Pacific Journal of

Mathematics

WALLMAN’S TYPE ORDER COMPACTIFICATION

TAE HO CHOE AND YOUNG SO0 PARK




PACIFIC JOURNAL OF MATHEMATICS
Vol. 82, No. 2, 1979

WALLMAN’S TYPE ORDER COMPACTIFICATION

T. H. CHOE AND Y. S. PARK

For a completely regular ordered space X, the Stone-

Cech order compactification 5,(X) has been constructed by
Nachbin. This compactification is a generalized concept of

the ordinary Stone-Cech compactification S(X) in the sense
that if X has the discrete order: x = yiff xt = y, then 8, X =
BX. In this paper, for a convex ordered space X with a
semi-closed order, the Wallman order compactification w,(X)
is constructed by the use of the concept of maximal bifilters.
@o(X) is a T,-compact ordered topological space in which X
is densely embedded in both the topological and order sense.

Althought the order of ®w,(X) is not semi-continuous, in general,
most of the corresponding properties of the ordinary Wallman com-
pactification can be generalized. For example, it can be shown that
for any compact ordered topological space Y (with a closed order),
a continuous increasing map from X into Y has a unique continuous
increasing extension on w,(X), and if @w,(X) has a closed order, then
X is a normally ordered space.

First, we fix some notations and terminologies: Let (X, <) be
a partially ordered set. For a subset AS X, we write d(A) =
{ye X: y <« for some x € A} and i(4) = {y € X: <y for some z € 4}.
In particular, if 4 is a singleton set, say {x}, then we write d(x)
and 4(x) respectively. A subset A of X is decreasing (increasing,
respectively) if A = d(4) (A = i(A), respectively). We say that a
map f from X to a partially ordered space Y is increasing if v <y
in X implies f(z) < f(y) in X. For a (partially) ordered topological
space (X, .77) in the order =<, let

z = {Ue: U =4U)},
¥ ={Ue: U =d(U)},

then % and & are evidently topologies for X, which are called the
upper, lower topologies respectively ([6], [1]). We say that an
ordered topological space X is convex if X has a subbase consisting
of the sets in % and &%, or equivalently, if every open set in X
can be written as the intersection of an open decreasing set ([5]).
Let X be an ordered topological space. The partial order is said to
be upper (lower) semi-closed if, for any x e X, i(x)(d(x), respectively)
is closed. The partial order of X is semi-closed if it is both upper
and lower semi-closed. It is said to be closed if, its graph, the set
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340 T. H. CHOE AND Y. S. PARK

of the points (x, y) such that x <y, is closed in the product space
X x X ([4], [5] and [9)).

We recall that a filter .# in a topological space (X,.97) is an
open (closed) filter if # has a filter base consisting of open (closed)
sets.

DeFINITION. Let (X, .9 <) be an ordered topological space.
Let # be a closed filter in (X, %) and & be a closed filter in
(X, ). A pair (F, ®) of closed filters % and ® is called to be a
bi-filter on X if FNG = @ for any Fe # and any Ge®.

For given two bi-filters (%, ®,) and (7, &,), we define a relation
(F,08)C (#,®,) if and only if &#, < %, and G, & G,. We can
easily remark that by Zorn’s lemma, every bi-filter is contained in
a maximal bi-filter. For an ordered topological space X, we write

I, X={AC X: A is closed decreasing set},
r,.X =1{A s X: A is closed increasing set} .

The following two lemmas are analogous properties of maximal
filters. Thus, the.proofs are omitted.

LEMMA 1. Let (F,®) be a maximal bi-filter, and Ael,X.
Then Ae & if and only if given Fe s, Ge®, we have AN F N
G = @. Moreover, a dual statement holds for ®.

LEMMA 2. Let (&, ®) be a maximal bi-filter.

(1) Let A, and A, be in ', X and A, U A,e #. Then either
A, e F or A,e #. Moreover, a dual statement holds for ©.

(2) Let Ael',X, Bel'.X and AUB=X. Then either
Aec Z, or Be®.

ReEMARK 1. Let (X, .7, <) be an ordered topological space with
a semi-closed order. For each xec X, we write

S (d(x)) = {4 is a subset of X:d(x) € A},
S (i(x)) = {A is a subset of X:i(x) & 4} .

Then every &“(d(x)) is a closed filter, but it need not be a maximal
closed filter in (X, %) under the inclusion relation. Moreover, a
dual statement holds for .S7(i(x)). S(d(x)) is obviously a closed filter
in (X, %). In order to show that it need not be a maximal closed
filter let us consider the following example:

Let N = {0, 1, 2} be an ordered topological space with usual order
and discrete topology. Then .S”(d(2)) and &7 (d(1)) are not maximal
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closed filters in (N, %’). However, if the order on N is given as
discrete, &“(d(x)) is a maximal closed filter for every x ¢ N.

LemMMA 3. Let (X, 9, <) be an ordered topological space with
a semi-closed order. Then for each xe X, (F(dx)), & (i(x)) is a
maximal bi-filter.

Proof. Let Ae S”(d(x)) and Be.S”(i(x)). Then d(x) £ A and
i(x) & B. Hence AN B = @. Therefore (S“(d(x)), & (i(x))) is a bi-
filter. Suppose that there exists a bi-filter (&, ®) such that
(FL(d(x)), LX) & (&, ®). It follows that F(dx)S.F# or
L (ix) & 6.

Suppose that S7(d(x)) & .. Then there exists an Fe.# such
that F¢ &”(d(x)). Hence d(x) £ F. Since .&# is a closed filter in
(X, %), there exists a decreasing closed set A such that Ae &
and A< .. Hence dx)Z A and x¢ A. Therefore i(x) £ X — A or
X — Ae &(i(x)). It follows that X — Ae@®. Hence AN (X — 4) = @.
It is a contradiction. Similarly in the case that S7(i(z)) & O, we
have a contradiction. Therefore (S7(d(x)), 7(i(x))) is a maximal
bi-filter.

In what follows, we assume that (X, .7, <) is a convex ordered
topological space with a semi-closed order. Let @, (X) be the collec-
tion of all maximal bi-filters (%, @) on X. For given closed decreased
set A, and closed increasing set B in X, define

A'={(F, Q) ea(X):AeF},
B = {(5,®)cw(X): Be®} .

Then it is easy to see that {4% Aecl, X} forms a closed base for a
topology, say % ., on w,(X). Similarly, the family {B*: Bel .X}
forms a closed base for a topology, say %, on w(X). Let %
be the smallest topology containing %, and %% .. Then every
basic open set (wy(X), #°) can be written in the form w,(X) —
(A% U BY) for some Ael,X and some Bel'.X. We also note that
(4, N 4)* = A?n A¢ for A, A, in I', X and (B,N B,)* = B¢N B¢ for
B, B,in I' . X. We define an order relation < on wy(X) as follows:
(7, 6) < (7, ®,) if and only if ;2 .7, and G, < G,. Then
obviously < is a partial order.on w,(X). Hence (0, (X), %, <) is
an ordered topological space.

REMARK 2. Let (w,(X), %, <) be the ordered topological space
obtained in the above. Let Acl',X and Bel.X. Then A°¢is a
closed decreasing set and B is a closed increasing set in @ (X).
Moreover, w,(X) is a convex ordered topological space.
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LeEMMA 4. Let (X, 7, £) be a convex ordered topological space
with a semi-closed order. Then the map @: X — 0, (X) defined by
O(x) = (L dx)), 7 (i(x))) for any x€ X is a dense embedding into
(@(X), 7, =).

Proof. First, we show that @ is an order isomorphism into
w(X). To show that @ is one to one, let x =y in X. Then # L y
or yZz. If x Ly then ye¢i(x) or i(y) & i(x). It follows that
()¢ FL(i(y) or F(i(x)) & L (i(y)). Hence (L (d@)), & (i(x)) =
(ZL@dW)), & (i(y))). Similarly, if y £ ¢ then &(x) = @(y). Clearly,
@ is increasing. It is also immediate that if @(x) < @(y), then
x <y. Hence @ is an order isomorphism into ®,X). Secondly,
we show that @ is a dense homeomorphism from X into &(X). We
observe the following: For a given closed decreasing set A,

AN O(X) = {(F(d(x), L (i(x))): Ae S (d(x))}
= {0(x): xc A} = @A) .

Similarly, for a given closed increasing set B, B'N@&(X) = @(B).
Since X is a convex ordered topological space, @ is evidently a
homeomorphism from X onto @(X).

To show that &(X) is a dense subset of ®w,(X), let w,(X)—
(4% U BY) be a nonempty basic open set, where Ae ', X and Be I'_X.
Then there exists a maximal bi-filter (&, ®) such that (&, ®)e
w(X) — (A*U BY). It follows that (&, )¢ A and (F, ®)¢ B’
Hence A¢. & and B¢®. By Lemma 2, AU B+ X. Therefore
(X—-ANX—-B)#@. Letye(X — A)N (X — B). Then it is easy
to show that @(y)ew(X) — (4*°U B*). Hence @(X)N (w, (X)) —
(A¢U BY) + @. Hence O(X) is a dense subset of ®w,(X). This com-
pletes the proof.

LeMMA 5. (w(X), %7, <) is a Ti-compact ordered space.

Proof. First, we show that w,(X) is a T,-space. Suppose that
(F,,®) =(F,0, in w(X). Without loss of generality we may
assume that #, & .&#,. Then there exists an F,ec.&, such that
F,¢ 7, Since & is a closed filter in (X, %), there exists a closed
decreasing set A, such that A4,¢. %, and A, S F,. Hence A, ¢ 7,.
It follows that (7, ®,) ¢ A? and (7, ®,) ¢ A?. Therefore w,(X) — A?
is an open neighborhood of (%, ®, in w,(X) such that (&, ®)¢
w(X) — A¢. Since &7, & .5, we may consider the following two
cases:

Case 1. 7, < . By the same method as before, there exists
an open neighborhood of (7, ®,), which does not contain (&, ®,).
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Case 2. F,< 7,; then ©, £ ®,. Hence there exists a closed
incleasing set B, such that B,e¢®, and B,¢®, It follows that
(F;, ®,)e B: and (#, ®,)¢ Bi. Therefore, w,(X)— B is an open
neighborhood of (#;, ®,) in ®w,(X), which does not contain (&, &,).
Hence w,(X) is a T,-space.

Now we show that w(X) is a compact space. Let {AZ Bi:
ael’, Bed} be a family of subbasic closed sets having a finite inter-
section property. Since AZ N B = @ implies 4, N B; = @, {4, Bs:
acl, Bed} has a finite intersection property. Let .o be the filter
generated by {4,: a e '} and <7 be the filter generated by {B;: 8€ 4}.
Then (.57 <#) is obviously a bi-filter, and hence there exists a
maximal bi-filter (&, ®) containing (.&7 ). It follows that A, .7
and B,€® for all ael" and all Be 4. Therefore (&, ®)e A and
(&, ®)eBi. That is, (#, ®)cAdinB; for all a« and all 5. It
follows that (&, ) e N..; (42N Bi). Hence (w,(X), %7") is compact.

By Lemmas 4 and 5, we have the following theorem:

THEOREM 1. Let (X, . 7, <) be a convex ordered topological space
with a semi-closed order. Then (w(X), ¥, <) is a Ti-compact
ordered space in which X is densely embedded.

REMARK 3. In the proof of Lemma 5, we see that (w,(X), 7, <)
is an ordered topological space which has either a lower semi-closed
order or an upper semi-closed order. We note that a compact
ordered space with a lower semi-closed order need not have a semi-
closed order. For example, let Z+ be the set of all natural numbers
with the usual ordering and the cofinite topology. Then obviously
Z* is compact and its order is lower semi-closed. But its order is
not a semi-closed order because it is not upper semi-closed. In
particular, this shows that a T,-compact ordered space need not have
a semi-closed order. We also note that if the given order on X in
Theorem 1 is discrete, then it reduces to the Wallman compactifica-
tion of (X, .77) in the general topology.

Let (X, .7, <) be an ordered topological space with a semi-
closed order and (Y, .7/, <’) a compact ordered space with a closed
order, and let f/: X — Y be a continuous increasing map. Define & *
to be the filter generated by a family {4 is a closed decreasing set
in Y: f7(4)e #}, and ©* to be the filter generated by a family {B
is a closed increasing set in Y: f7(B) e ®}.

LEMMA 6. Under the above assumption, (& *, &%) is a bi-filter
on Y and there exists a unique point y in Y such that ye N{FNG:
Fe 7% Ge®*).
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Proof It is straightforward that (& *, ®*) is a bi-filter in Y.
Since Y is.compact, {FNG: Fe & * Gc®* has a limit point y,
that is,

ve N{FN G Fe. o, Ge®*
C N{AN B: Ae B, Be B}
C NFNG Fes* Ge®r

where Z,-. is a filter base for .# * consisting only of decreasing
closed sets, and <Z,. is a filter base for &* consisting only of in-
creased closed sets. Hence there exists a y in Y such that ye N
{FNG:Fe 7 * Ge®*. In order to show the uniqueness of y,
suppose that there exist # == y in Y such that x and ¥ are elements
of N{FNG:Fe s * Ge®*}). Then we may assume that z £ y.
Hence i(x) N d(y) = @. Since Y is a compact ordered space with a
closed order, there exists an open increasing neighborhood U of %
and an open decreasing neighborhood V of y such that UNnV = @&.
Hence (Y—U)U(Y—V)=Y,and hence f N Y—-U)U f(Y-V)=X.
Since f is a continuous increasing map, f Y Y — U)esF or
Y —V)e® by Lemma 2. By the definition of & * and &%,
(Y- U)eF*or (Y- V)e®* IH(Y—U)esF* thenxeY — U,
and hence « ¢ U, which contradicts the fact that x e U. Similarly,
in the case that (Y — V)e®*, we have a contradiction. Hence
T =y.

THEOREM 2. Let (X, .7, £) be a convex ordered topological
space with a semi-closed order, and (Y, .7 ', <') a compact ordered
space with a closed order. For a continuous 1increasing map
f: X— Y, there exists a unique continuous increasing map f from
@(X) into Y such that fo® = f, where ® is the embedding: X —
@, (X).

Proof. For given (F, ®)ecw,(X), let . # * and &* be the filters
given as before. By Lemma 6, there exists a unique point ¥ ¢
N{FNG:Fe s * Ge®*). We show that the map fw,(X)— Y
defined f(#, ®) = y is the required map. Indeed, (1): fo @ = f; let
2 be any point of X. It is easy to see that [.S7(d(x))]* = 7 (d(f(x)))
and [FL@EW)]" = LU(f(®)). Hence ([S(d@)]*, [S(x)]") =
(L@ f@), L ((f(x)))). It follows that (f o @)(x) = f((F(d(»)),
Si(x) = f(x). (2): f is a continuous map: Since w(X) and Y
are convex ordered spaces, it is sufficient to show that f is continu-
ous from (w(X), %#7,) into (Y, ). For a fixed point (F, ©®) € w,(X),
let U be an open decreasing neighborhood of f((.#, ®)) in Y. Then
Y — U is a closed increasing set, which does not contain f((.%#, ®)).
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Thus d(f(F;,®))N(Y — U)= @. Let W be an open decreasing
set and V an open increasing set such that d(f((&; ®)) < W,
Y- U< Vand WNV =g. Then(Y — WH)U(Y —~ V) =Y. There-
fore f (Y- W)U Sf Y — V)= X. Furthermore, [f (Y — W)U
[F Y= V)=w(X). Since f(F, ®)¢ Y- W, (F, S ¢[f(Y—W).
Hence w(X) —[f (Y — W)’ is an open decreasing neighborhood
of (Z, ®) in (w(X), 7). And clearly, flo(X)—[f(Y—-W)])<c U.
Therefore f is continuous from (@,(X), %) into (Y, &°). Dually,
£ is continuous from (w,(X), %) into (Y, %). Finally, (3): f is an
increasing map: Suppose that (&7, ®) < (7, &,) and f((.75, ©,)) £
f((F;, ®,)). Since Yis a compact ordered space with a closed order,
there exists an open increasing neighborhood U of f((#;, ®,)) and
an open decreasing neighborhood V of f((;, @,)) such that UN
V = @. Thus f((&;, ®,)) ¢ V. Since f is continuous from (@,(X), #7,)
into (Y, &), there exists a closed increasing set A in X such that
w(X)— A° is an open decreasing set containing (%, ®, and
flo(X)— AY < V. Since (73, 8) < (7, @), (77, &) ew(X) — A"
It follows that f((#, ®,))e V, which contradicts the fact that
(7, 8))¢ V. Therefore f((.F;, ®)) < f(#3,®,). In particular,
the uniqueness of f is straightforward (see [7], page 97, Theorems
14, 19).

THEOREM 3. Let (X, .7, <) be a compact convex ordered space
with a semi-closed order. Then (X, 7, <) is isomorphic with
(X)), 7, =).

Proof. Let (57, ®) be a maximal bi-filter on X. Then {F N G:
Fe #,Gc@®} has a limit point, say z, in X. It follows that {x} =
N{A N B: Ae ., Be <%,}, where <Z, and <7, are closed bases of
Z in (X, %) and © in (X, &) respectively. Since X has a semi-
closed order, we have (%, ®) C (& (d(x)), & (i(x))). By the maximality
of (F,8), (F,8) = (L), & (i(x). Hence O(X) = w,(X), that
is, (X, .7, £) is iseomorphic with (w,(X), %7, =).

We recall that an ordered topological space (X, .7, <) is normally
ordered if, for every two disjoint subsets A, B of X, where 4 is a
decreasing closed set and B is an increasing closed set, there exist
two disjoint open sets U and V such that U contains A4 and is
decreasing, and V contains B and is increasing [5].

THEOREM 4. Let (X, 7, £) be a convex ordered topological space
with a semi-closed order. If w, (X) has a closed order, then X is a
normally ordered space.
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Proof. Clearly, @,(X) is a normally ordered space. Let A4 and
B be two disjoint subsets of X, where A is a decreasing closed set
and B is an increasing closed set. Thus AN B*= @. Since w,(X)
is normally ordered, there exists an open decreasing set W and an
open increasing set W’ in w,(X) such that A< W, B°S W’ and
WnN W =¢@. Further, W and W’ could be written in the form:
W= U, (X)) — B and W' = U;(@(X) — A}, where B; in I, X
and A; in I' . X. Since A* and B’ are compact, A? & U, (0(X)—B}) =
a)o(X) - ﬂ?’=1B§- = a)o(X) - (n?=1 B:)Z Simﬂarly, B wo(X) -
(N, 4;°¢ Let U=X— (N} By and V=X — (N7 4;). Then U
is an open decreasing set and V is an open increasing set. Let
xeA. Then d(x) S A, and hence (S7(d(x)), .&(i(x))) e A% Since
A’ S 0f(X) — (N By, (FLd(x), (@) ¢ (N3- By)'. It follows
that N7, B; ¢ .“7(i(x)). Hence i(x) L N}, B;. Therefore xe¢X —
»_, B;. Hence A< U. Similarly, B& V. Since [wy(X)— (N3 By)']1 N
[w(X) — (Ni= A;)*] = @, we have UN V = ©. Hence X is a normally
ordered space.

REMARK 4. If the given order on X is discrete, then the previ-
ous results reduce the corresponding results in the general topology.
However, we do not know whether the converse of Theorem 4 is
true. We finally note that, in [2], a compact ordered space G, X
with a closed order for a completely regular ordered space X is
constructed. It immediately follows that given the following
diagram:

X2 wX)

‘*°l /F{
BoX

there exists a continuous increasing map B, from (X) onto B,(X)
such that B,0® = B,. Furthermore, if w,(X) has a closed order,
B, X and w,(X) are iseomorphic under B, such that the above diagram
commutes.
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