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Suppoese R is the set of real numbers and all integrals
are of the subdivision-refinement type. Suppose each of G
and H is a function from R X R to R and each of f and &
is a function from R to R such that f(a) = h(a), dh is of

bounded variation on [a, z], and : H? = : G*=0 for > a.

@

The following two statements area equivalent:
(1) If > a, then f is bounded on [a,x], S H exists,
Sz G exists, (RL) Sz (fG + fH) exists, and *

f(&) = hiz) + (RL) S (fG + fH) ;

(2) If a=p<qg=w, then each of ,JI‘(1+ H) and
oJI7(1 — G)™* exists and neither is zero,

(®B) g LII* (1 + H)1 + @l — ¢)-1dh

exists, and
F@) = £@) JI1* (1 + H)(1 — G~
+ (R S [II* (L -+ H)L + G — @) ~1dh .

Introduction. In a recent paper [4], B. W. Helton solved the
equation f(x) = h(x) + (RL) Sx( fG + fH) using product integration.
All functions involved were rgquired to be of bounded variation and
the existence of various integrals was also required. In a sub-
sequent paper [9], J. C. Helton was able to reduce the conditions
placed on % to being a quasicontinuous function although other
conditions such as requiring G and H to be of bounded variation
were maintained. In still another paper [7], J. C. Helton was able
to reduce the restrictions placed on G and H to that of Dbeing
product bounded but he also used other restrictions not used in [4]
or [9] such as requiring h to be a constant function and G(r, s) =
—G(s, r), a condition not unlike that of being additive. In this
paper we are concerned with obtaining a solution for the equation

f(®) = h(z) + (RL) S (fG + FH) without requiring either G or H to
be of bounded variation or that G(r,s) = —G(s,r) or that h be a
constant function. Instead, our major restriction placed on G and
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48 J. A. CHATFIELD

H is that each be continuous (i.e., SxG Sx H? =0) and in this
respect, we note that we have shown in an earlier paper [3] with
W. P. Davis that neither of the two statements, (1) \ G* =0 and (2)

G is of bounded variation on [a, b], is a consequence “of the other.
Also, some functions are either required to be product bounded or
shown to be product bounded and we note that the set of function
having bounded variation on an interval is a proper subset of the
set of functions which are product bounded on the same interval.

The reader is also referred to recent studies of D. L. Lovelady
[15], [16], J. S. MacNerney [17], J. W. Neuberger [18] and J. C.
Helton [8] for related results and to put the present result in
perspective. For examples of solutions of integral equations using
product integrals and heretofore known results, the reader is referred
to [4, page 319-322] and [2].

DEFINITIONS AND NOTATIONS. All functions will be functions
from R X R to R or R to R where R is the set of real numbers.
All integrals are of the subdivision-refinement type and we will use
upper case (G) for functions from R x R to R and lower case (g)
for functions from R to E. If G is a function from R X R to R then
the statement that G is (a) produet bounded, (b) of bounded varia-
tion, (¢) bounded on [a, b] means there is a number M and a sub-
division D of [a, b] such that if D' = {x,)7, is a refinement of D,
then

(a) f0<p=qg=mn, [Ili,1+ Gz, x,)] < M.

(b) i |Gy, )| < M.

(¢) if 0 <9 < m, then |G(x,-,, x,)] < M, respectively.

The statement that the function G from R X R to R is (a) product
integrable, (b) sum integrable on [e, b] means there is a number 4
gsuch that if ¢ > 0 then there is a subdivision D of [a, b] such that
if D' = {x,}r, is a refinement of D, then

(a) Ik + Gy, )] — Al <ee.

(b) > Gy, ®;) — Al < &, respectively.

If » is a function from R to R then dhi denotes the function G
from R x R to R such that for each z <y, Gz, ¥) = h(y) — h(x).
If G is a function from R X B to R and G(x, y) exists, then z is
assumed to be less than y.

The following notations will be used to facilitate writing:

[[L+ Gy 2] = LA + G,

s Gy @) = 3Gy

iMs iTs
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dh; = h(x;) — h(x,_,) ,
and
fx:) = fi

where D = {x,}-, is a subdivision of some interval and 0 < 7 < .
Further, left and right integrals are used extensively and the ap-
propriate approximating term is indicated by ~.

(LR) || (FH + £6) ~ 2, )6 @iy 7) + F@)G(Ees, 7)
® | T+ @~ [T+ @ |1 — fo)]

RB) " (FH + £6) ~ f@)G(@1my 2) + F@)G@0sy 3 -

THEOREMS. The following lemmas are meeded in the proof of
our main results. '

LemmA 1.1. If G is a fubnction from R x R to R, JI°Q + &)
exists and is mot zero, and S G exists, then G is bounded on [a, b]

[12, Theorem 6]. ’

" b
LemmaA 1.2. If S G* =0, then the following statements are

equivalent:
(1) JI*(A + @) exists and is mot zero.
" b

(2) S G exists.
\ Furthermore, if either (1) or (2) is true, then In J[°A + G) =
8 G [3, Theorem 3].

LEMMA 1.38. If G is a function from R X R to R such that
bGz =0, then there is a subdivision D of [a, b] and a number M
sth that if D' = {x}i~, 18 a refinement of D and 0 <t = n, then
1 — Gy)™ exists and |1 — G)™'| < M.

b
Proof. This lemma follows directly from the fact that g G* = 0.

LEMMA 1.4. Suppose G is a function from R X R to R such
that |G| <1 on [a,b], JJI°(A + G) exists and is not zero, and there
1s a subdivision D of [a, b] and a number M such that if D' is a
refinement of D then [[I, A + G) ] and |II, X + G)™Y| < M. Then,
there is a subdivision D of [a,b] and a number M such that
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if D ={x}, 18 a refinement of D and 0< p<q=mn, then
TI:-, 1 + G)™Y < M [13, Lemma 1].

. LEMMA 1.53 If G is a function from R X R to R such that
S G* =0 and | G exists, then there is a subdivision D of [a, b] and

a number M such that if D' ={x)i-, 18 a refinement of D and
0<p<g=mn, then [[Ii-, 1 + G)7'| < M.

b b
Indication of proof. Since | G* =0 and S G exists, thezl from
Lemma 1.2, .,TJ*(1 + @) exists and is not zero. Hence, since S G=0

implies that |G,| < 1 for any refinement D’ = {x,}7-, of an appx"lopriate
subdivision of [a, b], then Lemma 1.5 follows from Lemma 1.4.

\ LemMMA 1.6. If G s a function from R X R to R such that
b
S G exists and for each x <y, H(x, y) = HyG — G(z, y)‘, then S H

exists and 1s 0.

This lemma is due to A. Kolmogoroff [14]. For related results
the reader is referred to W. D. L. Appling [1, Theorem 1.2] and
B. W. Helton [4, Theorem 4.1].

LEmMMA 1.7. If G is a function from R X R to R such that G
18 bounded on [a, b], JI° A + G) exists and is mot zero, and H is a
function from R X R to R such that for each a < x <y <b, H(x, y) =

1L+ G, y) — II* L + G|, then S"H exists and is 0 [6, Lemma 1.4].

LEMMA 1.8. If each of H and G is a function from R X R to
R such that JI°(1 + H) exists and JI°A + G) exists and neither
18 zero, then JI*(1 + H)1 + G) exists and is mot zero.

Proof. The proof of this lemma is straightforward and we omit it.

LEMMA 1.9. If G is a function from R x R to R, SbG exists,

and G is bounded on [a,b] then there is a subdivision D of la, b]
and a number M such that if D' = {x;}r-, i a refinement of D and
0<p<qg=m, then |3, G| < M.

Proof. This lemma follows from Lemma 1.6.

The following algebraic identity is used frequently and it may
be established by induction.
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LEMMA 1.10. If each of {a}r-, and {b;}r, is a sequence of numbers
and n > 1, then

I~ fo = 5 (I0s o= v 1T, o5)

THEOREM 1. Suppose each of G, H, and J is a function . f'rom

Rb X R to R such that J is of bounded variation on [a, b], \ =

H* =0, S J exists, for each a < x <y < b, each of H”(1+G) and

,Hl’ (1+ H) exists and neither is zero, (RR) S JLIT A+@]ILITY A+ H)]
exists, and for each a = x <y < b,

K@, ) = |J@,v) — @B | JLIT' @ + GILI @ + D) -

Then, SbK exists and is 0.

a

Proof. Let € > 0. Since bJ exists and J is of bounded varia-

tion on [a, b], then, from Lemma 1.6, there is a subdivision D, of
[e, b] and a number M, such that if D’ = {z,}’, is a refinement of
D,, then

(1) S <M.
and

(2) >

D’

S J—J| < £

Ti—1

Since SbGz S H*® = 0 and each of ,J[*(1 + G) and Hb(l -+ H) exists
and neither is zero then, from Lemma 1.2, S G and H each exists,

and there is a subdivision D, of [a, b] and a number M, such that
if D' = {x,}i-, is a refinement of D,, then

(3) ‘exp S_G} < M,,

(4) exp SH\ < M,,

(5) G (@, @) < %m <1 + 4Msl Mg> ,
and

(6) \H(x,_,, 2)| < -(15-1n (1 + 4MfM§> :

Again, from Lemma 1.6 there is a subdivision D, of [a, b] such that
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if D' = {x}, is a refinement of D,, then

(1) n|G-H) -|" @ -m <tn(

M. M: ‘> )

Let D= D, + D, + D, and D’ = {x;}r, be a refinement of D. Since,
for 0<i=<mn, (RR)\ JLII‘Q+ @I @ + H)] exists, then
there is a subdivision DTI: {t;}ei, of [x,_,, x;] such that

S LTS + @it T (L + HD)]
(8) 1

a S_ T AT A+ G @+ )] < =

Therefore, for x,_, < t;

[ f= tj

IR R WCE H>|

< S:;(G~H)—(Gi—Hi)). 4|6 @iy )~ Hizy 19— S_ G|
(9)  + |Gy, t5)] + | Hxiy, t5)] + |G@iy, @) + | H(2ioy, )]

< G[é n (1 + 4MM*>] (1,5, 6)

=l <1 * 4MM*> :

Hence, from (9) it follows that

(10) exp SH @ —H)—esp|’ (G- H)|< 2 TR
Then,
SIK =37 -7 JLIr e el )|
-1
+ z‘L@ T = Bt t)|

+ SIS s, t) = S, 11119 A+ @I A+ D]

i—1y tj)][zthj (1 =+ G)][”H%’ (1 -+ H)]

B S:_ JLIPA + @I A+ H)]‘

)
=7t

>y SJ — 3Vt 1)

Dy
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+ 25 20 i 2] - (1 = I19 (4 + @) T (L + H))

+ En (8, 2)

S LT T, ty)

tj—1

F S Wt 1911~ [exp |7 G fexp |7 A ||

D" Dy td

=PIPY

D' Dy

™

+_2_ (Lemma 1.2)
=2 L SN, ) jexp |7 (@~ B)|
L7
X}expsl (G—H)—expS: (G—H)*
&
+E (2)
3e
< M (s ts il ,
S M35 Wltion 0 igr + (1, 10)
M, --£ 3¢
< 4M, - 4
= £ .

b

Hence, S K =0.
We now state the main result of this paper.

THEOREM 2. Suppose each of G and H is a function from R X R
to R and each of f and h is a function from R to R such that dh

is of bounded variation on [a, 2] and Sm H*® = Sx G =0 for x > a.
The following two statements are e&uivalenat:
(1) If 2> a, then f is bounded on la, x], SZH exists, SxG
eaists, (RL) g (fG + FH) exists, and ’ ’

Fa) = hiz) + (RL) S (fG + fH) ;

(2) Ifa<p<qZux, then each of ,JI°(A + H) and ,[I°1 — G
exists and meither 1is zero, (R) Sw [[II° 1 + H)A + &][A — &) |dh
exists, and ’

f) = fla) JI" 1 + H)L — G)™
+ ®) | LI @+ B+ G — &) ldh

Proof. 1=2. Leta<p<qg=x. Since SZHZ ~\"e=0 and
each of SxH and S G exists, then, from Lemma 1.2, ,J]*(1 + H) and
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1A — @) exist and neither is 0, and hence [II‘1 — )] =
o117 (1 — G)* exists. Since \ G* = 0, then, from Lemma 1.3, 1 — G)™*
is bounded on [a, 2] and since dh has bounded variation on [a, x],
then (1 — G)"'dh has bounded variation on [a, 2]. Let € > 0. Since
dh is of bounded variation on [a, 2] then there is a number M, and
a subdivision D, of [a, #] such that if D’ = {,}r, is a refinement of
D,, then >, |dh;| < M,. From, Lemma 1.5, there is a number M,
and a subdivision D, of [a, 2] such that if D' = {z;}}, is a refinement
of D, and 0<p<gq=mn, then [, (1 —G)*| < M, Since S H
exists then, from Lemma 1.9, there is a subdivision D, of [a, ] and
a number M, such that if D’ = {x,}i, is a reﬁnbement of D, and
0<p<q=mn, then |, H| < M, Since (RL) S (fG + FH) exists
then there is a subdivision D, of [a, ] such that if D’ = {x;};, is a
refinement of D,, then

%

S|@D) " 6 + ) — (16, + £

Ti—1

€
3Mzexp M,

<

Also, there exists a subdivision D; of [a, 2] such that if D’ = {x,}2,
is a refinement of D; then

(1) I @+ B)JI A= @7 =TT+ H)L— 67| < ey
and

fo<p<g=n,
(2) 1@+ H)L = 6)7 =TT 0+ B - 6)|< S

Let D=D,+ D, + D, + D, + D; and D' = {x;}7-, be a refinement of
D, then, from the iterative technique of B. W. Helton [4, page
311], we have that

£(&) = fia)
=A@+ 2 -6y

+ fl[ T 1+ H)ad — G,-)‘l](l — G)dh,

i=1| j=1+1

+Ia- Gi)“[ji[H (L + Hy)(1 — G,-)“‘]

% [(RL) S

z

(fG + FH) = (£G. + fiH) |

Hence,
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[fl@)=fla)II" A+ H) JI* A=~ =3[, 11" 1+ )1+ @A -G )]dh|
= [f@III @ + HA — G)7] = fla) JJI* A + H) II* A - )7

sl a+m] 1 a-era- ey

D’ Lj=i+1

-+

— 2 LA+ B)A + O — Gy

+ 2
<

| a+m| I a-6)fa-6)

J=i+1 j=i+1

< @D " 6 + £H) — (16, + £

i—1

3
=l S+ 1
+ 3t — G- ldhd - | T (4 + H)L — G~

j=i+1

- [II"Q + H)A — &7

+ 3| M, M (RO ™ (PG4 )~ (G +F uH)
5 &
<L M. ah + Myexp M| - |
3" 3MMZI o Miexp My o oxp I,
3
< 3 +—3M - M, +E
=¢£.

Hence, (R) S LI* (1 + H)1 + @I — G)]dh exists and
f@) = fla) T A+ H)YA-6) + ®) || LT A+ EDA+ONA—G)"ldh .

2=1. Suppose z > a and ¢ > 0. Since each of ,[[°(1 + H) and
JI7(1 — G)™* exists and neither is 0, then, from Lemma 1.2, S H
exists, | G exists, and from Lemma 1.1, each of H and G is bounded

on [a, oo].‘z From Lemma 1.5, (1 — @)™ is bounded on [a, 2] and since
dh is of bounded variation [a,x], then dh is bounded on [a, x].
Therefore, it follows from the boundedness of the functions involved
that f is bounded on [a,x]. Hence, there is a number M and a
subdivision D, of [a, #] such that if D’ = {x;]}{, is a refinement of
D, and 0 < i =n, then (1) |fi-) < M and (2) |1 — G,] < M.

Since (1 — @)™ is bounded on [a, ] and hence [(1 — G)']dh is
of bounded variation on [a, ], then from Theorem 1, there is a
subdivision D, of [a, 2] such that if D’ = {x,};., is a refinement of
D,, then
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S|@" LI+ -6 -6 ldh - (-G ldh| < 2.
Furthermore, since ,JI° (1 + H)(1 — G)™* exists and is not zero, then
from Lemma 1.7, there is a subdivision D, of [a, 2] such that if
D' = {x,}7-, is a refinement of D,, then

)
sM:

Sl I @A+ H)A - @7 — 1+ H)1 — G)7 <

If D=D,+D,+ D, and D’ = {z,})}—, is a refinement of D, then,
again using the iterative technique employed by B. W. Helton in
[4, page 812], we have, for 0 < i < m,

Jfi=Fiu zi_lH"i(lH‘I)(l—G)"1+(R)Yi LI+ H)1-G"A-6)"1dr

= fir(A+H)A=G) ™ + Fioils, 117 (_1 +H)(1-6)" —(1+H)1-G)™']
+ dh(1 — G)™

+ (R) S:z LII*1+ H)(A -1 -G dh —dh,(1 —G)™".

i—

By multiplying both sides of the preceding equation by (1 — G,)
and then rearranging terms, we have

fi —‘fi~1 = fiGi + fi—lHi + dhi
+ fiale, I A+ H)A -G — 1+ H)L—-G)][1 -Gl

(1) +1— Gi)[(R) S_ LI* (A + H)A — &)™l — G)1dh
- G)‘l]dhi] .

Therefore,
|f(®) — h(z) — g‘_‘ (fiG: + fi HD)|

= |f(x) — fla) + h(a) — h(zx) — DZ (fiG: + fi HD)|

= IS — fid) = Sudhy — S(£G: + firH))

< IS dh, — S dh

+ 2 el 1 = Gl - I A+ H)A — @) — A+ H)A — G

+3 -6 @[ e+ ma - 67 - @
- (1— - Gi)_ldhi
<0+ Mzg‘, o, JI% (1 + HYL — )7 — 1 + H)A — G)7

(1)
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s @ LI A -6 -6 - -6)dn,
2 & &
<M S + MS_M
<e€.

Hence, (RL) 8 (fG+fH) exists and f(z) = h(x) + (RL) S (fG+FH).
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