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The following result is shown. Let T (t=1,2,---,v) be
commuting nonexpansive self-mappings on a compact convex
subset D of a Banach space and let x be any point in D.
Then the sequence

ny y—1 w2 ny o
(La[s ] [sm[sds]] ]k

converges to a common fixed point of {T};—,, where S;—=
A—a)l+ a;T;, 0 < a; <1, I is the identity mapping.

In [2], DeMarr proved that if T,(ie.J,J is an index set) are
commuting nonexpansive self-mappings on a compact convex subset
D of a Banach space (i.e., ||Tx — Ty|| < || — v|| for all x,y in D,
and T.T; = T,T, for all 4, j€J), then T, (¢€J) have a common fixed
point in D.

The problem we shall consider in this paper is that of constructing
a sequence of points {x,}r-, in D that converges to the common fixed
point of T, (i€ J,J is a finite index set).

If a Banach space is strictly convex (i.e., |lax + (1 — a)y|| <
max {||z||, [|¥]]} for  # y, 0 < @ < 1), the problem was solved in [5].

Throughout this paper, we denote an identity mapping by I and
the set of fixed points of T by F[T]. And we define [[!& T, =
T,.(I1%, T,) for any positive integer » and []:_, T, = T..

We have the following main theorem.

THEOREM. Let Ty (i = 1,2, --+Y) be commuling mnonexpansive
mappings from a compact convex subset D of a Banach space into
itself, and let x be any point in D.

Then Ni-. F[T,] is nonempty and the sequence {x} converges to
a point in NVi-, FIT.], where x, is defined for each positive integer

n, by
L[5 e [si[sis]) - T
where S, =1 —a)l+a,T,0< a, <11 =1,2, .-, p).

Before proving the theorem, we first prove the following lemmas
on which the proof of theorem is based.

LEMMA 1. Let T and P be nonexpansive mappings from a
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bounded convex subset D of a Bamnach space into itself that satisfy
the conditions

(1) P(D) = F[P] and T(P(D))c P(D).

Let x, be any point in D and let a be any number such that 0 < a < 1.
Then the sequences {x, — Tx,}n-o and {x, — Px,}r_, respectively converge
to zero, where x, is defined for each positive integer m by

(2) xn:(l—a)yn+aTyn, yn:len,-—li
that, is %, = (SP)"x,, where S = (1 — &) + aT.

Proof. We see from (1) that for all n = 1
(3) Y, = Py, and Ty, = PTy,.

Since T and P are nonexpansive mappings, we have, from (2) and
3), forall n =0

Hyn-l—l - TynJrlH = ”Pxn - PTyn+1” —g Hxn - Tyn+1“
and, from (2) and (8), for all n = 1

Ny = TYousll = 12w — TYull + 1 TY0 — TYns, ||
SA -y — Tyull + [1Ys — Yusal
=A -y, — Tyull + [|PYs — Pr,||
S~ )Yy — TY +11Y0 — 2]
S -y — Tyl + @llys — Tyall = lly. — T¥.ll
from which, we obtain

Hnrr = TWarill S %0 — TWorill = Y0 — Ty, forall n>1.

Hence the sequence {||y, — T¥.l|l}n-1,, which is nonincreasing and
bounded below, has a limit.

Suppose that lim ||y, — Ty.|| = > 0, that is, for any ¢ >0,
there is an integer m such that

(4) r= 1Y, — Ty, =1 + e)r for all n=m.

Also, from the boundedness of D, we can choose M such that
() L<M-—m)r<2L, where L is a diameter of D.
We have from (3), (2) and (4) that for any n = m and £k = 0

U = Yasrsrll S 0NYa = Yol + [ Yuir = Yuaell + o0+ 1 Ynse — Vsl
éllpyn—PwnH+”-Pyn+1._Pxn+1H+ e _}_HPyn—Hc—vaH—kH

é Hyn - wn” + ||yn+1 - xn+1” + e + Hyn+k - xw+k”
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(6) < alk + DA + &)r .
Now we shall prove by induction that
(7) A +eak)d +e)r — 1 —a)yer < ||Tyy — Yull

for any % such that 0 <k < M — m.

When k& = 0, the result is trivial. Now we assume that (7) is
true for some k such that 0 <k <M —m —1. We see, from (3)
and (2), that

U Ty — Yu-rll = | PTYy — Plu—_gosn |l = 1 TWu — Ta—gorn ||

= | — ) (TYy — Yu-t) + &TYy — TYy—gsn) |l
SA - Tyy — Yu—awoll + @llYn — Yu—tein |l

from which and (6), it follows that
Ty — Yusll £ A — DU TYs — Yu-snll + @k + DA + )7 .
From this and the assumption by induction, we have
A+ ak)(l + e)r — A — a) Fer
= A - Tyn — Yu-wsnll + @k + DA + &)r

and it is clear that this inequality is equal to (7) with & + 1 for k.
Hence, by induction, it follows that (7) is true for any %k such that
0k M-—m.

Since log (1 +¢t) = ¢ for all te(—1, ), we have from (5) that

@ = oy = exp| F — mylog (1+ 12|

gexp[(M—m)l fa] §exp<(1—%%;> .

Thus it follows from (7) with M — m for k that

Ty — Ynll = A + (M — m))(A + &)r — er exp ((1 ELa)»)
2L
= (r+ L) *eqﬂexp<m> )

Since ¢ is any positive number, this inequality is imcompatible with
the definition of L. Hence we obtain that » = 0, that is,

(8) i{rgliyn—Tynll=0-

Now since T and P are nonexpansive mappings, we have from
(2) and (3) that, for all n = 1,
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e, — Tw,|| = |1 + &)y, + aTy, — T(A — @)y, + aTy,)||
=1 -a)y, — 1 - )Ty, + Ty, — T(A — &)y, +aTy,)||
=Q —-a)y. — Ty.l| + ally, — Ty.ll
= 1% — T,
and
l|@, — Px,|| = |0 — &)y, + aTy, — P(1 — @)y, + aTy,)||
= [|1 — &)[Py, — P(1 — @)y, + aTy,)]
+ a[PTy, — P(1 — &)y, + aTy.)]||
=2al — a)||y, — Ty.ll -
Therefore we obtain that from (8) that

lim||2, — Tx,|| = lim ||z, — Px,|| =0 .

LEmMMA 2. Let T and P be nonexpansive mappings from a
compact convex subset D of a Bamach space into itself such that

(9) P(D) = F[P] and T(P(D))c P(D).

Let x, be any point in D. Define x, = P,x, for each positive integer
n, where P, = (SP)",S =1 —a)l + aT,0 < a < 1. Then it follows
that

10) for any %, wn D, lim,_ (SP)"x, = Px, exists, which s, denoted

by Px,,
11) P(D) = F[P] = F[T]n F[P]
and
(12) (P, converges uniformly to P.

Proof. Since D is compact, there exists a subsequence {x, }i%,
of {x,} that converges to a point # in D. From the boundedness of

D, Lemma 1 is applicable, so we have,
lw = Tul] = lim {llw — @, || + [[@., — To,[| + [[T2,, — Tull}
< lim {2[|,, — ] + |l2,, — T2, ]} =0,
and similarly ||u — Pul| = 0.
From this, it follows that
(13) we F[T]Nn F[P].
Since (9) implies (3), we see from (13) and (3) that for all n = 0,
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Hu - x’n+1“ = ”u - ((1 - a)yn+1 + aTyn+1)|l
SA—-u = Yansll + @[ Tu — Ty, ||
Sllu = Yuuull = [Py — Po,|| S [lu — 2, .

From this, we obtain that lim,_.||u—z,||=lim,_..|lu—2,,[|[=0. Hence
we have proved that (10) is true, that is, for any =z, in D, P(x,) =
lim,_., (SP)"x, is well-defined. From (13), we see that P(z,) € F[T]N F[P]
for all x, in D, that is,

(14) P(D)cC F(T) N F[P].
And we have that, for any » in F[T] N F[P],
v = (SP)*» = lim (SP)*» = Pv,

so we see that
(15) F[T]n FIPlc F[P].

Also, clearly w = Pwe P(D) for all w in F[P]. From this, (14) and
(15), we get (11).

Finally we shall prove (12). Let ¢ be any positive number.
Since D is compact, there are finite points {xj, «2, ---, 2%} such that,

for any z in D,

(16) min{]lx—xéi|z1§i§k}<—§.

From (10), we can choose N such that

amn  ||(SP)yzi — Pxi|| < % forall n=N and 1<i<k.
Let z, be any point in D. From (16), we can take x} such that

j £
(18) |2y — xi|| < 5 -

Since SP is nonexpansive, clearly P is also nonexpansive. Hence we
obtain from (17) and (18) that, for all » = N,

I (SP)"x, — Pxo”
< [[(SP)y*x, — (SPyi|| + ||(SP)"x{ — Pxi|| + || Px{ — Pax,||
< 2|l@, — adl| + [[(SP)"x} — Pail| < e

which implies (12).

LEMMA 8. Let T and P,(n =1, 2, ---) be nonexpansive mappings
from a compact convex subset D of a Banach space into itself. Assume
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that the following conditions are satisfied:

a9 for any x in D, lim, . P,x = Px exists,
(20) P(D) = F[P]CF[P,] forall n=1
(21) P, converges uniformly to P
and

(22) T(P(D))c P(D) .

Then it follows that

(23) for any x in D, lim,., an = Pz exists, where IA’% = 1%, (SP)),
S=Q01—-a)+al,0<a<],

(24)  P(D) = F[P] = F[T|n F[PIC F[P,] for all n=1
and

N

(25) P, converges uniformly to P.

Proof. Let ¢ be any positive number. Since P satisfies the
conditions of P in Lemma 2, from (12), we can choose N such that

(26) [|(SP)"y — Py|| < % forall y in D,

where P is defined as in Lemma 2.
From (21), there exists M such that

[SPr — SPx|| = ||[Px — Pl = Ee-ﬁ

for all n = M and all z in D.
This implies that, for all » such that n = M

| Pax — (SP)YP, o]
< ||(SP,)P,_.x — (SP)P,_z|| + [[(SP)P,_x — (SP)(S)"*P,_,x||

< % + | P — (SPY"™P,_ |

<2 + | Pt — (SPY Pl £ -0 S
From this and (26), we have that, for all » such that » = max {N, M},

| P — P(P,_yo)|| < || Paw — (SP)*P,_ya|| + [[(SP)*P,_y& — P(P,_ya)||
Le.
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Since Lemma 2 says that P(D) = F[T]n F[P], this implies that there
exists a subsequence {P, x}i, that converges to a point » in F[T]N
F[P]. Also we see, from (20), for all n =1,

||pn+1w - u’” = HSP’IL-l-lP%x - SPn+1uH :—<.. Hﬁnx - ?l/” .

Hence we get that lim,_.. || P, — u|| = lim,_..|| P,@ — u|| = 0, that is,
P,x converges to a point in F[T] N F[P] for any « in D. This implies
(28), and

(27) P(D)c F[T]n F[P].
If ve F[T]N F[P], then v = Py =1lm,., Pv = Pv, so we see
(28) F[T]n F[P]c F[P].

Since clearly F[P]c P(D) and F[T]n F[P]c F[P,] for all n = 1, (24)
follows from (27) and (28).

Now we shall prove (25). Let ¢ be any positive number. As
in the proof of Lemma 2, we can choose finite points {x}, «Z, - - -, 2}
from D satisfying (16). From (23), we can choose N’ such that

(29) ||ﬁnx§—ﬁx3||§—§— forall n >N and 1<i<k.

Let x, be any point in D. By (16), we can take x{ that satisfies (18).
Since P is nonexpansive, we obtain from (18) and (29) that, for
all » = N’,

”ano_ﬁmoll
§ ”anxo - an“l + H-ang - Px?}” + HP{I}% - PZEOH
< 2(lw, — il + || Pi — Pail| S ¢

This implies (25).

LEMMA 4. Let T, (i =1,2,+--, k) be a commuting family of
mappings. Then it follows that

k—1 k—1
T« FITH < O FIT] -
Proof. Let « be any point in Nz F[T,]. We see that Tz =
T, Tx = T,T,x for all 7 such that 1 <47 <k — 1, which implies that
T.xc belongs to F[T,] forall1<¢=<k —1.

Proof of theorem. For all 4 such that 1 <1 <, put

L o [ Tl = e
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We shall prove the theorem by induction. Let us assume that
the following conditions are true for some integer j such that 1 <
Iy —1:

(30) for any « in D, lim,;.. Pfax = P%¥x exists,

i

(81) PY(D) = F[P¥] = ( FIT.]c F[P$] for all integers n; =1,

(32) {Pﬁjj?}i;’j:1 converges uniformly to P
and
(38) T(PY (D)) c PY(D) .

Since PitYx = [112441 (S5 Pi))]e, we can apply Lemma 3 by
regarding T}, Sj.,, P?, PY, Pit, PY* and conditions (30)-(33) as
T 8, P, P, P, P and conditions (19)-(22). Hence we have,

(34) for any « in D, lim,;,,... P{}e = PY"™x exists ,

(85) P9+(D) = F[PY™] = () FIT.] € FIP§] for all m; = 1
and

(36) (P )= converges uniformly to PY*.

Moreover, if 7 + 2 < v, Lemma 4 shows from (35) that
(37) T (PYT2)D) c PY™(D) .

When 7 = 1, conditions (30)-(32) immediately follow by regarding P
in Lemma 2 as an identity mapping. Also from (31) and Lemma 4,
we get (33).

Therefore, by induction, it follows that lim, .. P}z = PYx¢
PY(D)=Ns., FIT;]. This completes the proof of the theorem.

From the finite intersection property, we have the following
result due to DeMarr [2]. And note that we do not assume Zorn’s
lemma in our proof.

COROLLARY 1. Let T ielJ,J is an index set) be commuting
nonexpansive mapping from a compact convex subset of a Banach
space into itself. Then there exists a point w in D such that Tu = u
for all 1€ J.

When vy =1 and «, = 1/2, we have the following corollary, which
is essentially equal to the result we have obtained as a Corollary 2
in [3].
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COROLLARY 2. Let T be a nonexpansive mapping from a compact
convex subset D of a Banach space into itself. Then {(I + T)/2)"x};-,
converges to a fixed point of T.

The author would like to thank the referee for letting me know
about reference [5].
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