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The purpose of this paper is to study the relationships
between coherence, finite type extensions, and certain espe-
cial orderings on the spectrum of a commutative integral
domain R. Applications of the techniques developed include
a partial answer to a question of Vasconcelos concerning
the integral closure of a 1-dimensional, local, coherent
domain, the existence and construction of an interesting
class of coherent domains that remain coherent under poly-
nomial adjunction, and new characterizations of domains
previously defined topologically.

1. A characterization of open Priifer domains. Recall from
[16] that R is called a going-down domain (written GD) in case
R T satisfies GD for each domain 7T satisfying RS TCZ K; an
extension RC T is called an i-extension if Spec (T') — Spec (R) is
injective (unless otherwise specified, the map Spec (1) — Spec (R) is
the contraction map), and say that R is an i-domain if RS T is
an t-extension for each RS TC K; an extension RS T is said to be
open if Spec(T) — Spec (R) is open and R is said to be open if RC
T is open for each RS TS K. For P, P'cSpec(R) let [P, P'] =
{QeSpec(R): P Q< P'}. If M is a maximal ideal of R, we call
[0, M] a branch of R [16, §3]. An especially useful characterization
of open domains is as follows: [16, Theorem 38.16], R is open if and
only if R is GD and semilocal and each branch of R is well-ordered
under inclusion.

For an extension R< T, it is said that T is of finite type over
R if there is an R-algebra homomorphism from a polynomial ring
R{x, ++-, x,] onto T, and furthermore, if the kernel of this homor-
mophism is finitely generated, T is said to be finitely presented as
an R-algebra. Given a contraction map f: Spec (T)— Spec (R) and
P ¢ Spec(R), denote the set f(P), the fiber of P, by fib,(P) [16, §4].
A prime Q eSpec (T) is said to be isolated in its fiber if @ is maxi-
mal and minimal in fib,(Q@ N B). A finite type extension RS T is
said to be quasi-finite at @ € Spec (T'), if Q is isolated in its fiber,
and RS T is said to be quasi-finite if it is quasi-finite at each Q¢
Spee (T) [19, Definition 1, p. 40].

Any unexplained terminology is standard, as in [3] and [14].

PROPOSITION 1. If each overring of R is of finite type over R,
then
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(a) each overring of R is semilocal;
(b) each GD overring of R is open;
() R is an open Priifer domain.

Proof. It suffices to show that R is semilocal. For each Pec
Spec (R), R R, is a flat extension of finite type, and thus R, is a
finitely presented R-algebra [11, Corollaire (3.4.7)]. But [10, Pro-
position (7.3.10)] implies that R < R, is an open extension for each
PeSpec (R). An application of [16, Proposition 3.3] completes part
(a).

(b) Let T be a GD overring of R. That T is open is immedi-
ate from [16, Lemma 3.1]. (Notice that (b) also follows from |16,
Theorem 3.16] with [16, Proposition 3.14].)

(¢) This is a direct consequence of [16, Lemma 2.33] ({16, Pro-
position 2.26]).

We include an alternate proof of (¢) which provides another
view of the underlying ideas present. (This proof, combined with
Theorem 2, shows that each valuation overring is of finite type iff
each overring is of finite type, where R is integrally closed.)

We may assume R is integrally closed and local with maximal
ideal M. Let V be a dominating valuation overring of R with
maximal ideal N. Since V is GD, (b) gives that V is open, hence
fib,(M) has a least element, say P. Thus, RS V, is quasi-finite at
PV,.. Hence R =R, = (V,y)px |9, Proposition 4, P. 43]. Whence,
R is a valuation domain, and the proof is complete [16, Corollary
3.17).

THEOREM 2. Let R be integrally closed. The following are
equivalent:

(a) R 15 an open Pritfer domain.

(b) RC T is simple for each R T< K.

(¢) RET is of finite type for each RS T K.

(d) RCT s finitely presented as an R-algebra jfor each R <
TC K.

Proof. (b)=(c) is clear. Proposition 1(c) combined with [11,
Corollaire (3.4.7)] shows that (¢)= (d). Another application of Pro-
position 1(c) gives (d) = (a). We focus our attention on (a)= (b).
Consider RS TC K, and let N, ---, N, be the maximal ideals of T
{16, Corollary 4.121.

Let W ={PecSpec(R): PEN,NRE for each 1 Zi=7r}). We
claim W +# @. Suppose W = . Thus each maximal ideal in R
equals N, N R for some 1. Hence RE T satisfles LO, since R< T is
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flat and thus going-down. Therefore R = T [20, Proposition 2],
contradicting our original assumption. Let @={r.» P and observe
that Q €U, N;n R. Forif Q< Uj-, N; N R, then Q = N; N R, some
7, and an application of [18, Proposition 6] establishes that some
Pe W is contained in N; N R, which is a contradiction. So, choose
an a € Q\ U=, (N, N R) and consider R[l/a]. Since a ¢ N, for each 1,
1/ae T and therefore R[l/a]< T. To complete the proof we will
show

Max (R[1/a]) = {(N, N R)R[1/a], - -+, (N, N R)R[1/a]} .

This being the case, we would have R[l/a] = T, since R[1/a]= T is
a flat extension satisfying LO [20, Proposition 2].

Clearly each N, N R survives in R[l/a], and for i = j, N,NR<Z
N; N R since N;& N;. If (N,Nn R)R[l/a]& N, where N is maximal
in R[1l/a], then N;N RS NN R, since R < R[1/a] is a flat extension.
Thus NN RZN,NR for each 1 <i<7r; for if NN RS N; N R for
some j+#1, then N; N R< N; N R, a contradiction. Hence QS NNR,
which means a ¢ NN R, contradicting the existence of N. There-
fore, (N, N R)R[1/e] is maximal in R[l/a] for each 7. In a similar
fashion, one shows that these are the only maximal ideals of R[l/a],
completing the proof.

ExampLE 3. (i) Theorem 2 is of course the integrally closed
converse of Proposition 1(c). It is natural to ask if (a) and (b) of
Proposition 1 have similar converses. We have not yet been able
to answer this question relative to condition (b), however, with
respect to condition (a) it is easy to find a counter-example. For
example, let V be a valuation ring whose spectrum is not well-
ordered under inclusion. Then, each overring of V is local, yet
Theorem 2 shows that some extension of R is not of finite type
over R.

(ii) We would not expect conditions (a), (b), or (¢) to imply
that each overring of R is of finite type over R for a nonintegrally
closed R; moreover, we can find a nonintegrally closed R satisfying
(a), (b), and (c), yet having a nonfinite type extension. For example,
let R be a local, 1-dim., Noetherian domain such that R is not a
finitely generated R-module. A direct appeal to [16, Proposition
3.20] shows that R satisfies (a), (b), and (c).

REMARK AND EXAMPLE 4. If R is a domain each of whose
overrings is of finite type over R, we know (Proposition 1(c)) that
R is an open Priifer domain. It would be interesting as well as
useful to know that R was open. (In this situation, R open is
equivalent to B GD [16, Proposition 3.22].) However, in general R
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need not even be treed. We now produce such an R. (See [O,
Lemmas 8 and 9] and [17, Example 16] for more details.) Let k be
an algebraically closed field, » and y indeterminates over k, and
F = k(x, y). Define the valuation rings W =%k + aW and V =Fk +
yV as in [17, Example 2.28]. Let T=V W and R =%+ J(T),
where J(T) is the Jacobson radical of 7. 1t follows, [8, Example
4.3], that each overring of R distinct from R contains T and R =
T. Hence T is finitely generated as a module over R. But,
Theorem 2 gives that each overring of T is of finite type over T
hence, each overring of R is of finite type over R, being a composi-
tion of a finite extension and a finite type extension.

REMARK 5. The domains of Theorem 2 (LH-domains, (local
homeomorphism)) arise naturally in another setting [16, Lemma
4.13]. For a topologically related study of such domains and their
generalizations, see [16].

.2. Coherence and finite type extensioms. Recall [4] that a
commutative ring is called coherent if each finitely generated ideal
is finitely presented.

We start this section with a useful lemma, which in essence is
a direct consequence of a beautiful theorem of Gruson and Raynaud.

In §1, we observed that in the integrally closed case, the
assumption that each overring be of finite type over R, guaranteed
the presence of coherence. Example 11 of this section shows that
in the nonintegrally closed case, coherence is not always present.
Thus, as some of our applications and interests deal specifically with
coherent domains, we initiate in this short section the study of
coherent domains R, each of whose overrings are of finite type
over K.

LEMMA 6. Let RS T be domains, and let T be a finitely pre-
sented R-module. Then, R is coherent if and only if T is coherent.

Proof. The “only if” part follows directly from [12, Corollary
1.2]. For the converse, we use the criterion in [4, Theorem 2.1(a)];
i.e., we show that the product of any family {4;:7eJ} of flat R-
modules is flat. As each A;®.T is T-flat and T is ecoherent,
IH(A; @ T) is T-flat. However, since T is finitely presented over
R, the canonical homomorphism ([TA;)@r,T—~I(4;@®:T) is an
isomorphism [3, Exercise 9(a), p. 43], so that (I74;)@: T is also
T-flat. That ITA; is R-flat, now follows from the remarkable theo-
rem of Gruson and Raynaud [11, Théoréme (1. 2.4)], and hence the
proof is complete.
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RemMARk 7. Example 11 shows that the assumption of finite
presentation is needed in Lemma 6. Lemma 6 can be viewed as
the coherent analogue of Fakin’s theorem [10, Proposition (6.4.9)],
since the same proof shows the conclusion is valid for RS T com-
mutative rings with identity.

REMARK 8. Lemma 6 could be used in the proof of [6, Theo-
rem 3] instead of applying Ferrand’s descent result.

PrOPOSITION 9. If R is cohereni and each overring of R is of
finite type over R, then

(a) each overring of R is coherent;

(b) each overring of R is finitely presented as an R-algebra;

(¢) Rz, -, x,] 18 coherent.

Proof. Let T be an arbitrary overring of E.

(a). Let R’ be the integral closure of R in T. Since RS R’ is
a finite extension, R’ is coherent [12, Corollary 1.5]. [16, Proposi-
tion 2.26] combined with Proposition 1(c¢) implies that R'"C T is a
quasi-finite extension. Directly applying [19, Proposition 4, p. 43]
and the proof of [20, Theorem 2] shows that R'CS T is flat, and
[9, Proposition 2.2] completes part (a).

(b). Again consider RC R'C T. As R is coherent and RCR'C
K, where R’ is a finitely generated R-module, it is straightforward
to verify that R’ is a finitely presented R-module. Hence R’ is a
finitely presented R-algebra {10, Corollary (6.8.7)]. Also, as in (a),
R'C T is flat and of finite type, so T is a finitely presented R’-algebra
[11, Corollaire (3.4.7)]. Therefore, T is a finitely presented R-algebra
[10, (6. 3. 5)].

(c). By Proposition 1(c) we have R Priifer, hence R[w, ---, ,]
is coherent [21, Corollary (4.6)]. However, Rz, ---, «,] is a finitely
presented R[z,, ---, x,]-module [10, (6.3.5), Proposition (I, 6. 2. 10)],
so Lemma 6 implies that R[x, ---, x,] is coherent, completing the
proof.

ExAMPLE AND A CONVERSE 10. It would indeed be nice if con-
ditions (a), (b), or (c) of Proposition 9 were sufficient as well as
necessary. This is the case for (b), yet is not true for (a) and (c).
The example in 3(ii) provides a domain satisfying (a) and (c) but
having a nonfinite type extension. If we try to achieve converses
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of (a) and (¢) by imposing an integrally closed condition, we still
do not succeed. For let R be a nonopen Priifer domain, e.g., the
integers. Then certainly conditions (a) and (c¢) are satisfied, yet
Theorem 2 shows that R must have a nonfinite type extension.

We now show that (b) is sufficient in Proposition 9. Clearly,
it is enough to show that R is coherent. Proposition 1(c) implies
that R is coherent and we are assuming R is a finitely presented
R-module. Hence, by Lemma 6, we conclude that R is coherent.

Finally, we mention that Proposition 9(c) combined with a
standard direct limit argument [3, Exercise 12e, p. 44] shows that
the ring of polynomials in an arbitrary number of indeterminates
over a domain R satisfying the hypothesis of Proposition 9 is
coherent.

ExamprLE 11. The following example shows that the coherence
assumption is needed in Proposition 9, i.e., we construct a non-
coherent domain R each of whose overrings are of finite type over
R. Let L be a finite field extension of the field %, and let V be an
open valuation ring of the form L + M, where M is the maximal
ideal of V and is nonfinitely generated. (See [6] and [17] for
specific construction.) Let B =k + M. Then, [6, Theorem 3] shows
that R is not coherent, yet each overring of R is of finite type
over R, since each compares with V [1, Theorem 3.1].

ExAMPLE 12. The purpose of this example is to present the
reader with an interesting class of domains satisfying the hypo-
thesis of Proposition 9. As in Example 11, let [L: k] < « and let
V = L + M, but in this case take M to be finitely generated. Then,
[6, Theorem 3] shows R =k -+ M is coherent and as in Example
11, each overring of R is of finite type over R.

3. Very finite extensions., In this final section we give a
positive partial answer to a question of Vasconcelos, namely: is the
integral closure of a l-dimensional, local coherent domain a Priifer
domain? We also give some applications to §§1 and 2.

We call an extension RS T where T is an overring of R and
T is a finitely generated R-module, a wvery finite extension if S is
a finitely generated R-module for each overring S satisfying RS
SC T. Examples of such extensions are module-finite overrings of
arbitrary Noetherian domains, finite minimal homomorphisms as
defined in [7] and extensions arising via the D + M-construction
(e.g., see Example 11). Recall, that an extension R < T is called an
LH-extension if the contraction map Spec (T') — Spec (R) is a local
homeomorphism, and R is called an LH-domain if R € T is an LH-
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extension for each overring T of R [16, §4].

LeMMA 13. Let RS S T be domains such that T is a finitely
presented R-module. Then, T is a finitely presented S-module if
and only if S 1s a finitely generated R-module.

Proof. The “if” part follows from [13, II. Appendix F. 4] and
[10, Proposition (6.2.10)]. As for the “only if” part, let I be a set
with card (I) = card (S), and for each i€ 1, let B, = R. A straight-
forward calculation shows that for S to be a finitely generated R-
module it is sufficient to show that the canonical map (IR;) @;S —
IR, @:S)is onto. (It is also necessary, [2, Exercise 3(a), p. 396].)
Let L be the cokernel of this map and consider the exact sequence

(/IR) Q.S 8, — L 0,

where S, ~ S for each 7. Tensor this sequence with 7 over S and
get the following commutative diagram:
0 0
(IR)@rS@s T — (IS)@s T—> L Qs T'— 0

00— (lIR) @, T e Hnr,—90

0 0

Since the two verticle columns are exact and the bottom row is
exact [3, Exercise 9(a), p. 43], we have L @, T = 0. Hence, L is
a flat S-module with torsion [11, Théoréme (1.2.4).] Therefore,
L = 0.

COROLLARY 14. Let R be coherent and let T be a proper over-
ring of R which is finitely generated as an R-module. The follow-
ing are equivalent:

(a) RS T is very finite.

(b) FEach domain S, RS ST, is a finitely presented R-
module.

(¢) FEach domain S, R SZ T, is coherent.

(d) T is finitely presented as a module over each subdomain
of T containing R.

Proof. (a)=(b) follows as in part of the proof of Proposition
9(b), and (b) = (¢) is immediate from [12, Corollary 1.5]. Assume
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(¢) and let S be a subdomain of T containing R. Arguing as in
Proposition 9(b), we deduce that T is a finitely presented S-module,
and so (¢) = (d). Finally (d)=(a) by Lemma 13.

The next theorem is a partial answer to a question of Vascon-
celos, i.e., if R is a local, 1-dimensional coherent domain, is R
Priifer? Note that if we also assume R is integrally closed, then
R is Priifer [15, Theorem 1].

THEOREM 15. If R s local, 1-dimensional, coherent, and if R
has a very finite extension, them R 1s Noetherian.

Proof. Assume R&GT is a very finite extension, and let
M, ---, M, be the maximal ideals of T [3, Proposition 3, p. 329].
Let N denote the maximal ideal of E. We consider 2 cases:

Case 1. t>1. Let J denote the Jacobson radical of T, and
consider the overring R + J of R. Let us observe that R+ J is a
local domain with maximal ideal J and that B + J is coherent by
Corollary 14. Hence, [17, Proposition 1] implies that J is a finitely
generated R -+ J-module and thus R + J is Noetherian by Cohen’s
theorem. (One could also deduce that J is a finitely generated
R + J-module by realizing that J is a finite intersection of con-
ductors of the form (a:b).) We now apply Eakin’s theorem [10,
Proposition (6.4.9)] to get R Noetherian.

Note that the proof of case (1) holds when ¢t =1 and R+JET.

Case 2. t=1and T=R + M. We claim that NT %« M. As-
sume NT =M, and note that T =R + NT. But Nakayama’s
lemma implies that T = R, a contradiction. Hence NT & M and
thus R+ NT = T. Since B + NT is a local domain with maximal
ideal NT dominating N, the maximal ideal of R, we argue as in
Case 1 to obtain the desired coneclusion.

We globalize Theorem 15 in the following corollary.

COROLLARY 16. If R s l-dimensional, coheremt, and if for
each P e Spec (R) where R, is not integrally closed, R, has a very
finite extension, then

(a) Ry is either a Noetherian domain or a valuation domain
for each P e Spec(R).

(b) R is a Priifer domain.

Proof. Part (a) is a consequence of Theorem 15 and the remark
preceding that theorem. As for (b), let M be a maximal ideal of
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R and consider R,z S R,. If R, is a valuation domain, then
R, is a valuation domain, and if R,,; is a Noetherian domain, then
[14, Theorem 93] implies that R, is again a valuation domain.

REMARK 17. Let (R, ¢,;) be a directed system of coherent rings
such that if ¢ < j then R; is R, — flat. Then, it is known [3, Ex-
ercise 12e, p. 44] that R = lim_ R; is coherent. Hochster, by care-
fully choosing a directed system (k[[U, ---, U,]], 4:;;) of domains
(k a field) in a manner similar to [22, Ex. 5.28] satisfying the above
criteria, has recently pointed out examples of non-Noetherian, non-
Priifer domains that are local, 1-dimensional and coherent, thus
showing that the very finite assumption of Theorem 15 is not a
necessary condition.

Secondly, we remark that the proof of Theorem 15 combined
with the Chinese Remainder Theorem shows that if R is local,
coherent and if R has a very finite extension, R & T, where T is
not local, then the maximal ideals of T are finitely generated.

We complete this paper by studying conditions on R and its
overrings which force each overring to be of finite type over R.
Our results in this direction deal with LH-domains. See [16, §4]
for workable characterizations of LH-domains. We first give a
useful lemma which generalizes [5, Corollary 4] and [14, Exercise
15, p. 74}.

LemMmA 18. Let R be coherent and T an overring of R. If R
is integrally closed in T and if RS T satisfies going-down, then
RC T is flat.

Proof. Let M be an arbitrary maximal ideal of 7 and note
that R,., is coherent, R, is integrally closed in Trynz and B, <
Trunz satisfies going-down. Thus Rynz & Teunz satisfies LO and
therefore Ry,nr = Thunz [15, Theorem 2]. The proof of [20, Theo-
rem 2] shows that R & T is flat.

LeMMA 19. Let R be open. If R< T is a flat extension, where
T is an overring of R, then T = R1/a], for some a in R. (Hence,
T is finitely presented as an R-algebra.)

Proof. Since R is open and R < T is an i-extension [16, Remark
2.4], we have that T is open [16, Corollary 3.11}, and hence semi-
local. Aping the proof of Theorem 2, (a)=(b), we obtain the
desired conclusion.
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THEROEM 20. If R is a coherent LH-domain and R is integrally
closed or R & R is very finite, then each overring of R is a finitely
presented R-algebra.

Proof. If R is integrally closed, then R is an open Priifer
domain [16, Lemma 4.13], and so Theorem 2 handles this part.
Assume R & R is very finite, and let T be a proper overring of R.
Denote the integral closure of R in T by R’. We may assume R'&
T. Observe that R’ is coherent [12, Corollary 1.5] and R’ is open
[16, Corollary 3.11]. Lemma 18 shows that R’ & T is flat extension
and Lemma 19 combined with the first part of the proof of Pro-
position 9(b) completes this proof.

REMARK AND ExAMPLES 21. Example 4 shows that the non-
integrally closed converse of Theorem 20 is not generally true.
Example 4 combined with [17, Example 16] and Proposition 9(b)
provides us with a nontreed (hence non-LH) coherent domain, each
of whose overrings are finitely presented as R-algebras.

We now indicate the significance of the LH assumption in
Theorem 20. If we do not assume R is an LH-domain yet let the
other assumptions remain the same, (coherence is a necessary con-
dition, Converse 10) then the desired finiteness conclusion does not
necessarily follow. For example, let R be a 2-dimensional, integrally
closed Noetherian domain. Theorem 2 shows that R has a nonfinite
type overring. Similarly, let R be a 2-dimensional Noetherian
domain such that R & R is very finite. Proposition 1(c) shows that
R must have a nonfinite type extension. (The quotient field of R
is an easy example of such an extension.)

Although Theorem 20 does not admit a converse, we can view
it as a characterization of those LH-domains satisfying the desired
finiteness condition. More specifically:

COROLLARY 22. Let R be an LH-domain. FEach overring of R
18 finitely presented as an R-algebra if and only if

(a) R s inmtegrally closed; or

(b) R is coherent and R & R is very finite.

Another variant on the same theme is as follows:
PROPOSITION 23. Let R be l-dimensional. FEach overring of R

1s finitely presented as an R-algebra if and only if
(a) R is an open Prifer domain; or
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(b) R s semilocal, coherent, and R & R is a very finite exten-
sion.

Proof. The “only if” part follows from Proposition 1(c) and
Proposition 1(a) with Converse 10. Theorem 2 shows that condition
(a) is sufficient. Assume (b). Let T be a proper overring of R
and let R’ denote the integral closure of R in 7. We may assume
R' & T. Since R’ is 1-dimensional, coherent and R’ is integrally
closed in T, an appeal to Lemma 18 proves that R" & T is a flat
extension. By [16, Theorem 3.16] we deduce that R’ is open, and
hence an application of Lemma 19 completes the proof.

REMARK 24. Note that (b) in Proposition 23 combined with the
1-dimensional hypothesis and [16, § 4] implies that such an R is a
coherent L H-domain (compare with Remark 21). Hence Proposition
23 can be viewed as a corollary of Corollary 22. It is also interest-
ing to note that two of the conditions in (b) in conjunction with
the 1-dimensional assumption satisfy the hypotheses of Corollary
16. More specifically, if R is 1-dimensional, coherent, and R & R is
very finite, then we obtain conclusion (a) of Corollary 16. To see
this, it is enough to show that when R, & R,, then R, & R, is a
very finite extension. Clearly, B, is a finitely generated R,-module.
Let S be a domain such that B, < S < R, and observe that (SN
R)./» = Sz/», hence is a finitely generated R,-module. Thus S is a
finitely generated R,-module, which proves the claim.

We conclude this paper with a corollary to Proposition 23.

COROLLARY 25. Let R be a Noetherian domain which s not a
field. The following are equivalent:

(a) KEach overring of R is of finite type over R.

(b) FEach overring of R 1is finitely presented as an algebra
over R.

(¢) R is 1-dimensional, semilocal and R & R is finite or R is
1-dimensional, semilocal, and integrally closed.

Proof. (a)=(b) by Proposition 9 and (c)=-(a) by Proposition
23 and Theorem 2 combined with [16, Proposition 3.20]. Assume
(b). If R is integrally closed, then an application of Theorem 2
and [16, Proposition 3.20] gives the second condition in part (c), so
assume R & R. By assumption R & R is very finite and that R is
semilocal and 1-dimensional follows from Proposition 1(a) and (c).

I am grateful to Wolmer Vasconcelos for his valuable assistance
during the preparation of this paper.
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