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Recently, there is an increasing interest in studying the nth
order differential equations involving the so called nth order
r -derivative of x

(rn-,(0(rn-2(0( • (r,(O('o(O*(O)7 • • )')')'

which causes damped terms. Here, the asymptotic behavior of
nonoscillatory solutions of such general differential equations
with deviating argument is studied and, more precisely, sufficient
conditions which guarantee that

lim x(t) = 0

for the bounded nonoscillatory solutions x(t) are established. A
basic theorem is obtained for the general case and then it is
specialized into four corollaries concerning the particular case

r, = 1 for jέn-N and rn_N = r (1 ̂  N ^ n - 1)

which is of special interest. Finally, some examples are given to
illustrate the significance of the results.

In this paper we consider the nth order (n > 1) differential equation

with deviating argument of the form

(E)
+ a(t)F(x[σ(t)])=b(t), t^to

where the functions r, (i = 0,1, , n - 1) are supposed positive at least
on the interval [/0?°°). The continuity of the functions involved in the
above equation (E) as well as sufficient smoothness to guarantee the
existence of solutions of (E) on an infinite subinterval of [ί0, °°) will be
assumed without mention. In what follows the term "solution" is always
used only for such solutions x(t) of (E) which are defined for all large t.
The oscillatory character is considered in the usual sense, i.e. a continu-
ous real-valued function which is defined on an interval of the form [T, <»)
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222 CH. G. PHILOS AND V. A. STAIKOS

is called oscillatory if it has no last zero, and otherwise it is called
nonoscillatory.

Furthermore, the conditions (i) and (ii) below are assumed to hold
throughout the paper:

(i)
(ϋ)
The results of this paper are included in a general theorem given in

§2, which establishes sufficient conditions in order that all bounded
nonoscillatory solutions x(t) of the differential equation (E) tend to zero
as ί —> oo. This theorem extends a recent result given by the authors in
[9, Theorem 3] concerning also the equation (E). Also, it unifies and
extends two results by Kusano and Onose [5, Theorems 3 and 4]
concerning, in particular, the differential equation

(DN) [r(t)x<"-N\t)YN>+a{t)F(x[σ(t)]) = b(t), t g t{0>

where 1 ̂  N ^ n - 1 and the function r is continuous and positive at least
on the interval [ί0, °°).

The technique used in the proof of our theorem is based on three
lemmas which are given in §1. Lemma 1 is fundamental and has been
proved by the authors in [9], Lemma 2 is proved here and it is an
extension of a result due to Hardy and Littlewood [4], while Lemma 3 is
new and it is rather technical.

In §3 our main theorem is specialized for the differential equation
(DN), which is obtained from the equation (E) by setting

η = 1 for V n - N and rn_N = r

and which is of special interest. Thus, four corollaries are obtained, from
which Corollary 1 is the main result of a recent paper by Kusano and
Onose [5] while Corollaries 2, 3 and 4 are new and are illustrated by
examples.

1. Preliminaries. Let qx(i = 0,1, , m) be positive continu-
ous functions on an interval / of the real line. For a real-valued function h
on I and any μ = 0,1, , m we define the μth q-derivative of h by the
formula

= qμ

when obviously we have

and
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Moreover, if D(

q

m)h is defined as a continuous function on /, then h is said
to be m -times continuously q-differentiable. We note that in the case
where q() = q] = = qm = 1 the above notion of g-differentiability
specializes to the usual one.

By using this shorthand notation, the differential equation (E) can be
written

(E) (D<">x)(f) + a(t)F(x[σ(t)\) = b(t), t i= ί0

where rn = 1.
Now, let p be a real-valued function which is defined and positive at

least on the interval (ί0, °°) and let Rt (i = 0,1, , n) be the functions
defined as follows:

Rn=P

and for every / = n - 1, n - 2, , 0

Rj = r}R
 f

j+1.

The function p is said to be of the type r[fc], 0 ^ k ^ n - 1, if:

(a) the functions Rj (J = k + 1, , n) are defined at least on
(ίo,0 0),

(β) Rk+{ is a constant nonzero function on (ί0,°°),
(γ) if k < n - 1, then for every / = k + 2, , n

lim Rj (t) exists in {- <*>, 0, + oo}

and
(δ) if k < n - 2, then for every / = k + 2, , n - 1

i? ; (f)^Ofor all ί > t0.

For some interesting examples of functions of the above type we refer
to [9].

The technique used here is based on the following lemma, which has
been proved by the authors in [9].

LEMMA 1. Let p be a function of the type r[fc], 0 ^ k ^ n - 1, and h
an n-times continuously r-differentiable function of [T, o°), T>t0.

If the improper integral
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Γ p(t)(D™h){t)dt
JT

exists in the extended real line R*, then so does the limt^x(D(

r

k)h)(t).
Moreover,

ί p(t)(D(

r

n)h)(t)dt = ±00 implies lim \(D[k)h)(t)\ = oo.
J T '^°°

In order to obtain our results we need further the following lemma
which is an extension of a result due to Hardy and Littlewood [4].

LEMMA 2. Let q, (i = 0,1 , , m), where m > 1, be positive con-
tinuous functions on an interval [T, o°) such that

limmf qι(t)>0 (i = l,2, ,/n)

lim sup qi(t)< °o (/ = 1,2, , m - 1).

Moreover, let h be an m-times continuously q-differentiate function on

IfDfh is bounded on [ 7 » and

\im(Di

q

m)h)(t) = 0,

then

\ιm(Dfh)(t) = 0 (/ = l , V , m - l ) .

The above lemma follows immediately from the following proposi-
tion, which in the particular case q0 - q\ = * = qm = 1 is an improved
version of a result due to Landau [6] (cf. also Coppel [2, p. 140]).

PROPOSITION. Let qt (i = 0,1, , m), where m > l , be positive
continuous functions on an interval I such that

A= min infα,(ί)>0 and B= max sup αj
i = l, ,w tEl ^ V 7 i = l, ,m-l r G f T
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Moreover, let h be an m-times continuously q-differentiable function on I
with

\(D^h)(t)\ ^ K and I(D<m)/ι)(01 ̂  M for every t E /.

// L is the length of the interval I and

( K\ι/m

or

(b) L>2Λ (£)"",

then for every t E /

\(D^h)(t)\ ^ cmKι-»mM»m (j = 1,2, - , m - 1),

where

(2B\2m-2

Cm = [-£•)

Proof It suffices to prove the proposition in the case where (a) is
satisfied. Indeed, if (b) holds, then for any t E / we can choose a closed
subinterval / of / with length Lf^2Λ(K/M)Vm and t E /. So, applying
the proposition for the closed interval / we obviously obtain

\(D?h)(t)\^ cmKι-"mM»m (j = 1,2, , m - 1).

Now, we suppose that (a) is satisfied and define

5 = max \ cm, max max v^i-?/m / / m [.
[̂  0<j<m rε/ J\. AJΓ J

Obviously, for every / = 0,1, , m - 1

U U
by which, after some manipulations, we derive that

where % = 1 - 2"y.
We shall prove next that for / = 0,1, , m - 1
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(2) \{D^h)(t)\^ (ΨT S\yiKλ-ilmMilm s Kf for every t E /.

Indeed, (2) is valid for / = 0, since

\(D^h)(t)\ ^K = K0 for every t E /.

We suppose that (2) is satisfied for j = /, 0 g / < m - 1, i.e.

(3) | (D£ 0 fc)(0 l^#/ for every tEL

For this / we have that

(4) \{Df2)h)(t)\ =g SK]-(l+2)/mMil+2)/m ^ Mι for every t E /

which, by the definition of S, is obvious for / < m - 2 and follows from
the inequality

\(D{

q

m)h)(t)\ ^ M^MS = Mm_2 for every t E /,

when / = m - 2. Since, by (1),

Mi) <=

and because of (a), there exist tu t2 in / with t2- tx = 2A(K//M/)1/2 and
tλ ^ To^ t2, where To is such that

It is easy to verify that

r.) ί" - ί
JTO Φ+l

ί'2 — V T fS — 7
Jr., qι+i(s)jτ, q,+2(

and
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when, by subtraction, we get

(D«'>Λ)(ί2)- ( D ( » ( i . ) = (DΓ>Λ)(Γ0) Γ - ^ - T

+ f'2 —^rτ Γ —γ—ΛDf2)h) (w)dwds
in qι+ι(s) ho Φ + 2 ( W ) V "

- —Ύ-\l —τ-τ(D«+2)h)(
Jι, φ + i ( ϊ) J. φ+ 2(w) * 7

Thus, we obtain

+ Γ" -^--. Γ° —γ—A{D^h) (w)\dwds

+ ί'2 —tj-, ίS —7-r|(D«'+2)Λ)(w
JT,, q,+i(s) JΓO φ + 2 ( t v ) ι v " ; v

and consequently, by (3) and (4),

I(D</+1)/i)(Γo)I ^ ,, ^ (2X, + M, [ ί Γ" - 4 ^ r ί T" — 7 - T
Γ ; ds [ U,, qι+ι(s)J, q»2(w)

J
'2 —V^r Γ — T ^

TO qι+ι(s) Jn qι+i(w)

Hence,

But, it is a matter of calculations to verify that

IB
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when

which proves (2) for / = / 4-1 and consequently for all / = 0,1, , m - 1.
From (2) it follows that

Also,

Therefore, by the definition of S,

which gives

s^ms

(O D\2m-2
— 1 = c i e S = c

A ) c m , i.e. i3 c m .

^ /

Hence, by the definition of S, we have that for every t E /

\(D^h)(t)\ ^ cmKλ-jlmMilm {]' = 1,2, , m - 1).

Finally, for our purpose we need one more lemma.

LEMMA 3. Let qt (i = 0,1, , A) be positive continuous functions on
an interval [Γ, o°) such that for λ > 0 ,

(I)

and let

r dt _
J q,(t)

i = l,2, ,λ)

Qox(f,T) =

1, if λ = 0

I"' 1 p _ l f'»- 1
J r ί i ( ^ i ) J r ^2(^2) J r ζfλ V'

ds2dsx,

if λ > 0.
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Moreover, let h be a λ-times continuously q-differentiable function on the
interval [T,o°). Then we have:

(a) If

liminf (D<A)/i)(0>0 or limsup (D(

q

x)h)(t)<0
t—*<x>

and

(Π)

then

(β) If

C oo

h(ί)dt= ±

lim(D<λ)/ι)(0 =

and

(III)

then

limsup

lim h(t) = 0.

Proof. Since the lemma is obvious for λ = 0, we suppose that
λ > 0. For any integers i and /, 0 ̂  i ^ / ^ λ, and for every u and v with
υ ^ M ^ T, we define

1, if i = y

—7—ί —7—
Ju q,+ι(sι+ι)Ju q,+2(sl+2

els, dsi+2dsi+u

if i < /.
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Then, taking into account condition (I), we have that for every T* S Γ,

lim Qiy(r;Γ*) = ̂  ( 0 i i < / g λ )
t—»Q0

and consequently, by LΉospitaΓs rule,

(5) ϋ m f f f / . ^ U o 0' = 0,l, ,λ-l)

and

Moreover, for every ί and Γ* with t g Γ* ^ T, it is easy to derive the
following generalized Taylor's formula

JT* qι(sι) )τ* qi(s2) )τ* qχ(s*) q

(a) Let d > 0 and T* > T be chosen so that

^ d for every ί ^ Γ*

or

^ -d for every r ^ Γ*.

Then from the formula (7) we have respectively

t =

or

Qo.0; 7̂ *) , OoΛt; τ )

and hence, by virtue of (5) and (6), we obtain

hminf ^ q

f/)r(>0 or hmsup
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But this, by condition (II), gives

h(t)dt = ±00.

(β) For any arbitrary e >0, we consider a T* > T so that

\(D\k)h)(t)\ < β for every t ^ T\

when from the formula (7) we obtain

,

for every t ^ Γ*. Thus, by (5) and (6), we have

and, since e is arbitrary,

which, by condition (III), gives

limΛ(0 = 0.

2. The main result. Our main theorem establishes condi-
tions which essentially guarantee that

lim x(t) = O

for the bounded nonoscillatory solutions x of the equation (E).

THEOREM. Consider the differential equation (E) subject to the
conditions (i), (ii) and

(iii) lim sup^oc ro(t) < oo.
Let m and k be integers with l ^ m ^ k ^ n - l s o that the conditions (iv),

(v) and (vi) below are satisfied:

(iv) If m < k, then for every j = m + 1, , k

r r,(t)
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(v) f ^ 2 T Φ
J rm(t)

where

I, if m = k

and li
rm{t)

π i rsm+ί j fs*-» 1
7 v ~ — 7 \ ' I „ (' \ dsk - ^ d s m + 2 d s m + u

Jto rm + l\Sm + l) Jto rm+2\Sm+2) J to rk\Sk)

if m<k.

(vi) If m >ί, then for every i = 1? 2, , m - 1

0 < lim inf r, (ί) ̂  lim sup rx (t) < oo.

Moreover, let there exist a function p of the type r[k] such that:

(CO p(t)\b(t)\dt <oo

and
(C2) For some δ > 0,

lim inf p(s)a+(s)ds > 0 and p(t)a~(t)dt
t~*°° J t J

< o o

or

lim inf r > 0 1°° p(t)a+(t)dt

where

a+(t) = max{α(ί),0} and a~(t) = m a x { - a(ί),0}.

If the function σ is differentiable with bounded derivative on [t0, °°),
then for all bounded nonoscillatory solutions x of the equation (E),

lim (D(

r

kh)(t) = 0 = lim (D^-'h)'^)

and
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l im(D ( / ) x)(0 = 0 (/ = 0,l, , m - 1 ) .

Proof. Let x be a bounded nonoscillatory solution of (E). Without
loss of generality, we assume that x is a solution on the whole interval
[ίo,°°). Moreover, this solution is supposed positive on [ί0, ^O, since the
substitution u = - x transforms (E) into an equation of the same form
satisfying the assumptions of the theorem.

If, by (i), T > t0 is chosen so that for every t ^ T

then from equation (E) we obtain

Γ p(s)(D^x)(s)ds = Γ p(s)b(s)ds-(' p(s)a+(s)F(x[σ(s)))ds
JT JT JT

(8)

+ ΐ p(s)a-(s)F(x[σ(s)])ds
JT

for every t g Γ. Because of (ii) and the boundedness of JC, the function
F°x °σ is positive and bounded on [Γ,°o). Thus, by conditions (Q) and
(C2), we conclude from (8) that the improper integral

p{t){D^x){t)dt

exists in R* and consequently, by virtue of Lemma 1, the lim,_
also exists in R*. Moreover,

(9) lim(D (

Γ

k )jc)(0 = 0.
/—>00

Indeed, in the opposite case we have

liminf (Df)x)(t)>0 or limsup (D?)x)(t)<0.

Thus, because of conditions (iv) and (v), we can apply Lemma 3(a) for
h = (D\m~ι)x)\ λ = k - m and q} = rm+j (j = 0,1, , λ), when we obtain

Γ (D(Γl)x)'(t)dt = ±oo, i.e. l im(D (

r

m- 1 )x)(0 =

From this, by condition (vi), it is easy to derive

= ±00.
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lim (D^x)(t)= ±00

a contradiction, since, by condition (iii), Df]x — r()x is bounded.
Now, taking into account (9) and conditions (iv) and (v), we apply

again Lemma 3(/3) for h = (D (

Γ

w'υjc)', λ = fc - m and qί = rm+ί

(j = 0 ,1, , Λ), when we get

(10) lim

So, if m > 1, then, by virtue of condition (vi), we can apply Lemma 2
for qi = η (j = 0,1, , m - 1) and qm = 1, to obtain

(11) lim (D^x)(t) = 0 (/ = 1, 2, , m - 1).
—»oo

Thus, it remains to prove that

(12) lim(Dί0)Jc)(ί) = 0.

To do this, we first observe that

(13) liminf (D{θ)jc)(ί) = θ.

Indeed, in the opposite case for some positive constant dx and for every
t ^ t0 we have

and consequently, by (iii),

x(t)> d2 for every t ^ tQ

where d2 = dι/supt^k) ro(t). From this and the boundedness of x we
conclude that

F(x[σ(t)])^d for every t g T,

where d is a positive constant. Hence, from (8) and on account of
conditions (Q) and (C2), it follows that

ί p(t)(D(

r

n)x)(t)dt = ±oc
JT
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and consequently, by applying Lemma 1,

lim(D (

r

f c )Jc)(0= ± 0 0 >
t—>oo

which contradicts (9).
To complete the proof of (12), we have verify that

limsup(D(

r

O)jc)(O = O.
ί-»oc

Indeed, in the opposite case we have

for some positive constant K. Hence, on account of (13) and based on the
arguments of Hammett [3] (cf. also Singh [7,8] and Staikos and Philos
[9]), we derive that there exist three sequences («„), (βu) and (γv) with

= °° and such that for every v = 1,2,

(Df>x)[σ(yv)]>K

(D^x)[σ(t)] > y for every t E (αw βv).

By mean-value theorem, we have

and consequently

K

2(0, - a¥) " v

where obviously lim ξv = oo. But, because of (10), (11) and (vi), it is easy to
see that
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Thus, we obtain

(14) lim(/3, - ap) = o°.

Next, we observe that for every v = 1,2,

(D(

r

O)jc)[σ-(ί)] ^ f for every ί E [an βv]

and consequently, by (iii),

We have thus proved that the bounded function x ° σ has a positive lower
bound on the set U"=i'[αw j3p]. Hence, because of (ii), we have

F(x[σ(t)])^M for every ί 6 U [αwj8,],

where the constant M is positive.
Obviously,

Γ p(t)a%t)F(x[σ(t)})dt ^ ± Γ p(t)a*{t)F(x[σ(t)])dt
J T v=l J av

^MΣ ί*" p(t)a%t)dt.
v = \ Jet*

But, by virtue of (14) and condition (C2), we have

X Γ βV °° f βu

Σ p(t)a+(t)dt = oo or X ρ(t)a-(t)dt = «>
v=\ Jav v=\ Jav

and consequently

[σ(t)])dt = ™ or j " p(t)a(t)F(x[σ(t)])dt = «.

Thus, from (8) it follows that

Γ
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Finally, by Lemma 1, we obtain

lim(D[k)x)(t)= ±oo,

which contradicts (9).

3. Appl icat ions . We shall give now some interesting applica-
tions of our main result for the particular case

r] = 1 for jj£ n - N and rn_N = r,

where N is an integer with 1 ̂  JV ̂  n - 1. More precisely, we shall derive
some corollaries concerning the differential equation

(DN) [r(t)x^N\t)]^+a(t)F(x[σ(t)]) = b{t), t ̂  tQ.

All corollaries are new except Corollary 1, which is the main result of a
recent paper by Kusano and Onose [5].

COROLLARY 1. Consider the differential equation (DN) subject to the
conditions (i) and (ii). Moreover, let k,Ot=== k ̂  N — 1, be an integer such
that:

J tN~l~k

and l i ^ l p

(γ) For some δ > 0 ,

liminf ί ska+(s)ds>0 and ί tka'(t)dt <oo

or

limmf Γ V α ( s ) d s > 0 and ί tka+(t)dt<™.

If the function σ is differentiable with bounded derivative on [ί0, °°),
then for all bounded nonoscillatory solutions x of the differential
equation (DN),
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and

Iimx ( l )(O = 0 (i = 0,l, , n - N ) .

Proof. It is easy to see that the function p,

is of the type r[n - 1- k]. Thus, the corollary follows by applying our
theorem for m = n - N and with n-l-k in place of k.

COROLLARY 2. Consider the differential equation (DN) with N > 1,
subject to the conditions (i), (ii) and

0 < lim inf r(t) ^ lim sup r(t) < oo.

Moreover, let /c,0S fc <N- 1, fee an integer such that (β) and (γ) are
satisfied.

If the function σ is differentiable with bounded derivative on [to,°°),
then for all bounded nonoscillatory solutions x of the differential
equation (DN),

lim [r(ί)jc("-N)(f)]ω = 0 0' = 0,1, , N - 1 - k)

and

l i m x ( i ) ( 0 = 0 (i = 0 , 1 , • • - , * - N ) .

Proof. It follows from our theorem, by taking the same function p
as in the proof of Corollary 1, m = n — 1 — k > n — N and n — 1 — k in
place of k.

COROLLARY 3. Consider the differential equation (DN) with N <
n - 1, subject to the conditions (i) and (ii). Moreover, let k, 1 ̂  fc S
n — N — 1, fee an integer such that:

n-N-l-k



ASYMPTOTIC PROPERTIES OF NONOSCILLATORY SOLUTIONS 239

and for some δ > 0 either

limmf ρk(s)a+(s)ds > 0 and ρk{t)a~{t)dt <

or

where

ft + δ p

liminf ρk(s)a~(s)ds > 0 and pk(t)a+(t)dt

If the function σ is differentiate with bounded derivative on [ί0, °°),
then for all bounded nonoscillatory solutions x of the differential
equation (DN),

l i m x ( l ) ( f ) = 0 ( ΐ = 0 , 1 , • • • , £ ) .

/. Here, we have to apply our theorem for m = k and p = pk,
since, as it is easy to see, the function pk is of the type r[k].

COROLLARY 4. Consider the differential equation (DN) with N <
n - 1, subject to the conditions (i) and (ii). Moreover, let k, l^ fc ^
n - N — 1 be an integer such that:

(η) If N>ί, then for every / = 1,2, , N - 1

lim f' (ί - 5Γ1 Γ ^ ~/?MV

and for some δ > 0 either

rt + δ rcc

liminf pk(s)a+(s)ds > 0 and ρk{t)a~(t)dt <
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or
rt + δ r*>

liminf pk(s)a(s)ds > 0 and pk(t)a+(t)dt

vv/zere

M0 = '

// ίAie function σ is differentiable with bounded derivative on [ί0, °°),
/or α// bounded nonoscillatory solutions x of the differential

equation (DN),

lim jc(i)(ί) = O (i = 0 , l, ,fc).

Proof. It is easy to verify that the function ρk is of the type r[k],
when the corollary follows immediately by applying our theorem for
m = k.

The significance of Corollaries 2, 3 and 4 is illustrated by the three
examples below, where in each case exactly one of these corollaries can
be applied and in addition Corollary 1 fails.

EXAMPLE 1. The retarded differential equation

[(1 + e-')x'(0Γ + 7*2(log ί)sgn x (log t) = p + <Γ'(1 + %e~% t ^ 1

has the bounded nonoscillatory solution x(t)= e~' with the property

lim jc(ί) = lim χ'(t) = lim [(1 + e-()x'(t)]f = 0.

Further, as it follows from Corollary 2, every bounded nonoscillatory
solution x of the above equation has this property.

EXAMPLE 2. By Corollary 3, all bounded nonoscillatory solutions
of the differential equation

[tmx"(t)]' + rmx5(γt) = (γ~5/2 - 3/2)r3, t g 1,
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where γ is a positive constant, tend to zero as t —> °° together with their
derivatives. For example, x{t) - t~m is a bounded nonoscillatory solu-
tion of the above equation with Iim,̂ ocX(7) = Iim,-ocJt'(f) = 0.

EXAMPLE 3. Consider the retarded differential equation

[ί V ( 0 ] ; + flc6(Vi)sgn x (V'O = - 1 , t^\.

This equation has the bounded nonoscillatory solution x(t) = lit with
l iπwx(ί) = limf_« x'(r) = 0. Further, from Corollary 4 it follows that all
bounded nonoscillatory solutions of the considered equation tend to zero
as / —> oo together with their derivatives.

REMARK. The results of this paper can be formulated in the case of
more general differential equations of the form

(E*)
+ G(t; x<τo(0>; (Dί'^Xr.ίί)), , (Dί"-'*^-.^))) = b{t), t g t0

where

From the proof of our theorem, this is obvious under additional
conditions on G, which ensure that for every bounded nonoscillatory and
n-times continuously r-differentiable function u on an interval [T,o°),

p(t)\G(t; iι<τo(0>; {D^u)(τx{t)\ • , (D[n-ι)u)(τn^(t)))\ dt < »,

where p is the function introduced in conditions (Ci) and (C2) of our
theorem. For a such related result to Corollary 1 see Chen [1].
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