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It is classic that, to within equivalence, the only valuations
on the field F(X) of rational functions over a field F that are
improper on F are the valuations v,, where p is a prime of the
principal ideal subdomain F[X] of F(X), and the valuation v.,
defined by the prime X' of the principal ideal subdomain
F[X '] of F(X) ({11, p. 94, Corollary 2). If J is the supremum
of finitely many of the associated valuation topologies, then J is
a Hausdorff, locally bounded ring topology on F(X) for which F
is a bounded set and for which there is a nonzero topological
nilpotent a. In this paper we shall show conversely that any
topology on F(X) having these properties is the supremum of
finitely many valuation topologies.

A subset S of a topological ring R is bounded if given any
neighborhood V of 0, there exists a neighborhood U of 0 such that
SUC Vand US C V. The topology on R is locally bounded if there is
a bounded neighborhood of 0. A bounded subfield of a Hausdorft
topological ring is discrete ([2], p. 119, Exercise 13). It is easy to see that
if lim,_.. x, = 0 and if {a, };-, is a bounded sequence, then lim,_... a,x, = 0.

An element ¢ of a topological ring is a ftopological nilpotent if
lim,..c"=0. Let ?={p € F[X]: p is a prime polynomial}, and let
P'=P U{x}. For each p € ?', we shall denote by J, the topology
defined by the valuation v,. Then for any finite subset L of @', sup,c, 7,
has a nonzero topological nilpotent. Indeed, let g be the product of the
members of L N P. If oZ L, g is a nonzero topological nilpotent for
sup,e. J,; if ® € L, let g be a prime polynomial not in L and let r >0 be
such that deg(q") > deg g; then g q ' is a nonzero topological nilpotent of
sup,er I,

We recall that a norm |--|| on a field K is a function to the
nonnegative reals satisfying [|x|[=0 if and only if x =0, [[x—y|=
lx|[+1lyl, and | xy[|=||x| ||y | for all x,y € K. Clearly a subset of K is
bounded in norm if and only if it is bounded for the topology defined by
the norm; in particular the topology given by a norm is a locally bounded
topology. We shall use the following theorem of P. M. Cohn ([4],
Theorem 6.1): A Hausdorfl, locally bounded ring topology on a field K
for which there is a nonzero topological nilpotent is defined by a norm.

THEOREM 1. Let F be a field and x a transcendental element over F
in some field extension. Let J be a Hausdorff, locally bounded ring
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topology on F(x) for which the subfield F is bounded (and hence discrete)
and for which there exists a nonzero topological nilpotent go(x) € F(x], and
let J={f € F[X]: lim,..f(x)" =0}. Then

1. F[x] is bounded.

2. Jisa properideal of F[ X]; its monic generator h is the product of a
sequence p, - - -, px of distinct prime polynomials of F[X].

3. T =supisi=k T pir)

Proof. 1. By Cohn’s Theorem theré exists a norm || - - || defining
J. Then [go(x)"||<1 for some n=1; let g=gi Then g(x) is a
topological nilpotent and ||g(x)||<1.

As F is bounded for 7, there exists a positive constant M such that
la|=M,foralla €F. LetL =M Z|lx|f,where m =degg. AsFis
discrete, F contains no nonzero topological nilpotents, so m =1. For
any polynomial f such that degf<m, f(x)=ax"+a,.,x""'+---+a,
where n <m, ag, a,,*+,a, € F; so

Il 3 lallxl =M 3 Ixl s M S =1L

Therefore, {f(x) € F[X]: degf < m} is a bounded subset of F(x).

We shall show next that |[f(x)[|= S for all f€ F[X], where S =
L/d-|gx)]). Given f€ F[X], there exists an integer n =0 and
polynomials g, -+, g, such that f=g"q,+---+gq,+q, and for each
i€[0,n], g =0 or degq; <m. Therefore,

1£0Oll =18 (xYan(x) + -+ g (x)a,(x) + )
=S lg)lla@l=L S g
<Ly lg) I=LY gl =S
Thus F[x] is bounded.

2. Let f,f,€J, and let t € F[X]. Then

16+ ol= |3 () e o

SHO 22" (37) 00 £1700)

k=n+1
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=

pol |5 () iw i@

i) 3 () e e

= S[fr ol + Sl fz(x)ll—0.

Thus, (f, + f,)’(x) is a topological nilpotent, whence (f, + f,) (x) is. Also
I @I= 1Ol el = S f5(x)[|—0,s0 fit €J. Henceas 1 £ J,
J is a proper nonzero ideal of F[X], a principal ideal domain. Let h be
its monic generator, and let h = IIf_, p; where p,, - - -, p, are distinct prime
polynomials. Let h,=1I5, p, and let r = max{r,---,rn}. Then h|hjg,
so hj €J and hence, ho(x) is a topological nilpotent. Therefore, h,
belongs to J. So as hy|h, ho= h.

3. We shall first show that the topology induced on F[x] by J is
weaker than that induced on F[x] by supiz.=x Jpe)-

Forallnz1,let U, = {f(x)E F[x): p1|{f,1=i=k}. Then(U,).z
is a fundamental system of neighborhoods of zero for the topology
induced on F[x] by sup,<.=x T« But clearly p7|f for all i €[1, k] if
and only if h"|f as h =p, - p.. Thus U, = F[x]h"(x).

For each € >0, let B. ={y € F(x):||y||<e}. It suffices to show
that there exists N € N such that F[x]h"(x)C B. N F[x].

Let N be such that [|h(x)"||<e/S. Then for any g(x)€ F[x],

I @I =gl [k @)l<S - £=e

Hence F[x]h"(x)C B. N F[x}.

We next show that J C sup;<,=« 7 ), that is, that given € >0, there
exists R = 0 such that for every y € F(x), if v,,(y) > R forall i €[1, k],
then |y | <e.

Let € >0. As the mapping (y, z)— yz is continuous at (1,0), there
exists 8, y > 0 such that (B; + 1)B, C B,. By 2, there exists k, such that
|h(x)°|<y. Then (Bs;+1)C h(x)“B, and so h(x)*B, is a neighbor-
hood of 1. As the topology 7 is given by a norm, y — y ' is continuous
for 7 on the set of nonzero elements of F(x) (the proof is the same as for
normed algebras found in [3], p. 75, Proposition 13), so there exists 7
such that 0<n <1 and (B, +1)" C h(x)™B,. Since the topology in-
duced on F[x] by J is weaker than that induced on F[x] by sup,=,=x T
there exists N such that F[x]h(x)" C B,. Then for all t € F[X],

1 -
Ry T S
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Choose R € N such that ||A(x)* || < e€/|[h(x)™]|S. Suppose v,(y)=
R forall i=1,2,---,k. Then

y = ph(x)-- -pf(x)r(x)é%%= hR(x)r(x)ﬁ%%

wherer,f,q € F[X],andin F[X],p. ¥ f,pi £ qi=1,2,---, k. Thush”™
and g are relatively prime, so there exists polynomials s, t € F[X] such
that gq(x)s(x)=h"(x)t(x)+ 1.

Thus,

y = h* (x)r(x)ﬂ(;l)

r{x)s(x)be

=R ) N ey 10y + 1
and therefore

Iy I=1R= Ol Ge) s @) fFEON T (RY () () + 17|

<m51fh(x)*k“”=

To complete the proof of the theorem it remains to show that
Supi=i=k Iy € . For this, as both J and sup,=i=J,., are locally
bounded topologies, it suffices to show that B, C{y € F(x): v,(y)= 1,
1=i=k}. Let y€B, and let y=p,(x)" - p(x)*f(x)/q(x) where
e €Z, f,qeF[X],and p, ¥ f, p. & q for all i €{1, k], and f and q are
relatively prime. Let I ={i €[1,k]: ¢, =0}. Then yg(x)Ilic,p:(x)* is
a topological nilpotent in J as F[x] is bounded. But

yq(X)g pi(x) = f(x)g p.(x)" € Flx],

so flligpi€J=(h). Hence as h=p, - p, [1,k]~IT=[1k], ie
I=¢. Soe =zl1foralli €[1,k],andthusv,,(y)=1foraili €[1,k].

COROLLARY. Let I be a Hausdorff ring topology on F(x) for which
the subfield F is bounded and let p be a prime polynomial in F[X]. Then
T =T, if and only if T is locally bounded and lim,_.p"(x)=0.

THEOREM 2. Let F be a field, x a transcendental element over
F. Let J be a Hausdorff, locally bounded ring topology on F(x ) for which
the subfield F is bounded and for which there is a nonzero topological
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nilpotent y. Then there exists a finite subset S of P’ such that T =
Supses gx'

Proof. As each valuation v on F(x) that is improper on F is
equivalent to v, for exactly one s € 2’ ([1], p. 94, Corollary 2) it suffices
to show that J is the supremum of finitely many valuation topologies
where each valuation is improper on F.

Let y=g((x)h(x)#0 where (g(x),h(x))=1. By Cohn’s
Theorem, there is a norm | - -|| defining the topology on F(x).

Case 1. degh <degg Let n=degh, n+r=degg. We shall
show that

F[x]C F[y]+ F[ylx +---+ F[y]x"",

that is for each f € F[X] there exists Q € F[y][X] of degree <n+r
such that f(x)= Q(x). For this it clearly sufficies to show that for each
kz0, x""* = Q,(x) for some Q, € F[Y][X] of degree <n+r.

Let g(x)= a,..x""" + -+ a,x + a,x + a,, where each q, € F, and let
h(x)=bx"+---+bx+b,, where each b EF. Then ybx"+
ybo X" '+ s+ yby=a,, X"+ -+ ax +a,. So x™ = Qy(x) where

n+r—1

Qy(X) = i a;lﬂ(biy - a/)Xi - 2 a;-lf-rb/X"

1=0 j=n+1

n+r+k

Assume x Qi (x) where Q, is a polynomial of degree =
n+r—1over F[y]; let Q. = go(y)x"*"'+ P, where g, € F[X] and P, is
a polynomial in F[y][X] of degree =n +r—2. Then

xn+r+k+l — go()’)x"“ _+_ ka (x)
= go(y) Qu(x) + x P (x) = Qrsi(x)

where Q,.,(X) = go(y) Qu(X)+ X P.(X), a polynomial over F[y] of
degree =n+r—1. Therefore

F(x]C F[y]+ F[ylx+---+ F[y]x""".

By 1 of Theorem 1, applied to F(y) with its induced nondiscrete topology
which is given by the induced norm, F[y] is bounded in norm, and hence
F[x] is also. Thus F[x] is a bounded subset of F(x). Consequently,
h(x)y is a topological nilpotent; but h(x)y = g(x), so g(x) is a topologi-
cal nilpotent. Then by Theorem 1, J is the supremum of p,-adic
topologies for some finite sequence of primes in F[x].
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Case 2. degh =degg.

Choose N such that

ggm)” < 1 Th <g!x}>”
T en x
“ <h‘(x) x| h(x)
is a topological nilpotent. Since degg =degh, deg(Xg")>
deg h™. By Case 1, J =sup,=i= 7, for some sequence p,,---,p; of

primes in F[x].

Case 3. degg <degh and there exists a, € F such that X —a, /
g. Since the substitution mapping f — f(x — a,) is an automorphism of
Fi(x], et g(x)= gi(x — ay), h(x)=hy(x —a)) where g,
h.€ F[X]. Then degg,<degh,andas X —a,t g X t g. Letg =
X" +---+Cy,, h=b,X"+---+b. Then Cy#0 as X 1t g.
Hence

e(x) _ Clx—a) + - +G
h(x) bn+r(x - ao)n“ + .-+ b,
_ (x — ao)rﬂ-r Cn(x _ ao)—r + .. + C()(x — ao)—(n+r)
(x - ao)"“ bn+r +--t bo(x - ao)_("m

_ 8ol(x — a)’")
ho((x — a0)™)

where go= CoX"*" + -+ -+ C,X', a polynomial of degree n + r as C, # 0,
and ho=byX""" + -+ b,,,, a polynomial of degree =n+r. Let z=
(x—ay)". Then F(z)=F(x) and goz)ho(x) is a topological
nilpotent. By Cases 1 and 2, J = sup=i=x 7, for some sequence of
primes in F[(x — a,)™"].

Case 4. degg <degh and foralla € F, X —alg.

In this case F is a finite field; let p be the characteristic of F and let ¢
be its order.

By the corollary to Theorem 1 applied to the prime polynomial Y of
F[Y], the topology induced on F(y) is the y-adic topology. Moreover,
[F(x): F(y)] =degh. _

Let K be a maximal subfield of F(x) such that K contains F(y) and
the topology induced on K by J is the supremum of finitely many
valuation topologies, each of which is discrete on F. Let K,=
{z € F(x): z is separable over K}. Then by Theorem 5 of ([5]), the
topology induced on K, is the supremum of finitely many valuation
topologies. Hence K = K|, that is F(x) is a purely inseparable exten-
sion of K. Let n be such that x*" € K.
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Let v,---,v, be valuations on K such that J|x = supc,=7.,.
Since every valuation on K admits an extension to F(x) ([1], p. 105,
Proposition 5), we may assume each v, = v, | for some s, € P'.

By Theorem 4 of ([S]) there exist ring topologies 7, -+, J, on
F(x)= K[x] such that 7' |x = 7,, and T = sup,<,s,J. Furthermore, as
T is a locally bounded topology, by the proof of Theorem 4 of ([5]), each
J. is locally bounded. Therefore it suffices to show thatforl1=i=r, J,
is the supremum of finitely many valuation topologies, each of which is
discrete on F.

Let 1=i=r Suppose that v, = v,|, where s is a prime polynomial
of F[X]. Asg(x)/h(x) is a topological nilpotent for the given topology
it is also a topological nilpotent for the weaker topology induced on K by
v, and hence v;(g(x)/h(x))>0. Furthermore by our assumption on v,
v,(x)=0. Let m besuchthat p”m >degh. Then v,(x*™"g(x)/h(x))>
0, so x?™ g(x)/h(x) is a nonzero topological nilpotent for 7, and hence
for 7. Furthermore, deg X?™g >degh. As F is a finite field, F is a
bounded set for J; and therefore by Case 1, J, is the supremum of
finitely many valuation topologies on F(x ), each of which is discrete on F.

So we may assume that v, = v.|,. Let ¢ be the highest power of X
occuring in the factorization of the polynomial g. Choose m such that
mp" >t Let g, h, be relatively prime polynomials such that g,/h, =
g/h 1/X*™.  Since v.(g(x)/h(x))>0 and v.(1/X*™) >0, go(x)/ho(x) is a
nonzero topological nilpotent for 7, and hence for J,. Moreover,
X ¥ go. Therefore by Case 3, 7, is the supremum of finitely many
valuation topologies, each of which is discrete on F. This completes the
proof of the theorem.

CoroLLARY. Let F be a field, x a transcendental element over
F. Let J be a Hausdorff locally bounded ring topology on F(x) for which
the subfield F is bounded and for which there is a nonzero topological
nilpotent. Assume further that the completion of F(x) for T is a
field. Then J is either the p-adic topology for some prime p in F[x] or I
is J..

Proof. By Theorem 2, there exists a nonempty finite subset S of P’
such that 7 = sup,es J,. As the completion of F(x) for J is a field, the
cardinality of S is 1 by the Approximation Theorem ({1}, p. 136,
Theorem 2).

REFERENCES

N. Bourbaki, Algébra Commutative, Ch. 5-6, Hermann, Paris, 1964.
, Topologie Générale, Ch. 3-4, Herman, Paris, 1960.
, Topologie Générale, Ch. 9, Hermann, Paris, 1958.

1.
2.
3.




132 JO-ANN COHEN

4. P.M. Cohn, An invariant characterization of pseudo-valuations on a field, Proc. Cambridge Phil.
Soc., 50 (1954), 159-177.
5. T. Rigo and S. Warner, Topologies extending valuations, to appear.

Received October 29, 1976 and in revised form January 7, 1977 The results presented here are part of
a doctoral dissertation, written under the supervision of Seth Warner -of Duke University.

Duke UNiversITY, DURHAM, NC 27706
Present address:  NORTH CAROLINA STATE UNIVERSITY
RALEIGH, NC 27607






Pacific Journal of Mathematics

Vol. 70, No. 1 September, 1977

William H. Barker, Noether’s theorem for plane domains with hyperelliptic

double ... ... ... 1
Michael James Beeson, Non-continuous dependence of surfaces of least area on the

DOUNAATY CUTVE . ...\ o e e e et et et 11
Horst Behncke, Functions acting in weighted Orlicz algebras . ................... 19
Howard Edwin Bell, A commutativity study for periodic rings.................... 29
Peter Botta and Stephen J. Pierce, The preservers of any orthogonal group . . .. .. .. 37
Douglas S. Bridges, The constructive Radon-Nikodym theorem................... 51
James Dennis Brom, The theory of almost periodic functions in constructive

MATREIMALICS « . . o v ottt e e e e e e e e e e 67
N. Burgoyne and C. Williamson, Semi-simple classes in Chevalley type groups .... 83
Douglas Cameron, A class of maximal topologies . ................ ... ... 101
L. Carlitz, Enumeration of doubly up-down permutations ........................ 105
Paul Robert Chernoff, The quantum n-body problem and a theorem of

Littlewood . ........... 117
Jo-Ann Deborah Cohen, Locally bounded topologies on F(X) ................... 125
Heinz Otto Cordes and Robert Colman McOwen, Remarks on singular elliptic

theory for complete Riemannian manifolds . ............................... 133

Micheal Neal Dyer, Correction to: “Rational homology and Whitehead
PrOAUCES” o e

Robert Fernholz, Factorization of Radonifying transformations
Lawrence Arthur Fialkow, A note on quasisimilarity. II . . .. ...
Harvey Charles Greenwald, Lipschitz spaces of distributions o

sphere in Euclidean n-space ...........................
Albrecht Itle, On the measurability of conditional expectations
Tom (Roy Thomas Jr.) Jacob, Matrix transformations involving,

SPACES « o v ettt et
A. Katsaras, Continuous linear maps positive on increasing co

JURCTIOMS . o oo e e
Kenneth Kunen and Judith Roitman, Attaining the spread at ca

Lawrence Louis Larmore and Robert David Rigdon, Enumerati
of immersions and embeddings of projective spaces . .. ...
Ch. G. Philos and V. A. Staikos, Asymptotic properties of nono.
of differential equations with deviating argument . . .. ... ..
Peter Michael Rosenthal and Ahmed Ramzy Sourour, On oper
containing cyclic Boolean algebras .....................
Polychronis Strantzalos, Strikt fast gleichgradig-stetige und eig
AKLIONEN . ..o
Glenn Francis Webb, Exponential representation of solutions t
semi-linear differential equation.......................
Scott Andrew Wolpert, The finite Weil-Petersson diameter of Ri


http://dx.doi.org/10.2140/pjm.1977.70.1
http://dx.doi.org/10.2140/pjm.1977.70.1
http://dx.doi.org/10.2140/pjm.1977.70.11
http://dx.doi.org/10.2140/pjm.1977.70.11
http://dx.doi.org/10.2140/pjm.1977.70.19
http://dx.doi.org/10.2140/pjm.1977.70.29
http://dx.doi.org/10.2140/pjm.1977.70.37
http://dx.doi.org/10.2140/pjm.1977.70.51
http://dx.doi.org/10.2140/pjm.1977.70.67
http://dx.doi.org/10.2140/pjm.1977.70.67
http://dx.doi.org/10.2140/pjm.1977.70.83
http://dx.doi.org/10.2140/pjm.1977.70.101
http://dx.doi.org/10.2140/pjm.1977.70.105
http://dx.doi.org/10.2140/pjm.1977.70.117
http://dx.doi.org/10.2140/pjm.1977.70.117
http://dx.doi.org/10.2140/pjm.1977.70.133
http://dx.doi.org/10.2140/pjm.1977.70.133
http://dx.doi.org/10.2140/pjm.1977.70.143
http://dx.doi.org/10.2140/pjm.1977.70.143
http://dx.doi.org/10.2140/pjm.1977.70.145
http://dx.doi.org/10.2140/pjm.1977.70.151
http://dx.doi.org/10.2140/pjm.1977.70.163
http://dx.doi.org/10.2140/pjm.1977.70.163
http://dx.doi.org/10.2140/pjm.1977.70.177
http://dx.doi.org/10.2140/pjm.1977.70.179
http://dx.doi.org/10.2140/pjm.1977.70.179
http://dx.doi.org/10.2140/pjm.1977.70.189
http://dx.doi.org/10.2140/pjm.1977.70.189
http://dx.doi.org/10.2140/pjm.1977.70.199
http://dx.doi.org/10.2140/pjm.1977.70.199
http://dx.doi.org/10.2140/pjm.1977.70.207
http://dx.doi.org/10.2140/pjm.1977.70.207
http://dx.doi.org/10.2140/pjm.1977.70.221
http://dx.doi.org/10.2140/pjm.1977.70.221
http://dx.doi.org/10.2140/pjm.1977.70.243
http://dx.doi.org/10.2140/pjm.1977.70.243
http://dx.doi.org/10.2140/pjm.1977.70.253
http://dx.doi.org/10.2140/pjm.1977.70.253
http://dx.doi.org/10.2140/pjm.1977.70.269
http://dx.doi.org/10.2140/pjm.1977.70.269
http://dx.doi.org/10.2140/pjm.1977.70.281

	
	
	

