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Normal congruence subgroups of the classical modular
group have been completely classified by M. Newman and D.
McQuillan. In this note we begin the classification of normal
congruence subgroups of the Hecke groups G (2(1/2)) and G (3(1/2)).

-Our main result is that if G is a normal congruence
subgroup of G (m(1/2)), m = 2,3, containing the principal congru-
ence subgroup Γm(nm(1/2)) where (n, 6)= 1 and if G contains
only even elements, then G is Γm (dm(1/2)), f m (dm(1/2)) where d | n
or Γm(d), Γm(d) where d \ n and d > 1. To obtain this result
we use facts about the level of a congruence subgroup which are
of independent interest.

2. Definitions. The set of 2 x 2 matrices with integer entries
and determinant one is the classical modular group which is denoted by
Γ(l). The principal congruence subgroups of level n are

f (n) = I W : a = d s + 1 (mod n), b = c s 0(mod n)\

and

Γ ( n ) = ί ( * 5 ) : a^d^ ± 1 (mod n), ft s c ^ O ( m o d n ) } .

The modular group and its subgroups have been studied extensively. In
particular, M. Newman [5] and D. JVlcQuillan [4] have shown that if
Γ(n) C G CΓ(1), (n, 6) = 1, then G = Γ(d) or Γ(d) where d \ n. The only
additional result that we need is

(2.1) f(n)Γ(k) = Γ(l), (n,fc)=l,

which was proved by M. Newman and J. R. Smart in [6].
In [1] E. Hecke introduced an infinite class of discrete groups G(λq)

of linear fractional transformations preserving the upper half
plane. G(λq) is the group generated by Sz = z + λq and Tz = —\\z
where λq = 2cos(π\q), q an integer, q S 3 . We are interested in the
corresponding matrix groups. When q = 3, we have the modular
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group. When q = 4 or 6, the resulting groups are G(2(1/2)) and
G(3(1/2)). These two groups are of particular interest since they are the
only Hecke groups, aside from the modular group, whose elements are
completely known. They are also the only Hecke groups which are
commensurable with the modular group.

It is well known ([2], [9]) that G(m ( 1 / 2 )), m = 2,3, consists of the set
of all matrices of the following two types:

/ a bm (1/2)\(i) y c m (1/2) d j , α, b, c, d E Z, ad - mbc = 1,

and

(n) ^

Those of type (i) are called even whereas those of type (ii) are called
odd. The principal congruence subgroups of G(m ( 1 / 2 )) are defined by

f m (μ) = {M G G (m(1/2)): M - / (mod μ )},

Γ m (μ) = {M E G(m(1/2)): M^±I (modμ)},

where μ = N + Rm(1/2) is a non-zero element of Z[m(1/2)] and the congru-
ence is elementwise in Z[m(1/2)]. In [7] it is shown that the proper
principal congruence subgroups reduce to three basic types: μ = N,
μ = Nm(1/2), N ^ 1, and μ = N + Rm(1/2), ( N , R m ) = l . In this last case,
the principal congruence subgroups always contain odd elements
whereas when μ = N or Nmo/2\ they contain only even elements. In
particular,

and

Γ
Ξ C Ξ θ (modN)

if N δ 1.

Here the congruences are in Z, rather than Z[m1 / 2].

The index formulas are [7]:
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for N s l,

< 1 / 2 )): f m ( N m ( 1 / 2 ) ) | = 2(m - 1)N 3

for ΛΓ i= 2,

Π

2(l-l/m)N3 Π (I-I/P2) if (N,m)=m.

iG(m(1/2)):Γm(N)| =

Here /? is a prime. We also note that Γm(m(1/2)) is the group of even
elements in G(m ( 1 / 2 )). Finally, a subgroup Γ of G(m ( 1 / 2 )) is called a
congruence subgroup if Γ contains a principal congruence subgroup.

3. The level of a congruence subgroup. In [8] K. Wohl-
fahrt proved that two definitions of the level of a congruence subgroup of
the modular group were equivalent. In this section we prove that the
corresponding definitions for the Hecke groups are equivalent. This
result is extremely useful in producing examples of noncongruence
subgroups. However, we use it in the proof of Theorem 4.2 to conclude

/I nm(ι/2)\
that if a normal congruence subgroup contains 5" = I- I, then

f m (nm ( 1 / 2 ) )CG.

DEFINITION 3.1. The level of a congruence subgroup Γ is the
smallest positive integer N such that Γm(Nm ( 1 / 2 ))CΓ. Such an integer
does exist since if Γ D Γ m ( μ ) with μ =N-fJRm 1 / 2, then ΓDΓ m (Lm 1 / 2 )
where L =\N2-R2m\/(N,Rm).

DEFINITION 3.2. Let Γ be an arbitrary subgroup of finite index in
G (m(1/2)). For each M in G (m(1/2)) let λ - λ (M) be the smallest positive
integer such that M~]SλM E Γ. Then the general level of Γ is defined to
be the least common multiple of all the integers A (M), M E
G(m ( 1 / 2 )). Such an integer does exist because Γ has only a finite number
of conjugate subgroups in G(m ( 1 / 2 )).

LEMMA 3.1. Let L be a positive integer. Then Δ(SN)Γm(LNm) =
Γm(Nm (1/2)) where Δ(SN) is the smallest normal subgroup of G(m ( 1 / 2 ))
containing SN.
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Proof. Since it is clear that Δ(5N)Γm (LNm) C fm (Nm<1/2)), it suffices
to show that Γm (Nm<1/2)) C Δ(S N )Γm (LNm ).
We first note that

(3 1) 5 - = ^ NxmW2)) W»>-

and

n z j vy^ \y U 1-zMn/

are all elements of Δ(5N) for any integral value of JC, y, and z. Now let

M==(1Ncm^ *) b e a n e l e m e n t o f Γm(Nm(1/2)). Since (1+
Nma,N2cm)= 1, an integer x may be determined so that (1 + Nmα +
N2cxm,L)= 1. For this JC set

ΓNX»/ ίl + Nma + N2cxm *\ /1 + Nmαj *
χ τ π / 2 x = XT Π/2>

\ Ncm{V2) */ V Ncm(ι/2) */

Now consider

Since (1 -f Nmau L) = 1, we may choose z so that

z (1 4- Nmai) ^Nc - ax (mod L)

which is equivalent to

(1 + NmαO(l + zNm)-N2mc ^ 1 (modLNm).

For this z

r π/2) . . , λ r 2 (modLNm)
Nc2m

(1/2) 1 4- b2c2N
2m ) v 7

= Wc*NSb*N (modLNm).

Therefore, M - S-NxV(z)~ι W^S**" (modLNm); and M G
Δ(5N)Γm(LNm) by (3.1). Since M was arbitrary, the proof of the
lemma is complete.
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THEOREM 3.1. If Γ is a congruence subgroup of general level N, then
Tm (Nm(1/2)) CΓ. In addition, ifL is the level of Γ given by Definition 3.1,
L=N.

Proof Since fm(Lm(1/2)) and Δ(SN) are contained in Γ,
Δ(5N)Γm(LNm) = Γm(Nm ( 1 / 2 ))CΓ. It then follows that L ^
N. However, it is clear from Definitions 3.1 and 3.2 that L ^ N.

4. Classification Theorems for normal congruence
subgroups. We are now in a position to prove the main results of this
note.

THEOREM 4.1. Let n be an integer, (n, 6 ) = 1 . Suppose G is a
normal congruence subgroup of G(ra(1/2)) with Γ m (n)C G C Γm(m(1/2)).
Then G = Γm (m(1/2)), Γm (d), or Tm (d) where d | n, d > 1.

Proof Let φ be the isomorphism from Γm (m(1/2)) onto the modular

subgroup Γ0(m) = j ( ΛE. Γ(l): C = 0 (mod m) \ defined by

// a bm(m\\ = (a b\
VW1 / 2 > d )} [cm d)

Then

m (m (1/2))/Γm (n) = Γ0(m )/(Γ(n) Π Γ0(m)).

However, Γ0(m )/(Γ(n) Π Γ0(m)) = Γ0(m )Γ(π )/T(n) = Γ(l)/Γ(n) since
Γ0(m )Γ(n) D Γ(m )Γ(n) = Γ(l) by (2.1). As noted earlier,_for (n, 6) = 1 the
only normal subgroups of Γ(l) containing Γ(n) are Γ(d), Γ(d), d |n,
d > 1, and Γ(l). These correspond to Γm(d), Γm(d), d\n, d > 1, and
Γm (m(1/2)) and are then the only normal subgroups of Γm (m(1/2)) containing
Γm(n). Since they are all also normal in G(m(1/2)), the proof of the
theorem is complete.

The following theorem shows that the only normal congruence
subgroups of level n, (n, 6) = 1, which contain only even elements are the
principal congruence subgroups.

THEOREM 4.2. Let G be a normal subgroup of G(m(1/2)) with

(4.1) Γw(nm ( 1 / 2 ))CGCΓm(m ( 1 / 2 ))

where (n,6)=_l. Then G = Γm (m(1/2)), Γm(m(1/2)), Γm(d), f w (d),
Γw(dm(1/2)), or Γm(dm(1/2)) vv/iere d |n, d > l .
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Proof. We first note that if n is odd, Γ2(n2(1/2)) = Γ2(n) and
Γ2(n 2(1/2)) = Γ2(n). This follows from (2.2) and (2.3). Thus, it suffices to
take m = 3. Intersecting and producing in (4.1) with Γ3(n) we have

Γ 3 (n3 ( 1 / 2 ) )CGnΓ 3 (n)CΓ 3 (π)

f 3 (n)CGf 3 (n)CΓ 3 (3 ( I / 2 ) ).

Since_ |Γ 3(n): Γ3(rc3(1/2))| = 2, G Π Γ3(n) = Γ3(rc_) or Γ3(n3(1/2)). If
G n Γ 3 ( n ) = Γ3(n), Γ 3(rc)CG; and G = Γ3(d), Γ3(d), d | n, d > 1, or
Γ3(3(l/2)) by Theorem 4.1. We now assume that G Π Γ 3 ( n ) =
Γ3(n3(1/2)). Then

and | G Γ 3 ( n ) / G | = 2.
Also by Theorem 4.1, GΓ 3(n) = Γ3(3(1/2)), Γ3(d), or Γ3(d), d\n,

d > 1. If GΓ 3(n) = Γ3(3(1/2)), S2EG since S E Γ3(3(1/2)) and
|_GΓ3(n)/G I = 2. However, Sn EG; and since (2, n) = 1, S_E G. Then
Γ3(3(1/2)) C G by Theorem 3.1; and G = Γ3(3(1/2)). Next, if GΓ 3(n) = Γ3(d),
5 2 d G_G and since (2d, n) = d, Sd E G. It thenf olio ws from Lemma 3.1
that Γ3(d3(1/2))C_G; and G = Γ3(d3(1/2)) since |Γ 3(d): Γ3(d3(1/2))| = 2. Fi-
nally, if GΓ 3 (n)=.Γ 3 (d), a similar argument shows that
G = Γ3(d3(1/2)).

The restriction on n in the preceding theorem is indeed necessary as
is shown by the following theorem on the commutator subgroup of

THEOREM 4.3. G(2(I/2))', the commutator subgroup of G(2(1/2)), is of
level 8 but is not a principal congruence subgroup. G(3(1/2))' is of level 6
but is not a principal congruence subgroup.

Proof. In [3] M. Knopp determined all characters on
G(m ( 1 / 2 )). When m = 2, the characters form an abelian group of order
eight. It _is easily verified that they are all one on Γ2(8). Thus
G(2(1/2))'D Γ2(8). Since not all characters are one on Sn for any n < 8 ,
Γ2(8) is the largest principal congruence subgroup contained in
G(2(1/2))'. When m = 3, the characters form an abelian group of order
12. In this case Γ2(6) is the largest principal congruence subgroup on
which all characters are identically one. To see that G(ra ( 1 / 2 ))' is not a

/m _|_ i m(1/2)\
principal congruence subgroup we note that STS~ιT~ι = ( (1/2) . I



NORMAL CONGRUENCE SUBGROUPS 487

is an element of G(ra(1/2))' but is certainly not an element of Γ2(8) when
m = 2 or Γ3(6) when m = 3.

5. Conclusion. It is clear that there is still much to be done in
order to complete the classification of normal congruence subgroups. If
(ft, 6) > 1, there are certainly non-principal normal congruence subgroups
of level n containing only even elements. If G is a normal congruence
subgroup containing odd elements, additional problems arise. Theorem
4.2 may be used to determine the group of even elements in
G. However, G need not be a principal congruence subgroup. For
example, let G be the normal closure in G(m(1/2)) of {Γm(p), T} where p is
a prime chosen so that no element in Z[m(1/2)] has norm ±p. Then G is
of level p\ and the group of even elements in G is Γm(p). G is not a
principal congruence subgroup since the group of even elements in
Γm(N + J?m(1/2)), (N,Rm)=l, is Γ m ( | N 2 - R2m |).
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