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A CHARACTERIZATION OF NON-NEGATIVE MATRIX
OPERATORS ON [ TO [* WITH ©w>p =q>1

M. KOSKELA

LadyzZenskii’s characterization of nonnegative matrix
operators on I” to |7 (»>p =g >1) is extended to the case
©o>p=q>1. A solution is also given to a conjecture of
Vere-Jones concerning nonnegative matrix operators on [°.

1. Introduction. A scalar matrix A =(a;);;-; is called non-
negative if a;, =0 for all i,j. If A determines a matrix operator on [?
(I1=p <»)to l? (1=q <x), we denote the operator norm of A by

[A g = sup{ Ax [l,: [lx ], = 1}.

The infinite unit matrix is denoted by E.

In [4] LadyZenskii proved the following theorem: An infinite
nonnegative matrix A = (a;) maps [? (1 < p <) into itself if and only if
there exist positive numbers C and s, s,, - - such that

o -

oo 14 1
Z a,,<2 a,-ksk) =Cst' (21,

k=1

and then ||A ||,, = C™.

We shall extend the above result to the case where A maps I? into
[, o>p=q>1 (Theorem 1). Finally, a simple application of
LadyzZenskii’s theorem gives an affirmative answer to a conjecture of
Vere-Jones (§3).

2. The main result. Our aim is to prove the following

THEOREM 1. Let ®>p=q>1. Then an infinite nonnegative
matrix A = (a;) maps I° into 1 if and only if there exist a positive constant
C and a sequence u = (u;);-, of nonnegative numbers with the following
properties :

(i) u; =0 if and only if a, =0 for every i,

(i) ul,=11ifp>gq;

(i) for each j=1,2,---,

©

&) -1
(1) E a,-,-(Z aikuk)q = Cu?f™.
k=1

1=1
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The best value of C in (1) for which such a sequence u can be found is

(1A N ).

Proof. Sufficiency. Assume that C and u, (j=1) are positive
numbers satisfying (ii) and (iii). We will show that

@) lAx], =C¥ x|, x€l

Let x = (x;) € I” be given. By Holder’s inequality,

il q bl 3 q-1
E ax,| = <Z aui ™| x; I“)(Z aikuk) )
i=1 i=1 k=1

i=1,2,---. Combining this result with (1) we get
lAxfs = C2up |5
=

If p >gq, a second application of Holder’s inequality yields

©

2ui e lx f = lul

and thus (2) is established. (For p =q see [4, p. 140].)

Necessity. Let A =(a,) be a nonnegative matrix taking I* into
[%, Assume first that A is positive (i.e. a, >0 for all i,j) and put
C=(|Al,s)" Foreachn=1,2, --we can then find a positive n-tuple
u™ = (u™) with |[u®], =1 such that

n q-1

-1
2 aii(z a,m?{") =CuMy,
1=1 k=1

j=1,-n (seef3, §9] and [6, pp. 223-224]).
Define, for j =1,2,---,

u=lim, (uf) or u;=lim, (u("/uf”)

according to whether p >¢q or p = q. Itis easy to see that u = (i), is a
sequence of positive numbers such that (ii) and (iii) are satisfied.

Finally, if some elements of A are zero, we can apply the above
result to A + eB (e >0), where B is a fixed positive matrix mapping /”
into [%. A simple continuity argument (¢ — 0) completes the proof of
the theorem.
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COROLLARY 1. Let 1 <p <®. Then an infinite nonnegative ma-

trix A = (a,) maps I? into itself if and only if there exist positive numbers C
and u, u,, -+ such that

II/\
Il
=
)

and
Zaui=Cuit, =12,

If this is the case, then |A|,, = C.

Proof. The “if” part is clear by Theorem 1, and the “only if”’ part
follows by applying Theorem 1 to A + E.

REMARK 1. The statement of Theorem.l does not holdfor1=p <
q <. (Consider a diagonal matrix A with diagonal elements a, =
u;rq)/q, u, l 0_)

REMARK 2. The case p =2 of Corollary 1 is essentially due to
LadyZenskii [4, Remark 2]. The “if”’ part for p = 2 (with 4, = 1 for all j)
is a result of Schur [5] (see also [1, p. 126], [2, Problem 37], [6, Theorem
6.12-A)).

3. Solution to a conjecture of Vere—Jones. In (7, p.
614], Vere-Jones formulated the following

Conjecture. (i) An infinite nonnegative matrix A = (a;) acts as a
bounded linear operator on I? (1 <p <o) if and only if there exist a
positive vector (u,) and a positive number p such that

0

.Z 'IM;/PSPIU’II/P, i=1’21""

and

Zauu“”< =12, -,

where p'=p/(p — 1).
(i) Moreover, the norm of the operator can be identified with the
least number p for which such a vector (u,) can be found.
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We note first that Part (i) of the conjecture is valid by Corollary
1. Part (ii), however, fails in general, as may be seen by means of the
next two propositions. We denote the operator norm |- |,, by |- |-
ProprosITION 1. Let 1 <p <o. Assume that A =(a;) is an in-
finite nonnegative matrix operator on 1° such that Conjecture (ii) holds for
A+E. Then

lA+Ef, =]|Af,+1.

Proof. Apply Corollary 1 to A + E.

PROPOSITION 2. Let 1<p <o and let E, denote the unit n X n
matrix. Given a nonnegative n X n matrix A, we have

(3) lA+E. |, =]|All, +1
if and only if || A ||, = A4, the greatest nonnegative eigenvalue of A.

Proof. Choose a nonnegative n-tuple x such that |x|, =1 and
|[A+E,|,=|Ax + x[,. Then (3) implies

lAx + x|, = Ax |, +1=[ A, +1,

whence Ax = Ax for some A =0. Now

IAl, =lAx], = A =As =[Al,
from which ||A ||, = A.. The “if”’ part follows from

MH1IS[A+E |, =l[All, +1.

In conclusion, we remark that Conjecture (ii) is true when p = 2 and
A is symmetric. (Apply Theorem 1 to n™A+E,n=1,2,--))
REFERENCES

1. A.Brown, P. R. Halmos and A. L. Shields, Cesaro operators, Acta Sci. Math. Szeged, 26 (1965),
125-137.

2. P.R.Halmos, A Hilbert Space Problem Book, D. van Nostrand Comp. Inc., Princeton, 1967.

3. M. Koskela, On norms and maximal vectors of linear operators in Minkowski spaces, to appear.

4. L. A. LadyZenskii, Uber ein Lemma von Schur, (Russian, with English summary), Latviisk mat.
EZegodnik, 9 (1971), 139-150.



A CHARACTERIZATION OF NON-NEGATIVE MATRIX OPERATORS 169

5. L. Schur, Bemerkungen zur Theorie der beschrinkten Bilinearformen mit unendlich vielen
Verdinderlichen, J. reine angew. Math., 140 (1911), 1-28.

6. A. E. Taylor, Introduction to Functional Analysis, John Wiley and Sons, Inc., New York, 1958,
6th Printing 1967.

7. D. Vere-Jones, Ergodic properties of nonnegative matrices - II, Pacific J. Math., 26 (1968),
601-620.

Received January 20, 1977 and in revised form May 27, 1977.
UNIVERSITY OF OULU

90100 OuLu 10
FINLAND






PACIFIC JOURNAL OF MATHEMATICS

EDITORS
ICHARD ARENS (Managing Editor) J. DUGUNDIJI
niversity of California Department of Mathematics
os Angeles, CA 90024 University of Southern California
Los Angeles, CA 90007
. A. BEAUMONT R. FINN AND J. MILGRAM
niversity of Washington Stanford University
zattle, WA 98105 Stanford, CA 94305

. C. MOORE
niversity of California
erkeley, CA 94720

ASSOCIATE EDITORS

. F. BECKENBACH B. H. NEUMANN F. WoOLF K. YOSHIDA

SUPPORTING INSTITUTIONS

NIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFORNIA
ALIFORNIA INSTITUTE OF TECHNOLOGY STANFORD UNIVERSITY

NIVERSITY OF CALIFORNIA UNIVERSITY OF HAWAII

[ONTANA STATE UNIVERSITY UNIVERSITY OF TOKYO

NIVERSITY OF NEVADA UNIVERSITY OF UTAH

EW MEXICO STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
REGON STATE UNIVERSITY UNIVERSITY OF WASHINGTON
NIVERSITY OF OREGON * * *

SAKA UNIVERSITY AMERICAN MATHEMATICAL SOCIETY

The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they a
ot owners or publishers and have no responsibility for its contents or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typc
rm or offset-reproduced (not dittoed), double spaced with large margins. Underline Greek letters in re
rerman in green, and script in blue. The first paragraph or two must be capable of being used separately as
mopsis of the entire paper. Items of the bibliography should not be cited there unless absolutely necessary,
hich case they must be identified by author and Journal, rather than by item number. Manuscripts,
aplicate, may be sent to any one of the four editors. Please classify according to the scheme of Math. Review
1dex to Vol. 39. All other communications should be addressed to the managing editor, or Elaine Bart
'niversity of California, Los Angeles, California, 90024.

100 reprints are provided free for each article, only if page charges have been substantially pai
.dditional copies may be obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular subscription rate: $72.
year (6 Vols., 12 issues). Special rate: $36.00 a year to individual members of supporting institutions.

Subscriptions, orders for numbers issued in the last three calendar years, and changes of address should
ent to Pacific Journal of Mathematics, 103 Highland Boulevard, Berkeley, California, 94708.

UBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Jerusalem Academic Press, POB 2390, Jerusalem, Israel.

Copyright © 1978 Pacific Journal of Mathematics
All Rights Reserved



Pacific Journal of Mathematics
Vol. 75, No. 1 September, 1978

Mieczyslaw Altman, General solvability theorems..................... ... 1

Denise Amar and Eric Amar, Sur les suites d’interpolation en plusieurs
Variables . ... ... ... 15

Herbert Stanley Bear, Jr. and Gerald Norman Hile, Algebras which satisfy a

second order linear partial differential equation ..................... 21
Marilyn Breen, Sets in R¢ having (d — 2)-dimensional kernels............. 37
Gavin Brown and William Moran, Analytic discs in the maximal ideal space

Of M(G) .o e e e 45
Ronald P. Brown, Quadratic forms with prescribed Stiefel-Whitney

FAVAFIANLS . . oo oottt e e e e et e e e e et 59

Gulbank D. Chakerian and H. Groemer, On coverings of Euclidean space by

COMVEX SOLS . o oo e e 77
S. Feigelstock and Z. Schlussel, Principal ideal and Noetherian groups. . . .. 87
Ralph S. Freese and James Bryant Nation, Projective lattices .............. 93

Harry Gingold, Uniqueness of linear boundary value problems for

differential SYStems . ........ ..o 107
John R. Hedstrom and Evan Green Houston, Jr., Pseudo-valuation

AOMAINS . . .. e e e e 137
William Josephson, Coallocation between lattices with ap

TNEASUTE EXTENSTONS « .\t v ettt en

M. Koskela, A characterization of non-negative matrix op
Withoo>p>qg>1.......00.. it

Kurt Kreith and Charles Andrew Swanson, Conjugate poi

differential equations....................c.c.ccou...
Shoji Kyuno, On prime gamma rings...................
Alois Andreas Lechicki, On bounded and subcontinuous

Roberto Longo, A simple proof of the existence of modula
in approximately finite-dimensional von Neumann al

Kenneth Millett, Obstructions to pseudoisotopy implying i
embeddings ......... ... . ..

William F. Moss and John Piepenbrink, Positive solutions
CQUALTOMS « . o oo ittt ettt e e e i

Mitsuru Nakai and Leo Sario, Duffin’s function and Hada

COMJECTUTC . ..o it ettt e e e
Mohan S. Putcha, Word equations in some geometric semi
Walter Rudin, Peak-interpolation sets of class C'........
Elias Saab, On the Radon-Nikodym property in a class of |

SPUCES . oo
Stuart Sui Sheng Wang, Splitting ring of a monic separabl


http://dx.doi.org/10.2140/pjm.1978.75.1
http://dx.doi.org/10.2140/pjm.1978.75.15
http://dx.doi.org/10.2140/pjm.1978.75.15
http://dx.doi.org/10.2140/pjm.1978.75.21
http://dx.doi.org/10.2140/pjm.1978.75.21
http://dx.doi.org/10.2140/pjm.1978.75.37
http://dx.doi.org/10.2140/pjm.1978.75.45
http://dx.doi.org/10.2140/pjm.1978.75.45
http://dx.doi.org/10.2140/pjm.1978.75.59
http://dx.doi.org/10.2140/pjm.1978.75.59
http://dx.doi.org/10.2140/pjm.1978.75.77
http://dx.doi.org/10.2140/pjm.1978.75.77
http://dx.doi.org/10.2140/pjm.1978.75.87
http://dx.doi.org/10.2140/pjm.1978.75.93
http://dx.doi.org/10.2140/pjm.1978.75.107
http://dx.doi.org/10.2140/pjm.1978.75.107
http://dx.doi.org/10.2140/pjm.1978.75.137
http://dx.doi.org/10.2140/pjm.1978.75.137
http://dx.doi.org/10.2140/pjm.1978.75.149
http://dx.doi.org/10.2140/pjm.1978.75.149
http://dx.doi.org/10.2140/pjm.1978.75.171
http://dx.doi.org/10.2140/pjm.1978.75.171
http://dx.doi.org/10.2140/pjm.1978.75.185
http://dx.doi.org/10.2140/pjm.1978.75.191
http://dx.doi.org/10.2140/pjm.1978.75.199
http://dx.doi.org/10.2140/pjm.1978.75.199
http://dx.doi.org/10.2140/pjm.1978.75.207
http://dx.doi.org/10.2140/pjm.1978.75.207
http://dx.doi.org/10.2140/pjm.1978.75.219
http://dx.doi.org/10.2140/pjm.1978.75.219
http://dx.doi.org/10.2140/pjm.1978.75.227
http://dx.doi.org/10.2140/pjm.1978.75.227
http://dx.doi.org/10.2140/pjm.1978.75.243
http://dx.doi.org/10.2140/pjm.1978.75.267
http://dx.doi.org/10.2140/pjm.1978.75.281
http://dx.doi.org/10.2140/pjm.1978.75.281
http://dx.doi.org/10.2140/pjm.1978.75.293

	
	
	

