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New immersions and nonimmersions of real projective
space RP" in Euclidean space are proved when the number
of 1’s in the binary expansion of 7 is 7. The method is
obstruction theory, utilizing the connective coverings of BO.

1. Introduction. Let BO[j] (resp. BO,[j]) denote the space ob-
tained from BO (resp. BOy) by killing 7, for ¢ < j. In [4] Mahowald
and the author computed the cohomology and stable homotopy groups
of BO[8]/BO,[8] through degree N + 16 and used these results to
prove some new immersion and nonimmersion results for real pro-
jective spaces P*. In this paper similar computations are performed
when 7 > 8 and used to obtain some more new immersion and non-
immersion results.

Let a(n) denote the number of 1’s in the binary expansion of »
and v(2%(2b + 1)) = a.

THEOREM 1.1. If v(n + 1) = a(n) —4 = 3, then P™ cannot be
immersed in R

THEOREM 1.2. If a(n)="17, v(n +1)=4 or 5, then P™ can be
immersed tn R,

Theorem 1.2 is within 3 dimensions of best possible (by Theorem
1.1). It provides another counterexample to the previously conjec-
tured nonimmersions ([6], [4]). For a(n) = 8, Theorem 1.1 is probably
not very close to best possible. It gives the densest set of metastable
nonimmersion results known to the author. The number of n < 2¢
satisfying the condition of 1.1 is <k g 2).

Let . denote the mod 2 Steenrod algebra. For 7 =0,1, 2, or
4(8) let I; denote the left ideal generated by

Sg? it §=1(8)

Sq¢? if 7=2@8)

S¢ and S¢® if 5 =0(8)

Sq¢* and Sg* if 7 = 4(8)
Let 7 (g,, g,) be a free .&7-module with generators of degree 0 and
9, and I the left ideal generated by Sq¢'g., Sq*g. Sq*g. Sq¢°g., Sq*g,,
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and Sg*g, + Sq"g, + S¢*Sq¢*Sq'g,. Let Py = RP=/RP"*. All cohomology
groups have Z,-coefficients. Our other main result is

THEOREM 1.8. (i) There is an isomorphism of .S-modules
through degree N -+ 18

H*(BO[9], BOy[9)) ~ H*(ZPy) ® -7 (gs, 90)/1

(ii) For j=0,1,2, 48) and j = 10, there is an isomorphism
of 7-modules through degree N + 275

H*(BO[4], BOs[§]) ~ H*(ZPy) ® H*(3Py) ® 3.7/I; .

In Proposition 2.1 we show how 1.3 can be used to compute the
Adams spectral sequence (ASS) for BO[jl/BO,[j] through degree
N + 2j.

This work owes a heavy debt to Mark Mahowald, who devised
this approach to immersions and suggested the validity of 1.3 (ii)
and the case a(n) =7 of 1.1.

2. The spaces BO[j]/BOy[j]. In this section we study the Z,-
cohomology and stable homotopy groups of the spaces BO[j]/BOl7]
through degree N + 2j.

Proof of Theorem 1.3(ii) Let k: BO[5]1—BO and k: BO|j1/BO4[jl—
BO/BOy. Let i: 3Py = CPy/Py— BO[j]/BO4[7] be induced from the
2N-equivalence P, — V and the fibration V, — BO,[j] — BO[j]. The
Serre spectral sequence ([9], [10]) of the relative fibration (CVy, V) —
(BO[j], BOylsl) — BO[j] is trivial through degree 2N because it is
mapped onto by that of (BO, BOy)—> BO. Thus as a vector space
H*(BO[7], BOy[4]) is isomorphic to {k*w,:m > N}> Q H*(BO[]]),
where (S) is the vector space spanned by S. Here we use the ex-
ternal cup product and the fact that i*k*w, = sa™', the nonzero
element in H™(XYPy).

Stong ([11]) showed k* = 0: H(BO) — H(BO[j]) for i < 2¢97,
where #(4) is the number of positive integers < j which are =0,1, 2,4(8).
Thus for j7 =10 k* = 0: H(BO) — H(BO[j]) for 7 =2j. By the
Wu formula

‘ —-1—1+ ~
<m ’ a>k*waUk*wm+i-—u s

- — 1\ i
a=0

so that for i <2j Sq(k*w,,) = <m ; 1)75*wm+i. Hence through degree

N + 2§ *w,: N <m £ N + 25> is an .%-submodule of H*(BO[j],
BO,[7]) isomorphic to H*(XP¥**¥~). Thus by the Cartan formula
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the vector space splitting of the previous paragraph gives an iso-
morphism of .&-modules through degree N + 25 H*(BO[j], BO4[Jj]) ~
H*(2Py) ® H*(BO[j]). Through degree 2j —1 H*(BO[j]) ~ Z,®
Yo7 |1; as -modules ([11]).

Proof of Theorem 1.3(1) This follows the same outline as the
previous proof with a few modifications due to the fact that 24971 <
2-9. This time

m — E Wy is U K*wyg if © =16 or m is
Sqik*w,) = ( )E*wm + even and ¢ = 17
! 0 otherwise.

Through degree 17, H*(BO[9]) ~ Z, P 2°.o7 /.7 (Sq*). Let u, denote
the nonzero element of H°(BO[9]). Then k*w, = (Sq" + Sq¢*Sq*Sq )u,
because (Sq” + S¢*S¢*Sq")u, is the only nonzero element of H'*(BO[9])
annihilated by Sq¢' and Sg¢?, which is true of k*w,;. The homomorphism
Y H*(IPy) Q (g0 90)/I— H*(BO[9]/BO[9]) defined by y(sa™ & g,) =
E*W,e, P(sa™ @ Sq'gs) = k*w,., U Sq’u, is easily seen to be an
7-module isomorphism in the desired range. For example,
P(Sg(sa™ @ 90)) = w((%)sa’”“‘ ® g0 + sa™ Q (Sq" + Sq‘SqZSql)%) =
<%>E*wm+17 +k*w,. U (Sq"+ S¢*Sq*Sq )u, = Sqw(k*me) =8¢ (¥ (sa™R)g,)-

Theorem 1.3 enables one to compute Ext., (H*(BO[j|/BO,lj1), Z.),
the FE,-term of the ASS converging to the stable homotopy groups
of BO|j]/BOy[j]- We exemplify with the case which will be used
in proving Theorem 1.2. Other cases are treated similarly. Ext
groups are graphed as in [2]-[8], with vertical lines indicating
multiplication by h, € Ext}(Z,, Z,) which corresponds (up to elements
of higher filtration) to multiplication by 2 in homotopy groups, and
diagonal (/) lines indicating multiplication by h, € Ext%}?(Z,, Z,), which
corresponds to new,. (S*). Differentials in the ASS are indicated by
diagonal (\) lines.

PrROPOSITION 2.1. Suppose n = 7(8). The ASS chart for
BOI[9]/BO,,_¢{9] is given by

Wt 1)=4

A
A 129 !
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v(n+1)=5 /{
T s g o i=n—164

with some differentials omaitted tn the top degree.

Proof. Let N=mn —16. By 1.3 (i) there is a short exact se-
quence of .&7-modules

0 — H*(IPy) ® 2°.57 /.57 (Sq*) — H*(BO|9], BOy[9]) — H*(ZPy)—0,

inducing a long exact sequence in Ext, (, Z,). Ext. (H*(ZPy), Z,)
is given in [7; 8.16]. Let .97 denote the subalgebra of .o~ generated
by Sq¢* and S¢*. By the method of [1; §6] .o/ & (S¢*) ~ /|4 R
M, where M is the .9/-module with nonzero element Sg¢°, Sq*, S¢*Sq*.
By the change-of-rings theorem ([2; 3.1])

Ext, (H*(3Py) ® &7/ Q M, Z,) ~ Ext,, (H*(ZPy) ® M, Z,) .
This is computed as in [2; Ch. 8] or [8, Ch. 4] to begin

A j/{

There is a nonzero boundary homomorphism in the Ext-sequence,
which we picture as a d,-differential in the ASS. The d,-differentials
are deduced by applying 7.( ) to the diagram

37(BOI9)/BO, o9/ P, -10) \

|

37(BO[8]/BO, _[81/3P, )/

using the results of [4; Ch. 8]. The higher differentials in the top
degree which are present in 3P, ,, are deduced by considering the
map of ASS induced by P, ,,— P,_s A bJ (see [5]). We have also
used dy(hy(sl)) = 0 in ASS (P,_,), which is proved by going back to
P,_,.. When y(n + 1) = 6, the element in s =5, ¢t — s =n may not
be killed, which is the reason no immersion result is stated in this
case.
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3. Proof of nonimmersions (Theorem 1.1). This proof is very
similar to that in [4; Ch.5]. Let f: P***™ %1 _, BO[8] classify the
restriction of the stable normal bundle (27 — % — 1)¢ of P*. We will
prove the composite P ™%+ 7, Borg] X, BO[8]/BO, s s (8] is
essential.

Let ¢ = a(n) — 4 and b = (n + 1)/2°. Then (b — 1) =4 and ¢ = 3.
From [4; 3.2] the ASS chart for 7, (BO[8]/BO_s:a_s[8]) is

. ‘/@/I
- /./i/ i=(b-2)2"+
—4 0 4 8

In order to use the main result of [3], we “factor” f through QP
by going into BSpin as in [4; 4.1]. Thus we have

BO[8] —— BSpin «—— BSp
(3.2) f] gI
P(b—2)2“+10 QP (b—2)20— 242

where ¢ classifies (2272 — b2°%)H.

L _ 2L~2__~b2a,—2 _
EMMA 3.3. If a(b—1)=4 and a =38, then v (b—2)2° + 4 =3
2f 4= 0 and is greater than 3 if 4= —1,1, or 2.

Proof. By [3; 4.1]

287 — b2t —2 L—2 _ 9a—2 _ - L—2 __ hoa—2
»< b 220 ) = a((b — 2)2°7%) + a(2** — 2°7(2b — 2)) — @(2"* — b2*?)
=ab—2)+L—a—a@2b—3) —(L—a—ab-—1)

=ab—2)— (@2 —4)+1)+ab—1)=—~1+4=3.
The case 4 # 0 is handled by similar techniques.

Let 8/ = (b — 2)2° and @ = BO[8]/BO;_,[8]. Let Q<{8) be the
space formed from @ by killing Ext* for s < 3. ([4; 2.1]). Q<3) has
cohomology generators ke, Ksyy Ksiisy Ksiiry Korvsy Kiris, and kg, corre-
sponding to the elements of (38.1) of filtration 3.

LEMMA 3.4. Ef lifts to a map P®°— Q(3> which sends only
ke, nontrivially.
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Proof. By the method of [4; Ch. 2 and 4.2], which is based
upon [3; 1.8], and using Lemma 3.3 and the fact that 7 (¥ Py ;) —
75(3 Pgy_s A bo) is injective for 7+ < 21 + 2 (by [7; 8.4 and 8.12]), there
exists a lifting of g to E, in the modified Postnikov tower (MPT) of

the fibration nggogm—eBSp which sends only the 8l-dimensional k-
invariant nontrivially. Thus, since (8.2) effectively gives a factoriza-
tion through QP, as in the proof of [4; 5.1] f lifts to a map 7
Py — FY, where E) is the third stage of the MPT of BO,_,J8]—
BO|[8], sending only the 8l-dimensional k-invariant k, nontrivially.

There is a map E; — Q{(3)> and its behaviour on k-invariants is com-
puted by computing the induced morphism of minimal resolutions.
In particular, for the k-invariant ky..e H*"%Q{38)) corresponing to
the element in coker (Ext®+(H*(IPy_,), Z,) — Extss+ (H*Q), Z,)),
if 1 is odd ¥ (kl.s) = (Sg® + woky so that f*j*kg., = Sg'a® +
we((2F — 8l — 2°™)8) U a@¥ = a®* 8+ a¥"® = 0, while if [ is even, .97 (BO[8])
annihilates ks in the range under consideration.

Theorem 1.1 follows from Lemma 3.4 together with

PropPoOSITION 3.5. If P¥°— Q{3> sends only kg montrivially,
then P¥™° — Q8> — Q 1s essential.

Proof. We show that such a map represents a nontrivial class
of Ext¥? (H*(Q), H*(P¥*")) which is not hit by a differential in the
ASS converging to [P¥, Q].

A minimal .7 -resolution of H*(Q) corresponds to a minimal
SZ-resolution of H*(ZPy_,). (See [4; 3.1].) This is listed in the
Appendix. Ext¥ (H*(Q), H*(P¥*) ~ ker d#/im d¥ in

Hom (3-C,, H* P*) %, Hom (3-5C,, 7*P*+) %, Hom (37, F*P*+) .

If we denote by £, the .54-homomorphism ¥~*C, — H*(P*") sending
only 2%k, nontr1v1a11y, then d*(k,)=0 because, for example d¥k,(3°l,)=
Edy(31,) = ko(Z’“S(Sqlk + SqZSq%o)) = SqZSq3a'“ = 0. Thei image of d¥
is generated by ks = di(hy), ki + ki = d2(hy), k, + ki = d(h_) and
124 + 125 = d;‘(ﬁ). Thus ko gives a nonzero element of Ext.

Similarly Ext%/* (H*Q, HP®*) = Z, for j = 0 and 1. The non-
zero elements in these groups survive to give the nontrivial elements
2/ f,], where f, is the map defined after (4.6). Thus there are no
elements which could support a differential hitting k,.

4. Proof of immersions (Theorem 1.2), The proof is very similar
to that of [4; 1.1]. We let g: P"— BO[9] classify the stable normal
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bundle and let & denote the fibre of k&, BO[9] — C, where C =
BOI[9]/BO,,_[9]. We consider the diagram

Bo'n-—lﬁ[9]
etk
2C x & — & —> & [BO,_4[9]

P -2 Boj9] X ¢

As in [4; 1.4(c)] the fibre of k, has the same n-type as BO,_.9].
(This is the main reason for using BO[9] instead of BO[8].) It suf-
fices to prove

(4.1) kg is null-homotopic, so that there is a lifting I of g, and
(4.2) there is a map P"— QC such that %k ,¢(f X l) is null-homotopic.

Proof of 4.1. We use the charts of 7,(C) given in 2.1.

Similarly to [4; 4.1] one shows that k,g has filtration =5. This

is accomplished by noting that if n =16l + 15, then v<2L — 161 — 16)

— 4l +¢
{i Z; % or 3, so that QP** lifts to E, sending only k., nontrivi-

ally. (QP gets past the irregular element in s = 2,¢ — s = 161 + 8
as in [4; 4.2]. It gets by the «'d tower in ¢t — s = 161 + 12 because

they are not present in the MPT for Bg':%,,_m%BSp, where the
liftings are first performed. (See [4; 4.1, 4.2].).) Thus P* lifts to E;
since primary indeterminacy enables one to vary k.., without varying
the other k*-invariants.

Finally we show that any filtration 5 map P”— C is null-ho-
motopic. The only possible map not trivial by Ext-considerations
(or by the differentials in the top degree) is an extension over P*

of the map P”‘3—k»S”‘3—J:C, where k is the collapse and [f] the fil-
tration 5 generator. But [f] is divisible by 2 by [4; 3.5] since
BO[9]/BO,,_,[9] — BO|8]/BO,,_[8] sends the filtration 2 class in 7,_,

to the filtration 3 class. Thus P::i—»S’HLC is trivial and hence
so is fk. But there is a unique filtration 5 extension of fk over P*
since for ¢ =0, 1, 2, 7,_,(C) has no elements of filtration =5. Hence
the extension over P" is trivial.

Proof of 4.2. This is very similar to [4; Ch. 4 beginning with
4.3]. [kp(f X 1)] is considered as the homotopy sum of three stable
maps
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(4.4) Ptz % /BO,_ 9]
(4.5) p—, 00— #/BO,_9]
(4.6) I oo Nz — % —%/BO, 9] .

Let f, denote the composite P*—V,_— 23V, ;— 2C and f;

the composite P*— 8* % 0C where [#] has smallest possible filtra-
tion (£2). As in [4] we have the following results.

PROPOSITION 4.7. (4.5) with f = f, and (4.6) with f=f, are null-
homotopic.

PropoOsITION 4.8. [P", & /BO,_ 9~ Z,. P Z,D Z,D Z,.

Rroof. Asin [4; 4.3] HX(&, BO, [9]) ~ H*(I°P,_.) ® % |I(Sg®),
so that its homotopy groups are as in (2.2, 7 =1) reindexed.
[P, &/BO,_9]] is computed as in [4; 4.9] or by computing
Exty (H*( ¥, BO,_49]), P*) as in 3.5. The Z,’s are due to the Z,
homotopy groups in degrees » — 3 and »n — 7.

Let G, G;, G;,, and G, denote generators under a splitting of
Proposition 4.8.

PROPOSITION 4.9. Some multiple of (4.5) with f = f, equals 4G,.

PrOPOSITION 4.10. If v(n + 1) = 4, then (4.6) with f = f, has odd
coeffictent of G,. If v(n + 1) =5, then (4.6) with f=f, is 2aG, +
2bG, where a is an odd integer and b is an integer.

Proof. This can be seen by using the map & /BO,_.9]—
# |BO,_,[8], where & = fibre (BO[8] — BO[8]/BO,_,|[8]), and [4; 4.11,
4.12].

To deduce 1.2, we use the fact ([4; 1.2]) that P"™ immerses in
R % and argue as in the last paragraphs of [4; Ch. 4]. We consider
the diagram

Q(BO[9]/BO,_[9]) x & —> & — /B0, _.9]
lﬁ X Ja J(JE ijs
Q(BO[9]/BO,_[9]) x &' &', «1/Bo,_.[9]

[P", j,] is onto with kernel {4G,, 8G,>. [P*, j.] is onto all elements
except a filtration 1 map f, trivial on P*"%. The analogue of (4.6)
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with f = f, is null-homotopic and the analogue of (4.5) with f= f,
is 0 or 4G..

Let I: P*— % be some lifting of g. There exists f': P*—
2(BO[9]/BO,,_.[9)) such that ki/(f' X 7,l) = 0. Either f’ or f' — f,

factors as P" EA 2C -3—1>.Q(B0[9]/B0,,_1,[9]). Then kit (5, X 7. )(fX1) =0
or 4G;. Hence k,pu(f X 1) is 4aG, + 4bG, for some acZ, beZ,. If
=0, by 4.7 and 4.9 there is some multiple df, such that k,u((f—df,)x
I)=0. If a=1, there exists d such that & p((f+20""+f, —df) x1)=0.

5. Appendix. A minimal .94-resolution through degree 81 + 10

of H*(3P,_,) is given by Coi‘lClgiCz<d—203£3—04<—-, where C, is a
free .%%-module generated by elements x,, g,, h,, k;, or I, for s=0,1,2,3,
or 4 with subscripts indicating ¢ — s — 8/, where ¢ is the degree of
the generator. (See [4; Ch. 6].) We omit Sg for Steenrod squares;
thus, 62g denotes Sg¢°Sg®9. This resolution corresponds to (3.1).

C, has generators z_,, ,, and x;

g_.: 21z_, (This means d(g_,) = S¢*Sq'z_,)
gt 4w,
g, : la, + 41z,
g, : 2z, + 42z_,
gs - lxg + 27z,
g © 225 + 424x,
h_.: 29_,
hy : 1g, + 21g_,
h, : 29, + 39, + 49_,
h,: Bblg_, + (7T + 421)g_,
h, : 621g_, 4+ (91 + 46)g_,
he - lg, + 5219, + 549, + 46¢g_,
s 2 (46 4+ 73 + 631)g_, + 461g_,
hio: 29, + 3gs + (46 + 9l)g, + 47¢,
k, : 1he + 2h_,
k, : 1h, + 41k,
ks 2 2h, + (T + 4210)h_,
; o 1h, + 4h, + 51lh, + T2h_,
s o 1h, + 43R, + (27 + T2)h, + 631h_,
s o Llhs + 2h, + 43h, + (27 + T2)h, + 46k _,
k2 Shy + 4h, + 423h, + (66 + TH)h_,
I, : 1k, + 23k,
ls : 2k, + 3k, + (T + 421)k,
I, : 1k, + 21k, + 4k, + 62k,
ls : ks + T2k, + 41k,
lo : 1k, + 21K + 4k, + (6 + 5Lk, + Tk,
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