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JOSEPH E. COLLISON

The only central moment considered in probabilistic
number theory up until now has been the ‘““variance’ of an
arithmetic function. This paper considers the case of higher
central moments for such functions. It will be shown that
if f is an additive complex valued arithmetic function then

2 1flm) — A(n)]** = O(n(log log ”)”H,, én | flp=)[2Ep~%)

mEn
where K is a positive integer and
A(n) = aZginf(p“)p‘“ .

It will also be shown that if f is an additive real valued
arithmetic function and K is an odd positive integer, then

2, (flm) — A(m))* = O(n(log log n)*™*/% 3, |f(pe)|=p™*) .

1. Preliminaries. Given a fixed positive integer K let X be a
K-tuple of prime powers p% where the primes need not be distinct.
Y is defined similarly. Next we define

[ X]| = Max {p*: p* is a component of X}

and | X| = II »* where the product is over those p* which are com-
ponents of X. By X, we shall mean the j-tuple consisting of the
first 5 components of X, and X, shall denote the K — j-tuple con-
sisting of the last K — j components of X. XY, shall denote the
first j components of X followed by the first & components of Y.
By X;||m we shall mean that p*||m for all the components of X;.
If f is an arithmetic function, then we define F(X) to be I f(p%
where the product is over all the components p* of X.

LEMMA 1. Given the M distinct prime powers P, = pf, i =1,
.-+, M, and the positive integer n,

WL, m) = w3, 1= Pi— pit) + O™

=n
Pilik,isM

where |O(n™)] £ 3:2" — Ln™%

Proof. Let N = L T[X, P, for any positive integer L. We will
now show by induction on M that for all such N

(1.1) W(M, N) = [[ P71 — p;) + O(NT)
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where [O(N7Y)| < 32¥ — 1)N™t, We have
W@, N) = N7Y({N/P,] — [N/P,p.}) = Pi* — N[N/Pp,]
so that the result holds for M = 1. Letting

M
K= (Lip] + DIL P,
we see that for

WM, n)=n"" Z‘, 1

Py ['k 1<‘LSM

we have
W(M, N) = Pi*W'(M, N/P) — (K/INYW'(M, K) + R
where

R=N" 5 1<NK-—[NPpDIIP+N'<2N.
Bt

Using estimates provided by the induction hypothesis we see
Pi'W/(M, NP = P I Pt — o) + Vi(N)
where |V, (N)| < 3(2"* — 1)/N, and
(KIN)W'(M, K) = (Pi'pi* + KN~ — Pi'p) II Pl — p7h) + Vi(N)
where |V, (N)| < 8(2"* — 1)/N. Since
0= (KN — Pepr) [ P(L — pi) = L7P{ ] P = N
(1.1) now follows.
Let N = ([n P71+ 1) IIE, P, so that the first part of the
proof applies to W(M N). Then

\W(M, n) — W(M, N)| gfg‘lW(M, i) — WM, § + 1)

N-—1 l 1
gjg)a —j— Y ey) J+1 J<k§+1
J Pyl >0 Pyl £ 150
N—1
=20 +1)1HP' >
j=n n<js<N
Pili5,i>0

< <: P;1> log (N/n) + ’”~1<[ I=MI ] [" fjl P ﬂ)

M nH
= n"'log <1 + w11 P, ) 4+ nt < 207!
i=1
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which provides the desired result.

LEMMA 2. For M = 2 and letting P = p* represent the power
of a prime

M—2
S PP oM T o)
Py...Py>n px=n
Pi<n,isy

for some absolute constant C,.

Proof. Separating the two largest prime powers from the rest
we see

P PR S MU -1 (S p) (R + R)

S0

where

R = Z p_aq—ﬁ
p%gB>n
pX<n,gBsn

is known to be bounded [2; P. 35], and
R2: Z e 2 qﬂ9

.
awl/M<pt<n (np@) LM —1) <qB<n)p®

With regard to R,, we note that for »p™ = 3” the second sum is
equal to

log log [n/p*] — log log [(n/p*)* "] + O(1)
< log log (n/p%) — log log (n/p*)"** + O(1)
= log 2M + O(1) .

For np™ < 8¥ we have ¢* < 8” and so the second sum in R, is bounded
by log M + O(1) in this case. In a similar manner it can be shown
that

p~* < log 2M + O(1) .

/M Lplgn
Thus there are constants C, and C, for which

R, + R, < (log2M) + C,log2M + C,
=M+ CM+C,.

Letting C, = 1 + C,/2 + C,/4 we obtain the desired result.

2. Even central moments. Now we shall show that
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S1fm) = Aw)PF = O(n (log log w3 | f(p)|*p™) .

p¥<n

THEOREM 1. Let f be an additive complex valued arithmetic
Junction and let K be a fived positive integer. Then for n = 4

Mox(n) = 3. | f(m) — A(n) P~
(2.1) - -
< (2K)! 1024°K°Con( 3, ™) 3 | (o) P

Proof. First we will show that
(2.2) My(n)=n >  FX)F(Y)T(X, Y, n)

XS, | |IYEn
where
K K K -
TX, ¥, n) = 3 3% (— 1>f+k<.><k)lx,-¥kl-1n-l s 1.

m=n
Xme,Yka

K K\/K e
Mx(n) = Z(—l)“’“( i )( )AK“’(%)AK""(%)

2SIy BT@y
M Zﬂ”m

K K K\/K o\ e
= )itk X1
PIDHES) (J.)(J(H%QF(X])IXA )

“’M

(D TFTILS) s FEXFT) 5 1
T gllSn HXGHUSn |V plISn X-||7n,§}‘knm

which equals the right side of (2.2).

Now let M,x(n,t) denote the restriction of the sum in (2.2) to
those X and Y such that exactly ¢ distinet primes occur in the
factorization of |XY|. By virtue of the fact that

n? 3 1= PHX, Y

m=n
Xitim,Ypllim

where P(X;, Y,) is a product of the distinet prime powers p* in X;Y,
with a being the highest power of p» in X;Y,, an examination of
T(X, Y, n) reveals the fact that in an upper bound of the (7, k) term
either | XY| appears in the denominator or at least one prime is
repeated in X;Y,. In the latter case, in order for the (j, k) term
to be nonzero, a repeated prime must have the same power everywhere
it occurs in X,Y,. Soif r, ---, r,, where r, + --- + 7, = 2K, provide
the respective number of times the distinet primes p, ---, p, are
repeated in XY, and s(¢, 1), ---, s(¢, ), where s(3, 1) + --- + s(¢, u) =
7, provide the respective number of times the distinct powers a(z, 1),
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-, a(t, w) of p, occur in XY, then as a result of the above discussion
we see that

|F(X)F(Y)T(X, Y, n)|
K 1{ 24w .
= (z( )) 1 1T | f(psces ribppetss
=0\ g i=1 k=1
Thus we see from (2.2) and the last result that for ¢ < 2K

x [K\\2
Memisn 3 | (ST

iz bl g
t i r ! %
[IPIPY —=—1I > |f(p9)[*p™.
i=1p=n u=1 381;0 k+3u""'z 81' LI Su! k=1a=[logn/logp]
& =

Since >, »p7* summed over all positive « is bounded by 1, it follows
by induction on « that

(S feome)s2 5 | feo)o

a=[logn/logp] a<flognllogp]

Hence

Mo, )] = @R 0 5 T S 1F@))

et ~2K i=1 ag
AN A pisn

4

-2 > 1.

u=1 Syt +3u-‘"z
85>0,k=

Using Holder’s inequality and the fact that the last sum is bounded
by ¥, we see

1%1{(”; t)l < (2K)! 4Ep Z ﬁ 2”7‘fi+1< Z p—a>1‘”/2K

rideeebry=2K i=1 a<
ris0im1tt pisn

(S 17w )

p%=n

< @K1 165K — ¢t + D% 5 p7) 3 1S

p*=<n p%sn

That is, for t < 2K

(2.3) | Mosln, D)) S (IO 645 K*(AKYn
()" S 1w

Next we shall consider the case where ¢ = 2K. To do this we
shall first show that if p, is the smallest prime in X then

(24) | T(X, ¥, n)| < K4 XY |prgy)™ + 8570
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when all the primes in XY are distinct. By Lemma 1 we see that

T(X,

where

Y, n) = | XY[RX)R(Y) + O(n™)

RGO = 3~ 1>f( )H(l—pr‘)

and [O(n™)| £ 3%t

-1, Now induction shows

M -ph=1-%p 1A -2

t=8-+1

and hence |R(X)| < K2%p3'. A similar result holds for R(Y), and
hence we have (2.4). Therefore, keeping in mind all primes in XY
are distinet, and using Lemma 2 and Holder’s inequality, we see

| Mex(n, 2K)| S n 3\ [FOOF(YT(X, Y, m)|

+n

>, |F(X)F(Y)I(X, Y, n)|

XS0, YIS0
XY |>n

=<: %K44K (I ]X%é’n[ F(X) I pfll X|—1>2 + 32K+1IXY1§1LI F(X)F( Y) I
4 S, | FOOF(Y)| XY

HXlsn, | |1Ylsn
| XY |>n

/K 2—-1/K
é ,nK44K< Z ]F(X)|2K]XI—1> ( 2 p;2K/(2K_1)IXl_1>
HXl=n lXli=n

vae( s FORPXYY (eor s b)

+n4K( )y 1F<X>F<Y>|21XY1—1>“

HXHS% Y=
XY |>n

IA

1/2
|XY|-1>

1X[<n, [T
XY |>n

sk (o) (Do) DI

+ @K + ORI S o)

3

14

N (p")lgp““)x

2<n

é (K44K+1 + 32K+1(2K)! + 4K+ICi/2K2)
2K—2
ca(S) S 1@

p¥<n p%Sn

< R K (S ) 3 170

p¥Sn p%<n

where C, = 4 + CV2.
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Combining this last result with (2.3) we now have
2K—1
| M(n)| < 2K)! (CﬁgKIc 4 GARKE'S (4K2)”>
t=1

(o) S @

P*<n p¥sn

which yields (2.1) for C, = 1/3 + 9C;/1024. This finishes the proof.

3. Odd central moments. If we wish to consider odd central
moments, then we must restrict ourselves to additive real valued
arithmetic functions. Using the proof of the previous theorem it
can be seen that this simplifies matters insofar as double summations
become single summations. For example, for odd K and such functions
(2.2) becomes

My(n) = 3, (f(m) — An)* = n > FXHT(X, n)

where

X K\ .
(X, n) = %(—D’(J.) | X7 31
Xfﬂm

If the rest of the proof of the theorem is carried out essentially as
it is with minor modifications, it can be seen that for t < K

My(n, t) = O(n(log log )" 3, | f(p)|*p™)

p%sSn

as before, and

| Mx(n, K)| < K25 5, |FQX) 9| X

@3.1)
+ 0(n(log log ny* 3, ()70 ™) .

p¥=n

Now Holder’s inequality shows that
. /K
S RO X = (3 FEOF(X])
HXjlsn HX]Isn

(e x)

NX|1£n

=13(zp) S Il

pE<n p*sn

since >, p™* ' < 1.3. Hence we have:

THEOREM 2. If f is an additive real valued function and K
is an odd integer, then
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3 (F0m) — A@)* = B S w7)" 3£ Fpe

p%=n p*<n

where lim Bx(n) < 1.3K?2%.

This increases the exponent of > »™* by 1/K relative to Theorem
1, but in general it cannot be avoided as the following argument
shows. It is known [3; p. 201] that

3 0) ~ | g@)log )"'ds

provided g(x)/log x for x = 9 is positive, nonincreasing, and has the
limit 0 as ¢ — oo,

Swg(ﬁﬂ)(log x)"'dx diverges ,

9

and
Smg(x)(log x)le"ee=' ¥ converges .
9

These conditions are satisfied by g¢,(p) = »™*|log log p|™% and g¢.(p) =
p~*llog log p|™*. Hence, for f(») = (loglog »)™¥/* and f(p*) =0 for
a > 1, we see that

1 - K-t - K Ko K—2+1/K
S IFX)IpH XM 2 G(Zam) ~G(r) (oglogw)

and

S [Ep™ = Péi‘; g:(p) ~ log log log n .

P

In the light of (3.1) this shows the desired result.
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