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SUBMANIFOLDS WITH L-FLAT NORMAL CONNECTION
OF THE COMPLEX PROJECTIVE SPACE

MASAFUMI OKUMURA

Real submanifolds with L-flat normal connection of the
complex projective space are studied. As a special case ‘‘a
complex submanifold with L-flat normal connection of the
complex projective space is necessarily totally geodesic’ is
proved.

Introduction. As is well known an odd-dimensional sphere
S*™*' is a principal circle bundle over a complex projective space
P*(C). The Riemannian structure on P*(C) is given by the sub-
mersion 7: §**** — P"(C) which is defined by the Hopf-fibration. If we
construct a circle bundle over a real submanifold of P"(C) in such a
way that it is compatible with the Hopf-fibration, the circle bundle
is a submanifold of the odd-dimensional sphere. Thus when we
want to study submanifolds of the complex projective space it is
useful to study the circle bundle over the submanifold. From this
point of view, H. B. Lawson, Jr. [2] and the present author [3,
4, 5] have studied real submanifolds of the complex projective
space. In the previous paper [5], the author studied relatious
between the normal connection of a submanifold of P"(C) and that
of the cirele bundle over the submanifold and established the notion
of L-flatness for the normal connection of a real submanifold of
P(C).

The purpose of the present paper is to study submanifolds
with L-flat normal connection of P*(C). The main result is the
following.

THEOREM 1. The totally geodesic complex projective linear
subspaces P™(C) are the only complex submanifolds with L-flat
normal connection of P*?(C).

In §1 we state some formulas for real submanifolds of a
Kaehlerian manifold and in § 2 we discuss the case when the ambi-
ent manifold is the complex projective space. There we explain
L-flatness of the normal connection. In §3, we calculate the Lapla-
cian for a function which is defined on the submanifold and prove
some theorems including Theorem 1.

1. Real submanifolds of a Kaehlerian manifold. Let M’ be
a real (m 4+ p)-dimensional Kaehlerian manifold with Kaehlerian
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structure (J, G), that is, J is the endomorphism of the tangent
bundle T(M’) satisfying J?> = — identity and G the Riemannian
metric of M’ satisfying the Hermitian condition G(JX', JY') =
G(X', Y") for any X', Y'e T(M").

Let M be an immersed submanifold of M’ and 7 be the immer-
sion. Then the tangent bundle T(M) is identified with a subbundle
of T(M’) and a Riemannian metric ¢ of M is induced from the
Riemannian metric G of M’ in such a way that g(X, Y)=G(:X, 1Y),
where X, Ye T(M). The normal bundle N(M) is the subbundle
of T(M') consisting of all X'e T(M') which are orthogonal to
T(M) with respect to G. At each point of M, we choose or-
thonormal normal vectors =, m, ---,n, to M and extend them
respectively to N, N,, ---, N, in such a way that they belong to
NUM.

For any Xe T(M) and for N,, A=1,2, ---, p, the transforms
JiX and JN, are respectively written in the following forms:

1.1) JiX = iFX + S u*X)N, ,
A=1
(1.2) JN, = —iU, + > F/’N,,

where F, F', U,, and u* define respectively an endomorphism of
T(M), that of N(M), local tangent vector fields and local 1-forms
on M. They satisfy the relations u4(X) = ¢g(U,, X), F.f = —F3".
Applying J to both side members of (1.1) and (1.2), we find

(1.3) FPX = —X+ z wWHX)U,
1.4) wWAFX) = — B§=; Firus(X),
(1.5) FU, = — l:’zle;BUB ,
(1.6) SVFFY = 3% 4 w(U) .

=1

|

If at any point of M, FU, =0 are valid for 4 =1,2, .-, p, we
know that F' satisfies F* + F' = 0 and that the rank of FF=n — ».
In this case the submanifold M is ecalled an F-submanifold of
rank = n — p [7]. We denote by /¥ and D the Riemannian connec-
tion of M and M’ respectively and by D"V the induced normal con-
nection from D to N(M). Then they are related by the following
Gauss and Weingarten equations.
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(L) Dai¥ =Y + h(X, Y), (X, ¥) = 3, 14X, Y)N,,
(1.8) DN, = — iHX + DYN,, DIN, = 3, LAX)N,,

where (X, Y) is the second fundamental form and H,’s are sym-
metric linear transformations of T(M) which are called the Wein-
garten maps for the normal N,. The last two equations show that
(X, Y)=gH,X,Y). The mean curvature vector field ¢ of M is
defined by

(1.9) = (; (trace HA)NA>/n

and it is well known that g is independent of the choice of N,’s.
If the mean curvature vector field vanishes identically on M, M is
called a minimal submanifold of M’. By definition M is minimal if
and only if trace H, =0, A=1,2, .-+, p at each point of M.
Differentiating (1.1) and (1.2) covariantly and making use of the
fact that the Riemannian connection D of M’ leaves the almost
complex structure J invariant, we have

(1.10) FyP)X =§ fut(X)H,Y — g(H,X, Y)U,},
(1.11) 7 U, = FH,X + Bg (LEAX)Uy — F'PH,X) ,
(1.12) DIF? = g(HyU, — H Uy X) .

Differentiating (1.9) covariantly, we have

rnD;# — A;pl {X (trace HA)NA + Bz:‘:‘L (trace HA)LAB(X)NB} ’

from which we know that the mean curvature vector field is paral-
lel with respect to the normal connection if and only if

(1.13) X (trace H,) = 3, L,*(X) trace H,
B=1
because of the fact that L,*(X) = —L,%X) for any Xe T(M).

2. Real submanifolds of the complex projective space. Let
the ambient manifold M’ be the complex projective space P""7/%(C)
with the Fubini-Study metric of constant holomorphic sectional
curvature 4. Since the curvature tensor R'(X’, Y')Z' of the ambi-
ent manifold satisfies
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21l RX',WYNZ =G6Y',ZN)X' - GX', Z2)Y'
+ GUJY', Z"NJX' — GUX', Z')JY' — 2G(JX', Y")JZ'

the Codazzi, Ricei equations become respectively

2.2) (P H,)Y — (7yH)X = Bg (LAX)H,Y — LA(Y)H,X}
— wHY)FX + vAX)FY — 29(FX, Y)U, ,

2.3) RY(X, Y)N, = BZ; {o(H,Hp — H;H)X, Y)
+ u*(Y)u(X) — u (X )(Y) — 29(FX, Y)F{?}N; ,

where R¥(X, Y) denotes the normal curvature of M’. If we choose
an orthonormal basis {E, +--, E,} of T,M) at a point zeM, it
follows from (1.4) and (2.3) that

(2.4) 2_; RY(FE, E)N, = Bz_‘ {trace (H H, — H H)F + 29(FU,, Uy)
— 2 (trace F*)F’}Ny .

Now recall the fact that an » + p + 1-dimensional sphere of radius
1 is a principal circle bundle over the complex projective space and
let # be the Hopf-fibration. We construct the circle bundle over
the submanifold M in such a way that the following diagram com-
mutes:

TZ'—I(M) —— Srteh

L

M—— P™1yC)

In the previous paper [5] the author proved that the normal con-
nection of n~*(M) in S**** ig flat if and only if the following two
conditions are satisfied on M:

(2.5) R¥(X, Y)N, = —29(FX, Y) Bz F!*N, ,

(2.6) DIF» =0.

Moreover the author proved that if = > p + 2, (2.5) implies (2.6).
Thus we call the normal connection of M in P"*/¥(C) lift-flat
normal connection or briefly L-flat normal connection if it satisfies
(2.5) and (2.6). It is easily checked that the totally geodesic com-
plex submanifold P**C) of P"+»/*(C) is a submanifold with L-flat
normal connection. We can also check the fact that if the submani-
fold M is a complex submanifold, the normal connection is L-flat if



SUBMANIFORDS WITH L-FLAT NORMAL CONNECTION 451

and only if the Weingarten maps H, and H; commute for any pair
of Aand B=12, ---, p.

3. Submanifolds with L-flat normal connection. We put

(3.1) f= z wA(U,) .
Then from (1.3) we have
(3.2) f = trace F* +n,

which shows that f is a globally defined function on the submanifold
M. Using the formulas which are stated in §1, we now calculate
the Laplacian 4f.

By means of (1.10) and (3.2), it follows that

3.3) _21_Yf - %Y(trace F*) = trace (7,F)F = 2 3, g(FH,Y, U,)
from which

%(VXVyf — ponf) = %W YF) — (72 Y)f)

= 3 {g(T<FH,Y, U)) + oF(<H)Y, U)
+ g(FH,Y, 7 U)
= 3\ {(gHUy, V)g(H,U,, X) — g(HH,X, Y)g(U,, Uy)

—9g((VxH)FU, Y) — g(F°H,Y, H,X)
— LAX)9(HF U, Y) — FP9(X, H,FH,Y)},

because of (1.10) and (1.11).
On the other hand, from (2.2), it follows that

(3.4)

VxH)FU, = Vo H)X + g,l {LAX)HFU, — L,%(FU,)HzX}
+u'(X)F*U, — 29(FX, FU)U, .
Substituting this into (3.4), we find

LTt =Feh) = B @HUs Vg(H, U X)

A 1

— g(H HpX, Y)g(U,, Up) — g((VFUAHA)X; Y)

+ LAFU g(HpX, Y) — g(Uyy X)g(F?U,, Y)

— 29(F*U,, X)9(Uy Y) + 9(HLY, X)

— 9(H,Up, Y)9(H, Uy X) — FiP9(X, H,FH,Y)},
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from which

TAF = 3 (o(H,Uy, H,U,—H,Uy)—trace (HHpg(U, Uy)
— (Vpy, (trace H,) — L,*(F'U,) trace Hy)
+ 3g(FU,, FU,) + trace H} — F'.” trace H, H,F'} .

3.5)

Now we rewrite (38.5), using the normal curvature RY. By means
of (2.4) and the fact that F is a skew-symmetric linear transfor-
mation, we have

24f =3 {0(H,Us, HyU,—H,Uy)—trace (HHy)g(Us, Uy)

— (Pyy, (trace H,) — L,*(FU,) trace Hy)
(3.6) + 39(FU,, F'U,) + trace H?

— F(% 3, G (FE, E)N., Ny) — (FU,, Uy)
+ (trace F")FE)} .

Before we prove Theorem 1, we prove the following more
general result.

THEOREM 2. Let M be a real submamnifold with L-flat normal
connection of a complex projective space. If the mean curvature
vector field is parallel with respect to the normal conmection, then
the submanifold M is an F-submanifold of rank = n — p. Parti-
cularly, if F is of almost everywhere rank m, M is a totally
geodesic complex submanifold and consequently a complex projective
linear subspace.

We begin with the following

LEMMA. When the mormal comnection of M in P™/*(C) 4s
L-flat, the function f is constant.

Proof. It follows from (1.5) and (3.3) that

LY = = S gHY, FU) = 3, Firg(H,Uy, Y)
4

=1 >, FPg(H, Uz — HyU,, Y).

2 4,B=1

Thus, (1.12) and (2.6) imply that f is constant.
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Proof of Theorem 3. Since the p x p matrix (trace H, Hj) is
symmetric and can be assumed to be diagonal for a suitable choice
Of M’ JVZ; MY Np,

trace (H,Hy)g(U,, Uy) = 3 (trace Hg(U., U, -

N

A

Moreover the conditions of the theorem, (1.13), (2.5), (2.6), and (3.6)
imply that

1

Vv, (trace H,) = Z L2 FU, trace Hy ,

3\ G(RY(FE,, E)N,, N;) = —2 (trace F)F.? ,
and
S\ FiPg(FU,, Uy = —g(FU, FU,) .

Thus we have
3.7 —i—Af = i {trace H% — (trace H2)g(U,, U,)+29(FU,, FU,)}=0,

from which FU, =0, A=1,2, ---, », because of ¢g(U,, U, =< 1.
Thus M is an F-submanifold of rank =mn — p. To prove the last
part of the theorem we assume that the rank of F'is almost every-
where n. Then wehave U, =0for A=1,2,---, . This means that
the submanifold is a complex submanifold. Again we use (3.7) and
get that M is totally geodesic. This completes the proof.

Proof of Theorem 1. It is well known [6] that a complex sub-
manifold is a minimal submanifold and the induced complex struec-
ture F is of rank n. Hence a complex submanifold with L-flat
normal connection satisfies the conditions of Theorem 3. This

completes the proof of Theorem 1.
Finally we point out that, as an application of our discussions
the formula (3.6) gives another proof of the following known [1].

THEOREM 3. There does not exist a complex submanifold with
Aat normal connection of a complex projective space.

Proof. Since a complex submanifold is invariant under J it
follows that U, = 0,u* =0 for A =1, 2, ---, p. Hence (3.6) becomes

——Af Z trace H? ﬁ‘, (trace FFH)F°F®
B=

4,B=1

traceH2 + np >0,

“.TMB i
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because of (1.6). On the other hand, (3.3) implies that the function
f is constant and consequently 4f = 0. This is contradiction. This
completes the proof.

REFERENCES

1. B. Y. Chen and K. Ogiue, Some extrinsic results for Kaehler submanifolds,
Tamkang J. Math., 4 (1978), 207-2183.

2. H. B. Lawson Jr., Rigidity theorems in rank-1 symmetric spaces, J. of Differential
Geometry, 4 (1970), 349-357.

3. M. Okumura, On some real hypersurfaces of a complex projective spaces, Trans.
Amer. Math. Soc., 212 (1975), 355-364.

4. M. Okumura, Submanifolds of real codimension of a complex projective space,
Atti della Academia Nazionale dei Lincei, 58 (1975), 544-555.

5. , Normal curvature and real submanifold of the complex projective space,
Geometriae Dedicata.

6. J. A. Schouten and K. Yano, On invariant subspaces in the almost complex X,
Indagatione Math., 17 (1955), 261-269.

7. K. Yano and S. Ishihara, The f-structure induced on submanifolds of complex and
almost complex spaces, Kodai Math. Sem. Rep., 18 (1966), 120-160.

Received August 9, 1977 and in revised form March 26, 1978.

SAITAMA UNIVERSITY
URAWA, JAPAN



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
RICHARD ARENS (Managing Editor) J. DUGUNDJI
University of California Department of Mathematics
Los Angeles, CA 90024 University of Southern California

Los Angeles, CA 90007
CHARLES W. CURTIS &e
University of Oregon R. FINN and J. MILGRAM

Eugene, OR 97403 Stanford University
Stanford, CA 94305
C.C. MOORE

University of California
Berkeley, CA 94720

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLr K. YosHIDA
SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFORNIA

CALIFORNIA INSTITUTE OF TECHNOLOGY STANFORD UNIVERSITY

UNIVERSITY OF CALIFORNIA UNIVERSITY OF HAWAII

MONTANA STATE UNIVERSITY UNIVERSITY OF TOKYO

UNIVERSITY OF NEVADA, RENO UNIVERSITY OF UTAH

NEW MEXICO STATE UNIVERSITY WASHINGTON STATE UNIVERSITY

OREGON STATE UNIVERSITY UNIVERSITY OF WASHINGTON

UNIVERSITY OF OREGON

The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Please
do not use built up fractions in the text of the manuscript. However, you may use them in the
displayed equations. Underline Greek letters in red, German in green, and script in blue. The
first paragraph or two must be capable of being used separately as a synopsis of the entire paper.
Items of the bibliography should not be cited there unless absolutely necessary, in which case
they must be identified by author and journal, rather than by item number. Manuscripts, in
triplicate, may be sent to any one of the editors. Please classify according to the scheme of Math.
Reviews, Index to Vol. 39. All other communications should be addressed to the managing editor,
or Elaine Barth, University of California, Los Angeles, California, 90024.

50 reprints to each author are provided free for each article, only if page charges have been
substantially paid. Additional copies may be obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular sub-
scription rate: $72.00 a year (6 Vols.,, 12 issues). Special rate: $36.00 a year to individual
members of supporting institutions.

Subscriptions, orders for numbers issued in the last three calendar years, and changes of address
should be sent to Pacific Journal of Mathematics, P.0. Box 969, Carmel Valley, CA 93924, U.S.A.
Older back numbers obtainable from Kraus Periodicals Co., Route 100, Millwood, NY 10546.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.).
8-8, 3-chome, Takadanobaba, Shinjuku-ku, Tokyo 160, Japan.

Copyright © 1978 by Pacific Journal of Mathematics
Manufactured and first issued in Japan



Pacific Journal of Mathematics

Vol. 78, No. 2 April, 1978

Su-Shing Chen, Weak rigidity of compact negatively curved manifolds . . . .. 273
Heinz Otto Cordes and D. A. Williams, An algebra of pseudodifferential

operators with nonsmooth symbol . ......... ... .. ... . ... ... 279
Herbert Paul Halpern, Normal expectations and integral decomposition of

type Il von Neumann algebras . ............ ... . ..., 291
G. Hochschild, On representing analytic groups with their

AUIOMOTPRISIS . ..\ttt e et ettt et e s 333
Dean G. Hoffman and David Anthony Klarner, Sets of integers closed under

affine operators—the closure of finite sets....................c...... 337
Simeon Ivanov, On holomorphic relative inverses of operator-valued

JURCHIONS . e e 345
O. P. Juneja and M. L. Mogra, Radii of convexity for certain classes of

univalent analytic functions ..............c.c.ouuiiiiiiieennnnninn.. 359
Hadi Kharaghani, The evolution of bounded linear functionals with

application to invariant Means . .............c.c.ouuueeeuuununnnnnnnns 369
Jack W. Macki, A singular nonlinear boundary value problem. ............ 375
A. W. Mason and Walter Wilson Stothers, Remarks on a theorem of L.

Greenberg on the modular group .................cciiiiiieeeniinn. 385
Kevin Mor McCrimmon, Peirce ideals in Jordan algebras ................ 397

John C. Morgan, II, On the absolute Baire property . ... ..
Gerard J. Murphy, Commutative non-Archimedean C*-al
Masafumi Okumura, Submanifolds with L-flat normal co

complex projective space.........................
Chull Park and David Lee Skoug, Distribution estimates o

probabilities of the Yeh-Wiener process .............
Irving Reiner, Invariants of integral representations . . .. . .
Phillip Schultz, The typeset and cotypeset of a rank 2 abel
John Brendan Sullivan, Representations of Witt groups . . .

Chia-Chi Tung, Equidistribution theory in higher dimensi
Toshio Uda, Complex bases of certain semiproper holomo


http://dx.doi.org/10.2140/pjm.1978.78.273
http://dx.doi.org/10.2140/pjm.1978.78.279
http://dx.doi.org/10.2140/pjm.1978.78.279
http://dx.doi.org/10.2140/pjm.1978.78.291
http://dx.doi.org/10.2140/pjm.1978.78.291
http://dx.doi.org/10.2140/pjm.1978.78.333
http://dx.doi.org/10.2140/pjm.1978.78.333
http://dx.doi.org/10.2140/pjm.1978.78.337
http://dx.doi.org/10.2140/pjm.1978.78.337
http://dx.doi.org/10.2140/pjm.1978.78.345
http://dx.doi.org/10.2140/pjm.1978.78.345
http://dx.doi.org/10.2140/pjm.1978.78.359
http://dx.doi.org/10.2140/pjm.1978.78.359
http://dx.doi.org/10.2140/pjm.1978.78.369
http://dx.doi.org/10.2140/pjm.1978.78.369
http://dx.doi.org/10.2140/pjm.1978.78.375
http://dx.doi.org/10.2140/pjm.1978.78.385
http://dx.doi.org/10.2140/pjm.1978.78.385
http://dx.doi.org/10.2140/pjm.1978.78.397
http://dx.doi.org/10.2140/pjm.1978.78.415
http://dx.doi.org/10.2140/pjm.1978.78.433
http://dx.doi.org/10.2140/pjm.1978.78.455
http://dx.doi.org/10.2140/pjm.1978.78.455
http://dx.doi.org/10.2140/pjm.1978.78.467
http://dx.doi.org/10.2140/pjm.1978.78.503
http://dx.doi.org/10.2140/pjm.1978.78.519
http://dx.doi.org/10.2140/pjm.1978.78.525
http://dx.doi.org/10.2140/pjm.1978.78.549

	
	
	

