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In this note a question posed by Nadler is answered. It
is shown that if X is a compact Hausdorff space that con-
tains a sequence of distinct points that converge then there
exists a linear contractive selfmap f of C(X) such that, for
some z, the sequence of iterates {/"(x)} does not converge.
In particular, the iterative test is not conclusive for c.

Our setting is a metric space (X, d) and a contractive selfmap
fiX—X. In [1], Nadler introduces and motivates the following
terminology: the iterative test (of Edelstein) is conclusive (for con-
tractive maps) provided that if f is a contractive selfmap of X with
a fixed point then, for all ze X, {f"(»)} converges. Nadler shows
that the iterative test is conclusive (ITC) for finite dimensional
Banach spaces, but that the iterative test is not conclusive (ITNC)
for the spaces [,(1 <p <) and ¢, (the space of sequences convergent
to zero). The technique used there does not seem to apply directly
to the space ¢ of convergent sequences, and part of Nadler’s Problem
1 is exactly the question of whether ¢ has ITC.

LEMMA 1. The iterative test is mot conclusive for c.

Proof. Let {a,} be an increasing positive sequence with (infinite)
product 1/2. Define f:¢c—c¢ by f({z,}) = {y.} Where

2/1=0, Y, = —y2:a1$1,

[44
Y = —Yout1 = '?%‘(xz"“—z - xZn—l) ’ n=23, .

Since f is linear, f has fixed point 0, and it suffices to show f is
contractive at 0; if

{z.}ec, {2} = 0, d(f({z.}), 0) = sup{|v.]} = |¥.,|
since y,— 0. If n, =1 or 2 then it is easy to see that
a(f({x.}), 0) < d({y.}, 0) .
If n, = 2k(k > 1), we have

a a "
lyno = _—2k_ ]xno*z - xn0—1| é “_2'10—{‘:”%0-—2‘ -+ Ia’no«ll}

= ad({w.}, 0) < d({@.}), 0) .
333
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Let ¢, be the sequence {5,,} ={0,0,0,---,1,0,-+-} (1 in the kth coor-
dinate). We have

Sfile) = (z]i[l “i)(ezj — €341) -

In particular, d(f7(e), 0) = [1i, @, — 1/2, and so {f’(e)} does not con-
verge. (If {f%(e)} converges, then, since f is contractive, fi(e,) must
converge to the fixed point 0 of f.)

It is of definite interest that the map f:c¢— ¢ constructed above
is linear. It would seem to be easier to solve Nadler’s Problem 1
(if a Banach space has ITC then it is finite dimensional) when re-
stricted to linear maps.

LEMMA 2. Let Y be o normed space and let X be a subspace of
Y. Let P be a projection of norm 1 from Y onto X. Then if the
iterative test is not conclusive for X, it is not conclusive for Y.

Proof. Let f: X— X be a contractive map with fixed point such
that, for some wx,, {f"(%,)} does not converge. Define g: Y —Y by
g = foP. Since f is contractive and || P[] = 1, then g is contractive.
Also, ¢"(x)) = f*(%,) (since P(z,) = x,), and so {g"(z,)} does not con-
verge.

If X is a compact Hausdorff space with a convergent sequence
of distinct points, a projection P of norm 1 can be constructed from
C(X) onto a subspace that is linearly isometric to c.

Let {z,} be any sequence of distinct points of X that converges
and furthermore z,—%. Let P,:C(X)—c¢ be defined as follows: if

feC(X), P(f) = {y.} where y,=f(z,).

Since f is continuous ¥, — f(z) and P(f)cec. P, is nonexpansive
for

1PN = sup [ f(w,)]| = sup [ f(@)] = || f]] -

An isometric linear map @ is now constructed from ¢ into G(X)
such that P-Q(x) = 2. Let {U,} be a sequence of open sets such that
2, eU, UNU; =@ if 1+ 7, and T¢ U, for all <. For each ¢ define
£, to be a function such that fi(x,)=1, F(X—U)=0and 0< fi(x)<1
for all z. If {y,}ec¢ and y,—y then define Q({y.}) = f where

f@) = 3@ — v + v

It is easily verified that f is continuous, f(z;,) =y, and || f|l =
| {y.}/l. Hence Q:c— C(X) is a linear isometry and
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(PeQ)({#.)) = Pi({v.}) = {va} -

Define P: C(X)— C(X) as P = QoP,. Since P, is onto and Q is an
isometry then [|P|| =1 and P is a projection, for

P’ = QoP,oQoP, = QoP,= P.

Thus P is a projection of norm 1 from C(X) onto Q(c).
Combining this construction with Lemmas 1 and 2 we have:

THEOREM. Let X be a compact Hausdorff space that contains an
infinite sequence of distinct points that converge. Then the iterative
test is mot comclusive for C(X).

In each of the above, there is a linear selfmap for which the
iterative test fails.
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