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SHIGEO SEGAWA

Let R be an unbounded finite sheeted convering surface
over an open Riemann surface with an exhaustion condition.
In this paper, the necessary and sufficient condition in order
that H*(R) separates the points of R is given in term of
branch points, where H”(R) is the algebra of bounded analy-
tic functions on R.

A covering surface R over a Riemann surface G is said to be
unbounded if for any continuous curve ;2 =2(t) 0<t<=1) in G
and any point p, in B with n(p,) = 2(0) there exists a continuous
curve 4; p=pt) (0<t=<1) in R such that p(0) = p, and 2(t) =
wop(t) (0 £t < 1), where = is the projection of R onto G. For an
unbounded covering surface R over G, the number of points of
7' (z) is constant =< o for every zeG where branch points are
counted repeatedly according to their orders. If such a number »
is finite, R is said to be n-sheeted.

In [2], Selberg proved the following: Let R be an unbounded
n-sheeted covering surface over the unit disk |z] <1 and {{,} the
projections of branch points with the order of branching =, over
{z. Let z, be a point in the unit disk over which there exist no
branch points of R. Then there exists a single valued bounded
analytic function f on R such that f takes distinet values at any
two points over z, if and only if Xn,9({;, z,) < o, where g(-, z,) is
the Green’s function on |z| <1 with pole at z,, Yamamura [5]
extended the above result to the case where base surfaces are
finitely connected plane regions.

On the other hand, Stanton [3] gave another proof of the above
Selberg theorem using the Widom results [4]. The purpose of this
paper is, by using the Widom-Stanton approach, to establish a result
generalizing the Yamamura, and hence the Selberg, theorem to the
case where the base surface |z| < 1 is replaced by certain surfaces
which may be of infinite connectivity and genus.

1. Let R be an open Riemann surface of hyperbolic type and
9z(+, p) the Green’s function on R with pole at p. Denote by H*(R)
the algebra of single valued bounded analytic functions on R. For
any a > 0, set B, = Rla, p) = {ge R; 9x(q, ») > a}. It is easily seen
that, for each @, R, is connected and R — R, has no compact com-
ponents. Suppose that each R, is relatively compact in R. The
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surface R with this property is referred to as being regular. Let
Brla) = Brla, p) be the first Betti number of R,. Consider the
quantity

m(R) = m(R, p) = exp{ — Sm Bb.(a)da} .

Widom proved that if m(R) > 0, then H*(R) separates the points
of R, i.e., for any two distinet points p» and ¢ in R, there exists
an fe€ H*(R) such that f(») # f(q); it is also shown that m(R) > 0
does not depend on the choice of points p in R. (See [3] and [4].)

2. Hereafter, we suppose that G is an open Riemann surface
of hyperbolic type and R is an unbounded n-sheeted covering sur-
face over G. Then R is also hyperbolic. Let g,(-, z,) be the Green’s
function on G with pole at z,€G. Suppose that G is regular and
satisfies the condition

Sjﬁa(a)da < oo

where Bia) = By, z,) is the first Betti number of G, = G(a, z,) =
{zeG; g4z, 2,) > a}. Then, R is also regular.

THEOREM. Under the assumption stated above, the following
Sour conditions are equivalent by pairs:

(i) m(R) >0

(ii) H<>(R) separates the points of R;

(iii) for amy 2z, G — {{.}, where {{,} is the set of projections
of branch points of R, there exists an f in H(R) such that f takes
distinet values at any two points of R over z,;

(1iv)  Z196(Ch 20) < o0
for z,e G — {{;}, where n, is the order of branching over (.

Since (i) — (ii) has been proved, we only have to show (ii)—
(iti), (iit) — (iv), and (v) — (@).

3. Proof of (ii) — (iii). Let m be the projection of R onto G
and set 77'(2,) = {p,, **+, .} (distinct points) for 2z, G — {{,}. Since
H=(R) separates the points of R, there exists an f;; in H”(R) such
that f,;(p,) # f.;(p;), for any pair (i, 7) with ¢ = j and 1 <4, j < n.
We set
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F=eF,

for suitable constants ¢, specified below. Observe that fe H*(R).
We can choose constants ¢, so as to satisfy f(p,) = f(p;) for any
1 # j.

Proof of (iii) — (iv). Let z, be an arbitrary point in G — {{;}
and f a function in H*(R) such that f takes distinct values at any
two points over z,. Then, by the well known argument of algebroi-
dal funections, it is seen that f satisfies the irreducible equation

" g@) " A e+ 0.(2) =0

where g,(z), ---, 9.(2) are in H~(G). Let D(z) be the discriminant
of this equation. Observe that D(z) is in H=(G&), vanishes at every
point in {{,}, and does not vanish at z,. Hence, by the Lindelof
principle (ef. [1]), we conclude

2n496(Cxy 20) < o0 .

Proof of (iv) —(i). Let z, be a point in G — {{,} and p, a
point in R with zn(p,) = 2z, We set

R, = R(a, p,) = {peR; gz(p, p,) > a}
and
Ve =1{peR; h(p) > a}

where h(p) = g4(z(p), 2,). Denote by Br(e) and v(a) the first Betti
numbers of R, and V,, respectively. We fix a,(> 0) such that V,,
is connected. Then, V, is also connected for every a <, By
the maximum principle, a(p) = gz(p, »,), and therefore V,DR,.
Also, by the maximum principle, V, — R, has no relatively compact
components in V,. Therefore

(1) V(@) = Bx(a) -

Consider each a with 0 < @ < «, such that there exist no branch
points of R on oV, and no critical points of g,(z, z,) on 0G., where
oV, and 0G, are the boundaries of V, and G,, respectively, and
G. = {z€G; gylz, 2) > ). Let V, and G, be the doubles of V, and
G., respectively. Then, since V, can be considered as an unbounded
n-sheeted covering surface over the compact surface G., by the
Riemann-Hurwitz and Euler-Poincaré formulas,

2(1 — (@) = 2(1 — Bua))n — 2b(e)
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where By(a) is the first Betti number of G, and b(a) is the total
sum of the branching order of branch points over G,. Thus

(2) Y(@) = Bglayn + bl@) —n + 1.

Observe that the set of @ such that there exist branch points of
R on 0V, or critical points of gs(z, 2,) on 0G, is isolated. Hence,
from (1) and (2), it follows that

(3) | su@da = | "v@da
— nSZO,BG(a)da + S:Ob(a)da + o).
Observe that

|b@de = 3 migolCoa) -

LreG—G

Therefore, by the assumption,
(4) S:Ob(a)da < oo
and also by the assumption
(5) |, Botrdar < == .
From (3), (4), and (5), it follows that

|, Baeda = |“guada + 0w < =,
i.e.,

m(R) = exp {—Sj B da }> 0.

ACKNOWLEDGMENT. The author wishes to express his thanks
for helpful suggestions to Professor M. Nakai.

REFERENCES

1. M. Heins, Lindelof principle, Ann. of Math., (2) 61 (1955), 440-473.

2. H. L. Selberg, Ein Satz iiber beschrimkte endlichvieldeutige analytische funk-
tionen, Comm. Math. Helv., 9 (1937), 104-108.

3. C. M. Stanton, Bounded analytic functions on a class of Riemann surfaces, Paci-
fic J. Math., 59 (1975), 557-565.

4. H. Widom, 57, sections of wvector bundles over Riemann surfaces, Ann. of Math.,
(2) 94 (1971), 304-324.



BOUNDED ANALYTIC FUNCTIONS ON UNBOUNDED COVERING SURFACES 187

5. Y. Yamamura, On the existence of bounded amalytic fumctions, Sc. Rep. T. K. D.
Sect. A, 10 (1969), 88-102.

Received November 4, 1977.

DAIDO INSTITUTE OF TECHNOLOGY
Da1po, MiNAMI, NAGOYA 457
JAPAN






PACIFIC JOURNAL OF MATHEMATICS

EDITORS
RICHARD ARENS (Managing Editor) J. DUGUNDJI
University of California Department of Mathematics
Los Angeles, California 90024 University of Southern California
C.W. CURTIS Los Angeles, California 90007
University of Oregon R. FINN AND J. MILGRAM
Eugene, OR 97403 Stanford University

Stanford, California 94305

C.C. MOORE

University of California
Berkeley, CA 94720

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLF K. YosHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERNECALIFORNIA
CALIFORNIA INSTITUTE OF TECHNOLOGY STANFORD UNIVERSITY

UNIVERSITY OF CALIFORNIA UNIVERSITY OF HAWAIL

MONTANA STATE UNIVERSITY UNIVERSITY OF TOKYO

UNIVERSITY OF NEVADA, RENO UNIVERSITY OF UTAH

NEW MEXICO STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
OREGON STATE UNIVERSITY UNIVERSITY OF WASHINGTON

UNIVERSITY OF OREGON

Printed in Japan by International Academic Printing Co., Ltd., Tokyo, Japan



Pacific Journal of Mathematics
Vol. 79, No. 1 May, 1978

Teoéfilo Abuabara, A remark on infinitely nuclearly differentiable

JURCHIONS e e e e e e e e e e e e 1
David Fenimore Anderson, Projective modules over subrings of k[ X, Y]

generated by monomials . ........ ... ... . e 5
Joseph Barback and Thomas Graham McLaughlin, On the intersection of

F@ZTESSTVE SCLS . oo oo e e e e e e e e e e e e e e e e e e e e e e e e e 19
Murray Bell, John Norman Ginsburg and R. Grant Woods, Cardinal

inequalities for topological spaces involving the weak Lindelof

TUMDET .. i 37
Laurence Richard Boxer, The space of ANRs of a closed surface............. 47
Zvonko Cerin, Homotopy properties of locally compact spaces at

infinity-calmness and SMOOIANESS . ... ... ..o uiiiiii i, 69

Isidor Fleischer and Ivo G. Rosenberg, The Galois connection between partial
SJunctions and relations........... ... ..o i 93
John R. Giles, David Allan Gregory and Brailey Sims, Geometrical
implications of upper semi-continuity of the duality mapping on a Banach

Haynes Miller, A spectral sequence for the homology of an
delooping . ...
Sanford S. Miller, Petru T. Mocanu and Maxwell O. Reade,
OPEFALOTS . o v o ettt et

Stanley Stephen Page, Regular FPF rings ................
Ghan Shyam Pandey, Multipliers for C, 1 summability of F
Shigeo Segawa, Bounded analytic functions on unbounded
SUTTACES . . oo v oo e e
Steven Eugene Shreve, Probability measures and the C-set.
Selivanovskij . ...
Tor Skjelbred, Combinatorial geometry and actions of com,
GEOUDS « oottt et
Alan Sloan, A note on exponentials of distributions. . ......
Colin Eric Sutherland, Type analysis of the regular represe
nonunimodular group . . ...........c.cooeii ...
Mark Phillip Thomas, Algebra homomorphisms and the fun
calculus . ...
Sergio Eduardo Zarantonello, A representation of H?-funct


http://dx.doi.org/10.2140/pjm.1978.79.1
http://dx.doi.org/10.2140/pjm.1978.79.1
http://dx.doi.org/10.2140/pjm.1978.79.5
http://dx.doi.org/10.2140/pjm.1978.79.5
http://dx.doi.org/10.2140/pjm.1978.79.19
http://dx.doi.org/10.2140/pjm.1978.79.19
http://dx.doi.org/10.2140/pjm.1978.79.37
http://dx.doi.org/10.2140/pjm.1978.79.37
http://dx.doi.org/10.2140/pjm.1978.79.37
http://dx.doi.org/10.2140/pjm.1978.79.47
http://dx.doi.org/10.2140/pjm.1978.79.69
http://dx.doi.org/10.2140/pjm.1978.79.69
http://dx.doi.org/10.2140/pjm.1978.79.93
http://dx.doi.org/10.2140/pjm.1978.79.93
http://dx.doi.org/10.2140/pjm.1978.79.99
http://dx.doi.org/10.2140/pjm.1978.79.99
http://dx.doi.org/10.2140/pjm.1978.79.99
http://dx.doi.org/10.2140/pjm.1978.79.111
http://dx.doi.org/10.2140/pjm.1978.79.117
http://dx.doi.org/10.2140/pjm.1978.79.117
http://dx.doi.org/10.2140/pjm.1978.79.129
http://dx.doi.org/10.2140/pjm.1978.79.129
http://dx.doi.org/10.2140/pjm.1978.79.139
http://dx.doi.org/10.2140/pjm.1978.79.139
http://dx.doi.org/10.2140/pjm.1978.79.157
http://dx.doi.org/10.2140/pjm.1978.79.157
http://dx.doi.org/10.2140/pjm.1978.79.169
http://dx.doi.org/10.2140/pjm.1978.79.177
http://dx.doi.org/10.2140/pjm.1978.79.189
http://dx.doi.org/10.2140/pjm.1978.79.189
http://dx.doi.org/10.2140/pjm.1978.79.197
http://dx.doi.org/10.2140/pjm.1978.79.197
http://dx.doi.org/10.2140/pjm.1978.79.207
http://dx.doi.org/10.2140/pjm.1978.79.225
http://dx.doi.org/10.2140/pjm.1978.79.225
http://dx.doi.org/10.2140/pjm.1978.79.251
http://dx.doi.org/10.2140/pjm.1978.79.251
http://dx.doi.org/10.2140/pjm.1978.79.271
http://dx.doi.org/10.2140/pjm.1978.79.271

	
	
	

