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The Furstenberg structure theorem for minimal distal
flows is proved without any countability assumptions. Thus let
(X, T) be a distal flow with compact Ήausdorff phase space X and
phase group T. Then there exists an ordinal v and a family
of flows (XJαrgv) such that Xo is the one point flow, X»~X,
Xa+1 is an almost periodic extension of Xa9 and Xβ=\ima<β Xr
for all ordinals a and limit ordinals β less than or equal to v.

0. Introduction* It has been fourteen years since Furstenberg
proved his beautiful structure theorem for metrizable minimal distal
flows [4]. Since then there have been many attempts to do without
the assumption that the phase space of the flow be metrizable. These
have only been partially successful; some sort of countability assump-
tion has always seemed necessary. The purpose of this paper is to
provide a proof of the Furstenberg structure theorem which avoids
the use of any countability assumptions.

There are other structure theorems in the literature ([2], [3], [5]),
and they too make some sort of countability assumption. Since all
of these theorems are closely related it is to be hoped that the methods
developed here can be applied to these others as well. Indeed the
first step in the proof of the Veech structure is given in this paper
(see 1.11).

The basic idea is embodied in 1.6 which states that given a
topologically transitive or minimal flow (X, T), H a countable subgroup
of Γ, and p a continuous pseudo-metric on X, there exists a countable
subgroup Kz) H with (Xκ, K) topologically transitive or minimal
respectively. Since K is countable, Xκ is metrizable and category
arguments may be used to obtain results about (Xκ, K) which in
turn are carried over to (X, T) by inverse limit arguments.

In the original version of this paper the basic idea was used in
an entirely different way to obtain the Furstenberg theorem. I
would like to thank the W. A. Veech for suggesting the present
version, it is shorter and more transparent than the original.

Standing Notation 1.1. Throughout this paper (X, Γ) will denote
a flow with compact Hausdorff phase space X and phase group T.
If p is a pseudo-metric on X and H is a subgroup of T, then R(H, p)
or simply R{H) will denote the subset, {(x, y) \ p(xt, yt) = 0(ί 6 H)} of
X x X. The quotient space X/R(H) will be denoted by XH and
πH: X—> XH, π§: Xκ —> XH will denote the cananical maps. (Here K is
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a subgroup of T containing H.)

LEMMA 1.2. Let p be a continuous pseudo-metric on X and H
a subgroup of T. Then 1. R(H) is a closed H-invariant equivalence
relation on X. 2. H acts on XH. 3. // H is countable, XH is
metrizable.

Proof. Statements 1 and 2 follow immediately from the definition
of R(H). With regards to 3 it is directly verifiable that σ(a, b) =
ΣΓ=i 2~ip(xtii yti){a, b e XH) is a metric on XH compatible with the
quotient topology. Here H = {tt\i = 1, •*-}, x, yeX with πH(x) = a
and πH(g) = 6.

DEFINITION 1.3. The flow (X, T) is topologically transitive if
every nonnull invariant open set is dense.

REMARK 1.4. When X is metrizable, then (X, T) is topologically
transitive if and only if the set of points with dense orbit is residual.
(To see this consider f) {UT\Ue1%S} where <%f is a countable base
for the topology on X.)

LEMMA 1.5. Let S^ be a collection of subgroups of T directed
by inclusion (i.e., for every pair H, K of element of £f there exists
LeS^ with H\J KaL) and let p be a continuous pseudo-metric on
X. Then 1. Xs = lim (Xm πf) where S = \J £f. 2. If the flows

(XH, H) are minimal (HeS^) then so is (Xs, S).

Proof. 1. Since πs

κ = π% o πs

H(H, K e £f with KcH),a = b if
and only if τrf(α) = πs

κ(b)(Ke&*), (a,beXs).
2. Let U be a nonvacuous open subset of Xs. Then there exist

He^ and a nonvacuous open subset V of XH with π^\V)c U.
Since (ΣS9 H) is minimal, VH = XΉ. Hence U Sz) (πft)~*(V)Sr>
{πs

Hy\V)H = (πs

H)-\VH) = Xs.

PROPOSITION 1.6. Lei (X, Γ) be topologically transitive (respec-
tively minimal), p a continuous pseudo-metric on X, and H a countable
subgroup of T. Then there exists a countable subgroup K of T
such that HcK and (Xκ, K) is topologically transitive (respectively
minimal).

Proof. Assume (X, T) is topologically transitive. Set Ho — H
and ^ i a countable basis for the topology on Xo = X/R(H0). Then
Vo = n{7Γ0~

1(U)Tf/U e^Ό} is a residual subset of X. (Here 7Γ0:X-^X0

is the canonical map.)
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Let xoe Vo. Then πo(xoT) Π U Φ 0(U e ^ 0 ) . Hence there exists
a countable subgroup Hx with HQCZ^ and π^x^H^ dense in Xo. Iterate
the above procedure to obtain a sequence of points (a?J of X and
an increasing sequence of countable subgroups (Hn) of T such that
πn(xnHn+1) is dense in XΛ - X/R(Hn) (all n).

Set JSΓ = U Hn and let Vx and F2 be two nonvacuous open sub-
sets of Xκ. Since Xκ = lim Xnf there exist w and two nonvacuous

open subsets Ut and U2 of XΛ such that φ"\Ui)c:Vi(i = 1, 2) where
<p: X/R(K) —> Xw is the canonical map. By construction there exist
hίf K e ίίM+i c if with πn(xjιt) e Ut{i = 1, 2). Since ττ% = <po7r̂ , πκ(xn)hi =
M&Λ) e ^"X^ ) c F,(ί - 1, 2). Thus F ^ n V2 Φ 0 and so (X^, if)
is topologically transitive as desired.

In the minimal case πϊ\U)T — X(U e ^ 0 ) and thus since X is
compact and ^ countable, there exists a countable subgroup H1 of Γ
with HQ c ίίi and πόKU)^ = X(Ue^0). (This implies that πϊ\U)Hι =
X for all nonvacuous open subsets of Xo.)

Iteration now produces on increasing sequence (Hn) of countable
subgroups of T such that π~χU)Hn+1 = X (0 ΦU open in Xn, all w).
Set K — \J Hn and let 0 Φ V be open in Xκ. Then there exist ^
and a nonvacuous open subset U of XΛ with φ~\U) c F. (9?: X x —> Xnf

canonical.) Then X = π~\U)Hn+1 = (7Γϊ1

9>-1(^))-ff.+iC7Γϊ1(Vr)£: =
τr^(Fif) whence VK = ^(X) - X^.

The proof is completed.

REMARK 1.7. Let (X, T) be minimal, (X x X, T) topologically
transitive, p a continuous pseudo-metric on X, and H a countable
subgroup of T. Then it is clear from the above that one can find
a countable subgroup K containing H with (Xκ, K) minimal and
(Xκ x XKf K) topologically transitive.

DEFINITION 1.8. Let x, y e X. Then x and y are distal from
one another if there exists a continuous pseudo-metric p on X and
ε > 0 such that pixt, yt) > ε(t e T). The point x is a distal point if
a? and # are distal (y eX, y Φ x). The flow (X, Γ) is point distal if
it has a distal point and distal if every point is a distal point.

PROPOSITION 1.9. Let (X, T) be distal and topologically transitive.
Then (X, T) is minimal.

Proof. Let p be a continuous pseudo-metric on X and ^ the
collection of countable subgroups H of T such that (XH, H) is topo-
logically transitive. Then by 1.7 ^ is directed by inclusion and
ΌSS - T.



348 ROBERT ELLIS

Let H e S^i Then the canonical map πH is a homomorphism of
the flow (X, H) onto the flow (XH, if), whence the latter is distal.
Since (XH, H) is metrizable and topologically transitive, it has a point
with dense orbit whence it is minimal. Consequently {XjR(T, p)> T)
is minimal by 1.5.

Now let & be the collection of continuous pseudo-metrics on X
directed by <:. Then (X, T) = lim^ (X/R(T, p), T) from which it

follows that (X, T) is minimal.
We are now in a position to prove the Furstenberg structure

theorem without any countability assumptions. To this end it is
evident from [4] or [1] that it suffices to prove the following:

PROPOSITION 1.10. Let (X, T) be minimal distal and let φ: (X, T)—>
(Y, T) be an epimorphism which is not one-one. Then there exists
a homomorphic image (Z, T) of (X, T) which in turn is a nontrivial
almost periodic extension of (Y, T).

Proof. Assume no such flow {Z, T) exists. This implies that
the relation R(φ) induced by φ coincides with the relativized equi-
continuous structure relation S(φ).

Now R(φ) — {(#!, x2)\φx1 — φx2} c X x X is a closed invariant
subset of X x X, and so we have a flow (R(φ), T). Since (X, Γ) is
distal so is (R(φ), T). Consequently every point of R(φ) is an almost
periodic point of (R(φ), T). This and the fact that that R(p) = S{φ)
allow us to conclude that (R(φ), T) is topologically transitive [6, Th.
2.6.3]. This implies that (R(φ), T) is minimal (1.9) whence R{φ) = Δ
the diagonal of X x X, a contradiction, (φ was assumed not to be
one-one.) The proof is completed.

The final result is the first step in the proof of the Veech structure
theorem [2] without any countability assumptions.

PROPOSITION 1.11. Let (X, T) be a nontrivial minimal point
distal flow. Then it has a nontrivial equicontinuous factor.

Proof. Assume the conclusion false and let x0 be a distal point
of X. Then X x X is the equicontinuous structure relation and the
set {(xos, xot)\s, t e T} is dense in X x X and consists entirely of almost
periodic points of the flow (X x X, T). Hence we may again apply
[6, Th. 2.6.3] to conclude that (X x X, T) is topologically transitive.

Now let H be a countable subgroup of T and p a continuous
pseudo-metric on X. Then by 1.7 there exists a countable subgroup
K of T such that HaK, (Xκ, K) is minimal, and (Xκ x XKf K) is
topologically transitive.



THE FURSTENBERG STRUCTURE THEOREM 349

The flow (Xκ, K) is metrizable and point distal. (τcκ(x0) is a
distal point.) If it were not trivial, it would have a nontrivial
equicontinuous factor (Y, K) by the metric version of the Veech
structure theorem. Since (Xκ x Xκ, K) is topologically transitive,
so is ( 7 x Y, K). This implies that Y must be a single point, whence
(Xκ, K) is trivial. This implies that XH is a single point and so (X, T)
is trivial (since H and p were arbitrary); a contradiction.

REFERENCES

1. R. Ellis, Lectures on Topologίcal Dynamics, W. A. Benjamin Inc., New York, 1969.
2. , The Veech structure theorem, Trans. Amer. Math. Soc, 186 (1973),
203-218.
3. R. Ellis, S. Glasner and L. Shapiro, Proximal-Isometric (P. I.) Flows, Adv. in Math.,
17 No. 3 (1975), 213-260.
4. H. Furstenberg, The structure of distal flows, Amer. J. Math., 85 (1963).
5. W. A. Veech, Point-distal flows, Amer. J. Math., 92 (1970), 205-242.
6# f Topological dynamics, Bull. Amer. Math. Soc, 83, No. 5 (1977).

Received April 13, 1977 and in revised form October 20, 1977. Partially supported
by NSF Grant MPS 75-05250.

UNIVERSITY OP MINNESOTA

MINNEAPOLIS, MN 55455





PACIFIC JOURNAL OF MATHEMATICS

EDITORS
RICHARD A R E N S (Managing Editor)

University of California
Los Angeles, CA 90024

CHARLES W. CURTIS

University of Oregon
Eugene, OR 97403

C. C. MOORE

University of California
Berkeley, CA 94720

J . DUGUNDJI

Department of Mathematics
University of Southern California
Los Angeles, CA 90007

R. F I N N and J . MILGRAM

Stanford University
Stanford, CA 94305

E. F. BECKENBACH

ASSOCIATE EDITORS
B. H. NEUMANN F. WOLF K. YOSHIDA

SUPPORTING INSTITUTIONS
UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA
MONTANA STATE UNIVERSITY
UNIVERSITY OF NEVADA, RENO
NEW MEXICO STATE UNIVERSITY
OREGON STATE UNIVERSITY
UNIVERSITY OF OREGON

UNIVERSITY OF SOUTHERN CALIFORNIA
STANFORD UNIVERSITY
UNIVERSITY OF HAWAII
UNIVERSITY OF TOKYO
UNIVERSITY OF UTAH
WASHINGTON STATE UNIVERSITY
UNIVERSITY OF WASHINGTON

The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Please
do not use built up fractions in the text of the manuscript. However, you may use them in the
displayed equations. Underline Greek letters in red, German in green, and script in blue. The
first paragraph or two must be capable of being used separately as a synopsis of the entire paper.
Items of the bibliography should not be cited there unless absolutely necessary, in which case
they must be identified by author and journal, rather than by item number. Manuscripts, in
triplicate, may be sent to any one of the editors. Please classify according to the scheme of Math.
Reviews, Index to Vol. 39. All other communications should be addressed to the managing editor,
or Elaine Barth, University of California, Los Angeles, California, 90024.

50 reprints to each author are provided free for each article, only if page charges have been
substantially paid. Additional copies may be obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular sub-
scription rate: $72.00 a year (6 Vols., 12 issues). Special rate: $36.00 a year to individual
members of supporting institutions.

Subscriptions, orders for numbers issued in the last three calendar years, and changes of address
should be sent to Pacific Journal of Mathematics, 103 Highland Boulevard, Berkeley, California,
94708. Older back numbers obtainable from Kraus Periodicals Co., Route 100, Millwood, NY 10546.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.).

8-8, 3-chome, Takadanobaba, Shinjuku-ku, Tokyo 160, Japan.

Copyright © 1978 by Pacific Journal of Mathematics
Manufactured and first issued in Japan



Pacific Journal of Mathematics
Vol. 76, No. 2 December, 1978

Stephanie Brewster Brewer Taylor Alexander, Local and global convexity in
complete Riemannian manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283

Claudi Alsina i Català, On countable products and algebraic convexifications
of probabilistic metric spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 291

Joel David Berman and George Grätzer, Uniform representations of
congruence schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 301

Ajit Kaur Chilana and Kenneth Allen Ross, Spectral synthesis in
hypergroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 313

David Mordecai Cohen and Howard Leonard Resnikoff, Hermitian quadratic
forms and Hermitian modular forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 329

Frank Rimi DeMeyer, Metabelian groups with an irreducible projective
representation of large degree . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 339

Robert Ellis, The Furstenberg structure theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 345
Heinz W. Engl, Random fixed point theorems for multivalued mappings . . . . . . . 351
William Andrew Ettling, On arc length sharpenings . . . . . . . . . . . . . . . . . . . . . . . . 361
Kent Ralph Fuller and Joel K. Haack, Rings with quivers that are trees . . . . . . . . 371
Kenneth R. Goodearl, Centers of regular self-injective rings . . . . . . . . . . . . . . . . . 381
John Gregory, Numerical algorithms for oscillation vectors of second order

differential equations including the Euler-Lagrange equation for
symmetric tridiagonal matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 397

Branko Grünbaum and Geoffrey Shephard, Isotoxal tilings . . . . . . . . . . . . . . . . . . 407
Myron Stanley Henry and Kenneth Leroy Wiggins, Applications of

approximation theory to differential equations with deviating
arguments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 431

Mark Jungerman, The non-orientable genus of the n-cube . . . . . . . . . . . . . . . . . . . 443
Robert Richard Kallman, Only trivial Borel measures on S∞ are

quasi-invariant under automorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 453
Joyce Longman and Michael Rich, Scalar dependent algebras in the

alternative sense . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 463
Richard A. Mollin, The Schur group of a field of characteristic zero . . . . . . . . . . 471
David Pokrass, Some radical properties of rings with (a, b, c) = (c, a, b) . . . . . 479
Margaret Shay and Paul Ruel Young, Characterizing the orders changed by

program translators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 485
Jerrold Norman Siegel, On the structure of B∞(F), F a stable space . . . . . . . . . 491
Surjeet Singh, (hnp)-rings over which every module admits a basic

submodule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 509
A. K. Snyder, Universal interpolating sets and the Nevanlinna-Pick property in

Banach spaces of functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 513
Jeffrey D. Vaaler, On the metric theory of Diophantine approximation . . . . . . . . 527
Roger P. Ware, When are Witt rings group rings? II . . . . . . . . . . . . . . . . . . . . . . . . . 541

Pacific
JournalofM

athem
atics

1978
Vol.76,N

o.2

http://dx.doi.org/10.2140/pjm.1978.76.283
http://dx.doi.org/10.2140/pjm.1978.76.283
http://dx.doi.org/10.2140/pjm.1978.76.291
http://dx.doi.org/10.2140/pjm.1978.76.291
http://dx.doi.org/10.2140/pjm.1978.76.301
http://dx.doi.org/10.2140/pjm.1978.76.301
http://dx.doi.org/10.2140/pjm.1978.76.313
http://dx.doi.org/10.2140/pjm.1978.76.313
http://dx.doi.org/10.2140/pjm.1978.76.329
http://dx.doi.org/10.2140/pjm.1978.76.329
http://dx.doi.org/10.2140/pjm.1978.76.339
http://dx.doi.org/10.2140/pjm.1978.76.339
http://dx.doi.org/10.2140/pjm.1978.76.351
http://dx.doi.org/10.2140/pjm.1978.76.361
http://dx.doi.org/10.2140/pjm.1978.76.371
http://dx.doi.org/10.2140/pjm.1978.76.381
http://dx.doi.org/10.2140/pjm.1978.76.397
http://dx.doi.org/10.2140/pjm.1978.76.397
http://dx.doi.org/10.2140/pjm.1978.76.397
http://dx.doi.org/10.2140/pjm.1978.76.407
http://dx.doi.org/10.2140/pjm.1978.76.431
http://dx.doi.org/10.2140/pjm.1978.76.431
http://dx.doi.org/10.2140/pjm.1978.76.431
http://dx.doi.org/10.2140/pjm.1978.76.443
http://dx.doi.org/10.2140/pjm.1978.76.453
http://dx.doi.org/10.2140/pjm.1978.76.453
http://dx.doi.org/10.2140/pjm.1978.76.463
http://dx.doi.org/10.2140/pjm.1978.76.463
http://dx.doi.org/10.2140/pjm.1978.76.471
http://dx.doi.org/10.2140/pjm.1978.76.479
http://dx.doi.org/10.2140/pjm.1978.76.485
http://dx.doi.org/10.2140/pjm.1978.76.485
http://dx.doi.org/10.2140/pjm.1978.76.491
http://dx.doi.org/10.2140/pjm.1978.76.509
http://dx.doi.org/10.2140/pjm.1978.76.509
http://dx.doi.org/10.2140/pjm.1978.76.513
http://dx.doi.org/10.2140/pjm.1978.76.513
http://dx.doi.org/10.2140/pjm.1978.76.527
http://dx.doi.org/10.2140/pjm.1978.76.541

	
	
	

