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Let C be a compact convex subset of a locally convex
topological vector space X. Anzai and Ishikawa recently
proved that if T, ---, T, is a finite commutative family of
continuous affine self-mappings of C, then F (X7, 2,T,) =
N, F(T,) for every 2, such that 0 < 1, <1 and >2 .4 =1,
where F(T') denotes the fixed point set of 7. It is natural
to question whether the conclusion of their theorem is
dependent on the topological properties of X,C and T,—in
this case, the linear topology, the compactness and the
continuity. We shall see that this is not; the theorem can
be formulated in an algebraic context.

Our theorem, when applied to Hausdor{f topological vector spaces,
yields a better version of Anzai-Ishikawa’s theorem (see Corollary 2).

DEFINITION 1. A subset B of a real vector space is said to be
(algebraically) bounded if ..,e(C — C) = {0}, where C = C,(B), the
convex hull of B.

Every bounded convex subset of a Hausdorff topological vector
space is algebraically bounded. Every bounded subset of a locally
convex Hausdorff topological vector space is algebraically bounded.

THEOREM 1. Let C be a convex subsel of a real vector space X
and T, <+, T, a finite commutative family of affine self-mappings
of C. If the set D ={T/mTy2«-s Trrx:0 < m, < 0,4 =1, -+, m} 13
bounded for each x € C, then F(3r-y MTy) = Ni=y F(T,) for every 0 <
N, < 1 awith S = 1.

LeEMMA 1. Let x, be a sequence im a Banach space such that
x, — ®. Then the sequence y, defined by
Yo = 12 + AC + + o+ + .0 + -0 + )

converges to x.

Proof. For an arbitrary & > 0, choose m such that ||z, — x| <
¢/2 for 1 = m. Choose N = m such that

1/2*(1 + .0, + -+ + .Cny) < €/(2D)

for all » > N, where D is a number such that |[a;, — || < D for all
7= 0. Then
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Y, — ]|
= H (1/2")(:)00 —x+ 'n.Cl(xl - x) + e+ 'nCm—1<xm—1 - x) + oo+ Ly — x) H
=@2ma +.,C + - +.,C,.)D + (e/2)3/2"(C, + -+ + 1)
<e

for all » = N.

REMARK 1. The above lemma is also a consequence on Silverman-
Toeplitz’s theorem on regular method of summability.

Proof of Theorem 1. We may assume that » = 2. The inclusion
PE(T,) Cc FGr MTy) is obvious. Let A = NI + \T,, B = NI + N T,
and T = (1/2)(A + B). Then T = (1/2){ + T, + \,T,). Moreover,
F(T)=FO\T,+\T,), F(A) = F(T,) and F(B) = F(T,). Letxe FO.T,+
»T,) = F(T). For every n, we have

_ (A + B\
(1) = (55

:%(A”w + CA"'Bx + «++ + ,CA" 'Big + +++ + B"x)
and

(2) Ta= 217( T A"+ ,C,T,A" B + - ++ + ,C,T,A"‘Big + -+ + T,B") ,

where we make use of the commutativity of A and B and the affine
property of T,.
Following Anzai-Ishikawa’s computation [1], we have

Mo

- o

) m+1
Ay — TiA™Y = 2O NTiY — 3 wC MM Ty

3
+

= Z( C?\q “INE — Ci—-17\11 —H_l)uz:_l) Tily’ 'm.C—l = mCm+1 =0

=0
m+1

= STy — 3 (—mTiy

(Za Ty — 3, B le>

i= mo
Here, m, is the largest integer less than or equal to \,(m + 1);
#i = mCz)“lm—l)'; - 'mCi—l)\’l _i+lkg—1 ’

i =20for 0<i=<m,and <0 for m, +1<i=m +1;

m+1

mo
=2t = >, (=) = nCom MO —— 0

ZMO
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as m— oo &, = tifa, =0 for 0 <1 < m, B, = —p/a, =0 for m, +
1<i=m+1 2% a =1and X7 .08 =1

Let E = C(D). By the convexity of B, A~y — T, A™yca,(Ei — E)
provided Ty e K for ¢ =0, --+, m + 1.

Since T, and T, are affine, T:A*Bxc K for j, k=0, ---,n; 1=
0,1, --.. It follows from (1) and (2) that

x— T

= 51;((‘4”% - TlAnx) + %Cl(A”_le — TlA”_le) 4 oo (B'nx__ Tanx))
¢ L@ B ~ B) + .Can (B~ B) + -+ +.Cy o (B B+ — )

;—21;(% +nCa, + -+ +,Ca;, + -+ + a,)(E — E),
the last inclusion being a consequence of the convexity of E — K.

Since E — E is convex and 0e E — E, we have ¢ (E — E) <
&,(E — E) if ¢, < ¢,. Hence by Lemma 1 and the boundedness of E,
N A(n)(E — E) = {0} where

A(’I’L) = 2_];‘(‘10 + nC1a1 S nCiai + oo + an) .
It follows that * = T,x. Similarly x = T,x. This completes the proof.

COROLLARY 1. Let C be a bounded convex subset of a vector
space and T,, «-+, T, a finite commutative family of affine mappings
of C. Then F(O-MT) = Nt F(T,) for all positive numbers \,,
=1, -++, n such that X7, N = 1.

COROLLARY 2. Let C be a convex bounded (in the usual sense)
subset of a Hausdorff topological vector space and T, ---, T, a finite
commutative family of affine mappings of C. Then FO 3 NT,) =
Nz F(T,) for all positive numbers n, ¢ = 1, <+, n such that > N=1.

REMARK 2. We note that the boundedness condition cannot be
removed. The mappings T'x =« + a, T,x = x — a, a # 0 defined on
R' are commutative and affine, with F(T,) = F(T,) = ¢ and
F(1/2)T, + 1/2)T,) = R

COROLLARY 3. Let C, T, i=1, ---, n be defined as in Corollary 2.
Assume that TP+« T2 =T, -+ T, for some p = 2 and that for each
xe€C and each © =1, ---, m, the set

Agx = {Tp - Trio.. T"X:0<m; < co,j=1,--+,m}
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18 bounded, where N\ indicates that T is missing. Then FCrnT) =
NI F(T) for all positive numbers Ayt =1, -«-, m such that
ZIL’L Ay = 1.

Proof. If myi=1,..., n are n natural numbers and m; =
min {m,;, 1 =1, ---, n}, then
Troeee T X = T ™i ooe Toimi oo ToammiTimg oo Tirigg
= Tlml'mj oo Ty’:”"n_ijf ces T,Zx e A](T{c coe T;:w)
where & is an integer satisfying 0 <%k < p. It follows that
Ax__—_— {Tlml “oe T;"nx:ogmz < oo’@._—:l, o %}
= U{A(TY -+ Thx):t =1, +--,m, =0, -+, p — 1}.

Hence Ax, being a finite union of bounded sets is bounded.

The special case when n =2 and p = 2 can be given a simple
direct proof. We shall illustrate it for the case )\, = N = 1/2. First
we prove:

LEMMA 2. For each m = 1, there exists rational numbers

(depending on n and not mnecessarily monmegative) \,, - *y Minsz] SUCh
that

Mot osee A A = 1 — (/207
and such that the equation
D = a2 )(AEEY L0 ABD o AABD

(3)
4 Npn/a A2 Binzl Pasina)

s valid for any two commutative afline mappings A, B defined on
a convex set, where D=1/2(A+ B). ([m] denotes the largest integer < m.)
Proof. If such rational numbers )\, exist for a fixed 7, then by
putting A = B = I, we see that
Mot e Ny = 1 — (1/27)

We shall prove by induction on n. Forn = 2, ), = 1/2. Assume
that the lemma is true for m < #n. Then

+ MABD" Y 4+ oo 4 Ansa] A Bin2) Pn—stln/2ft1

(4)
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Making use of the induction hypothesis for m = n — 1, substitue
ntl 71
(1/2n—z)<A ;— B > = Dt #IABD(M,+1)—4 -

. #[ (n_l)/ﬂA[('IL—I/Z]B[(n—1/2]D'n,-1-—2[('n—1)/2]

into (4). The proof will be then complete by collecting similar terms
and making use of [(n — 1)/2] + 1 = [(n + 1)/2] and [(n + 1)/2] — [=/2] =0
or 1.

COROLLARY 4. Let C be defined as in Theorem 1 and A, B be
two commutative affine self-mappings of C such that A*B* = AB and
such that the sets {A"x:n =0,1,2, «--} and {B"x:n =0,1,2, ---} are
bounded for each xeC. Then F(1/2)A + (1/2)B) = F(A) N F(B).

Proof. Let xeF((1/2)A + (1/2)B). Using Lemma 2 and the
condition A:B® = AB, we have

(5) = (A ’; B )”x - (1/2n—1)<i‘1”—'g—§@> + (1 — 23‘_1>ABx :

Thus,

¢ — ABy = L (2P _ 4ps).

By the boundedness condition, we see that ABx = x. By (3) for
n = 2, we have x = (A% + B*)/2. By applying A to z = (1/2)Ax +
(1/2)Bx we have Ax = (1/2)A%¢ + (1/2)x and hence A% — x = 2(Ax—=x).
Thus by repeatedly replacing 4, B by A% and B’ in the above argu-
ment, we obtain A*x — x = 2"(4x — x). This contradicts the boun-
dedness of {A™x:n =0,1,2, ---} unless Ax = x. Similarly Bz = x,
completing the proof.
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