentially %, and all Hausdorff
sequentially 4 spaces are k spaces. (These classes will be defined at
the end of this introduction.)

THEOREM 1.1. The following are equivalent:

(a) X %8s a bi — L space.

(b) X X Y s a singly bi — k space for every compact Hausdorff
space Y.

(¢) X x Y is sequentially k for every compact space Y.

This theorem is proved in § 2.

REMARK 1.2. Cohen [4] proved that the product of a k space
with a (locally) compact Hausdorfl space is a k& space. Noble [6]
showed this is false without the Hausdorff assumption, but in Noble’s
example, the product was a bi — k space. Theorem 1.1 (¢ — a) shows
that the product of a %k space with a compact space need not even
be sequentially k.

REMARK 1.3. Michael [5] has asked whether the product of two
countably b7 —k spaces must be countably b¢—k%k. Examples have been
given showing it is consistent with Zermelo-Fraenkel set theory that
this is false. Theorem 1.1 can be used to give an absolute counterex-
ample. All we need is a countably b: — k space that is not bi — k.
Let X be the subspace of the product of uncountably many copies
of {0, 1} consisting of points that are 1 on only countably many co-
ordinates (i.e., a X-product centered at the point all of whose co-
ordinates are 0). Arhangel’skii proved that this space is countably
bt — k (in fact, countably bi-sequential) but not b7 — k& [2]. Thus,
by Theorem 1.1, there is a compact Hausdorff space Y, and a
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compact T, space Y, such that X x Y, is not singly b7 — k, thus
not countably b7 — k, and X X Y, is not even sequentially k.

DerFINITION 1.4, [3] If S is a subset of a topological space X
and (S;) is a nested sequence of subsets of X, then (S,) is an S-
sequence if whenever (s;) is a sequence of points with s; €S, for
each 4, then (s;) has an accumulation point in S.

DEFINITION 1.5. A space X is a b7 — k space if whenever & is
a filter base containing the open sets around a point pe X, there is
a compact set SC X and a nested sequence of sets (S;) such that
(S,) meshes with & and (S,) is an S-sequence.

DEFINITION 1.6. A space X is a countably bi — k space if when-
ever (F';) is a nested sequence of sets accumulating at a point »
(i.e., pecl(F,;) for each ¢) there is a nested sequence of sets (S))
accumulating at p and a compact set S such that S, F, for each
1 and (S;) is an S-sequence.

DeErFINITION 1.7. A space X is a singly bt — k space if whenever
pecl(F), there is a compact set S and a nested sequence of sets
(S;) accumulating at p such that S, C F for each ¢ and (S,) is an
S-sequence.

DEFINITION 1.8. A space X is sequentially k if whenever a set
F is not closed there is a point pecl (F) — F, a compact set S and
a nested sequence of sets (S,) accumulating at p such that S,CF
for each 4 and (S,) is an S-sequence.

2. Proof of Theorem 1.1. In [2], Michael proved that a space
X is countably bi — k if and only if X X I is singly b7 — k& (where
I is the unit interval). The heart of the proof (in one direction)
involves coding a bad nested sequence (S;) of subsets of X (i.e., a
witnessing sequence to the statement ‘X is not countably bi — &)
as a single bad subset of X x I. This idea of coding is hinted at
in the following proof of Theorem 1.1.

a—b and a—c:

The product of two (or even countably many) bi — k spaces is
bt — k [5]. Since compact spaces are bi — k, the product of a bt — k
space and a compact space is bt — k, and thus singly b7 — &k and
sequentially k.

notea —notb and nota-—>note:
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Both implications make use of the following construction.

Suppose X is not bi — k. Then there is a point pc X and a
filter base .# of subsets of X such that & contains the open sets
around p, but there is no compact S X and nested sequence of
sets (S;) such that (S;) meshes with & and is an S-sequence. Thus,
in particular, there is an Fe.# such that p¢ F and therefore if
Fie s and F,e. &, then F.NF, — {p} # @.

Define a base for a new topology on X as follows., If zeX —
{p}, then {x} is open, and if Fe.&, then F U {p} is a neighborhood
of p. This refines the original topology on X. Let X’ be X with
this new topology. Note that vX’ is completely regular.

Let Y, = B(X'), the Stone-Cech compactification of X' (actually,
any Hausdorff compactification will do), and let Y, be the one point
compactification of X’. Note that Y, is a T, space, but is definitely
not Hausdorff.

Claim 1. X x Y, is not singly bt — k.

Proof. Let C={(x,2):zeX — {p}}. C is a subset of X X X'
XxY. If UxV is a basic open set around (p, p), then U and
VNX are both in &, so UNVNX —{p}#* @. Thus (Ux V)n
C+ @, ie., (p,p)ecl(C)— C. Suppose X X Y, is singly b — k.
Then there is a compact set K< X x Y,, and a nested sequence (X,)
of subsets of C such that (p, p)ecl(K,) for each ¢, and (K),) is a
K-sequence. Then, if 7,: X x Y,— X is the projection map, the
sequence (7x(K,)) is a my(K)-sequence and 7x(K) is compact in X.
Suppose F'e.#. Then there is an open set VY, such that V' N
X' = F U {p}. But then for each ¢, there is an %, such that (z, ,) e
K.N(XxV). Then z,€F, so n(K)NF #* @. Thus (7,(K)) is a
Tz(K)-sequence meshing with &, This violates the choice of .7, so
X x Y, is not singly b7 — k.

Clatm 2. X x Y, is not sequentially k.
Proof. Let Y,= X' U{aj.

Let C = (X x {a}) U{(y, 2): y ecly ({x}) and 2 € X’ — {p}}. (Nobody
said X was a T, space!) As in the proof of Claim 1, (», p) ecl (C) — C.
Suppose (z, y) €cl (C) — C. Then y = . Suppose y = p. Then since
(z, y)¢C, it follows that z¢cly ({y}) so there is an open (in X) set
U such that 2e€ U but y¢ U. But then U X {y} is open (in X x Y;)
and (Ux {yhNnC= @. Thus y = p.

Could X x Y, be sequentially %? If so, then there is a point
(2, p)ecl(C) — C, a compact set KC K X Y, and a sequence (K,)
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such that (2, p)ecl(K;) and K, C for each 4, and (K;) is a K-
sequence. Again, let 7, X X Y,— X be the projection map. Let
D, = {z: there is a y ewx(K,) such that y ecly ({#})}. Suppose z, € D,
for each 7. There is, for each 7, a point y; e 7,(K,)Nely ({x,}). Since
(7AK,)) is a w4 (K)-sequence, the sequence (y,) has an accumulation
point k€ w(K). But, since any open set containing ¥, also contains
%,, & is an accumulation point of (x;). Thus (D,) is a 7 (K)-sequence.

Suppose Fe.&. Since FU{p} is open in Y, for each ¢
X xFU{PMNK, # @. But a¢ FU{p} so there is a point (y, z) € K|
with e F and yecly({#}). Thus zeD;,NF. Therefore D; is a
7x(K)-sequence meshing with &, and 7(K) is compact. As in the
case of Claim 1, this contradicts the choice of &, so X X Y, is not
sequentially-k.

REFERENCES

1. A. V. Arhangel’skii, Bicompact sets and the topology of spaces, Trudy Moskov. Mat.
Obsc., 13 (1965), 3-55 (Trans, Moscow Math. Soc., (1965), 1-62).

2. , The frequency spectrum of a topological space and the classification of
spaces, Soviet Math. Dokl., 13 (1972), 1185-1189.

3. A. J. Berner, Spaces defined by sequences, Proc. Amer. Math. Soc., 55 (1976), 193-
200.

4. D. E. Cohen, Spaces with weak topology, Quart. J. Math. Oxford Ser., (2), 5 (1954),
77-80.

5. E. A. Michael, A quintuple quotient quest, General Topology Appl., 2 (1972), 91-138.
6. N. Noble, Two examples on preimages of meiric spaces, Proe. Amer. Math. Soc., 36
(1972), 586-590.

Received January 15, 1976 and in revised form October 27, 1976.

UNIVERSITY OF WISCONSIN
Mapison, WI 53706



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
RICHARD ARENS (Managing Editor) J. DUGUNDJI
University of California Department of Mathematics
Los Angeles, CA 90024 University of Southern California

Los Angeles, CA 9000
R. A. BEAUMONT os Angeles, CA 90007

University of Washington R. FINN and J. MILGRAM
Seattle, WA 98105 Stanford University
C.C. MOORE Stanford, CA 94305

University of California
Berkeley, CA 94720

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLF K. YosHIDA
SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFORNIA

CALIFORNIA INSTITUTE OF TECHNOLOGY STANFORD UNIVERSITY

UNIVERSITY OF CALIFORNIA UNIVERSITY OF HAWAIL

MONTANA STATE UNIVERSITY UNIVERSITY OF TOKYO

UNIVERSITY OF NEVADA UNIVERSITY OF UTAH

NEW MEXICO STATE UNIVERSITY WASHINGTON STATE UNIVERSITY

OREGON STATE UNIVERSITY UNIVERSITY OF WASHINGTON

UNIVERSITY OF OREGON * * *

OSAKA UNIVERSITY AMERICAN MATHEMATICAL SOCIETY

The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Jaurnal of Mathematics should
be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Please
do not use built up fractions in the text of your manuscript. You may however, use them in the
displayed equations. Underline Greek letters in red, German in green, and script in blue. The
first paragraph or two must be capable of being used separately as a synopsis of the entire paper.
Items of the bibliography should not be cited there unless absolutely necessary, in which case
they must be identified by author and Journal, rather than by item number. Manuscripts, in
triplicate, may be sent to any one of the editors. Please classify according to the scheme of Math.
Reviews, Index to Vol. 39. All other communications should be addressed to the managing editor,
or Elaine Barth, University of California, Los Angeles, California, 90024.

The Pacific Journal of Mathematics expects the author’s institution to pay page charges, and
reserves the right to delay publication for nonpayment of charges in case of financial emergency

100 reprints are provided free for each article, only if page charges have been substantially
paid. Additional copies may be obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular sub-
scription rate: $7200 a year (6 Vols., 12 issues). Special rate: $36.00 a year to individual
members of supporting institutions.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley, California, 94708.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.).
8-8, 3-chome, Takadanobaba, Shinjuku-ku, Tokyo 160, Japan.

Copyrit © 1975 by Pacific Journal of Mathematics
Manufactured and first issued in Japan



Pacific Journal of Mathematics

Vol. 69, No. 2 June, 1977

Carol Alf and Thomas Alfonso O’Connor, Unimodality of the Lévy spectral

JURCHION « ..o e e e 285
S. J. Bernau and Howard E. Lacey, Bicontractive projections and reordering of

Lp-Spaces ... 291
Andrew J. Berner, Products of compact spaces with bi-k and related spaces. . . .. 303
Stephen Richard Bernfeld, The extendability and uniqueness of solutions of

ordinary differential equations . ............ ... .. 307
Marilyn Breen, Decompositions for nonclosed planar m-convex sets ........... 317
Robert F. Brown, Cohomology of homomorphisms of Lie algebras and Lie

QTOUDS . .« oo ettt e e e e e e e e e e e e 325
Jack Douglas Bryant and Thomas Francis McCabe, A note on Edelstein’s

iterative test and spaces of CONtinuUoOUs functions ......................... 333
Victor P. Camillo, Modules whose quotients have finite Goldie dimension. . .. ... 337
David Downing and William A. Kirk, A generalization of Caristi’s theorem with

applications to nonlinear mapping theory ...............cccoiiieeen... 339
Daniel Reuven Farkas and Robert L. Snider, Noetherian fixed rings ............ 347
Alessandro Figa-Talamanca, Positive definite functions which vanish at

IfITILY « o 355
Josip Globevnik, The range of analytic extensions ............................ 365

André Goldman, Mesures cylindriques, mesures vectorielles @

concentration cylindrique ...........................
Richard Grassl, Multisectioned partitions of integers. . .... ..
Haruo Kitahara and Shinsuke Yorozu, A formula for the norm
Laplace-Beltrami operator on the foliated manifold . . . .
Marvin J. Kohn, Summability R, for double series. .. .......
Charles Philip Lanski, Lie ideals and derivations in rings wit]
Solomon Leader, A topological characterization of Banach cd
Daniel Francis Xavier O’Reilly, Cobordism classes of fiber b
James William Pendergrass, The Schur subgroup of the Braue
Howard Lewis Penn, Inner-outer factorization of functions wi
vanish off a semigroup ..............ccc i,
William T. Reid, Some results on the Floquet theory for disco
Hamiltonian systems . ............ccccouiiiiienain ..

Caroll Vernon Riecke, Complementation in the lattice of conv
SIFUCIUFCS o« oot et i it ci e

Louis Halle Rowen, Classes of rings torsion-free over their cé
Manda Butchi Suryanarayana, A Sobolev space and a Darbo
Charles Thomas Tucker, I, Riesz homomorphisms and positi
William W. Williams, Semigroups with identity on Peano con
Yukinobu Yajima, On spaces which have a closure-preserving


http://dx.doi.org/10.2140/pjm.1977.69.285
http://dx.doi.org/10.2140/pjm.1977.69.285
http://dx.doi.org/10.2140/pjm.1977.69.291
http://dx.doi.org/10.2140/pjm.1977.69.291
http://dx.doi.org/10.2140/pjm.1977.69.307
http://dx.doi.org/10.2140/pjm.1977.69.307
http://dx.doi.org/10.2140/pjm.1977.69.317
http://dx.doi.org/10.2140/pjm.1977.69.325
http://dx.doi.org/10.2140/pjm.1977.69.325
http://dx.doi.org/10.2140/pjm.1977.69.333
http://dx.doi.org/10.2140/pjm.1977.69.333
http://dx.doi.org/10.2140/pjm.1977.69.337
http://dx.doi.org/10.2140/pjm.1977.69.339
http://dx.doi.org/10.2140/pjm.1977.69.339
http://dx.doi.org/10.2140/pjm.1977.69.347
http://dx.doi.org/10.2140/pjm.1977.69.355
http://dx.doi.org/10.2140/pjm.1977.69.355
http://dx.doi.org/10.2140/pjm.1977.69.365
http://dx.doi.org/10.2140/pjm.1977.69.385
http://dx.doi.org/10.2140/pjm.1977.69.385
http://dx.doi.org/10.2140/pjm.1977.69.415
http://dx.doi.org/10.2140/pjm.1977.69.425
http://dx.doi.org/10.2140/pjm.1977.69.425
http://dx.doi.org/10.2140/pjm.1977.69.433
http://dx.doi.org/10.2140/pjm.1977.69.449
http://dx.doi.org/10.2140/pjm.1977.69.461
http://dx.doi.org/10.2140/pjm.1977.69.467
http://dx.doi.org/10.2140/pjm.1977.69.477
http://dx.doi.org/10.2140/pjm.1977.69.501
http://dx.doi.org/10.2140/pjm.1977.69.501
http://dx.doi.org/10.2140/pjm.1977.69.505
http://dx.doi.org/10.2140/pjm.1977.69.505
http://dx.doi.org/10.2140/pjm.1977.69.517
http://dx.doi.org/10.2140/pjm.1977.69.517
http://dx.doi.org/10.2140/pjm.1977.69.527
http://dx.doi.org/10.2140/pjm.1977.69.535
http://dx.doi.org/10.2140/pjm.1977.69.551
http://dx.doi.org/10.2140/pjm.1977.69.557
http://dx.doi.org/10.2140/pjm.1977.69.571
http://dx.doi.org/10.2140/pjm.1977.69.571

	
	
	

