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ON EXTENSION OF ROTUND NORMS II

K. JOHN AND V. ZIZLER

It is proved that if X is a Banach space, YC X with

X/Y separable and [|-|| is an equivalent locally uniformly
rotund norm on Y, then |[:|]| can be extended to such a norm
on X.

This generalizes [2] where it was shown that any locally uniformly
rotund equivalent norm on a closed subspace of a separable Banach
space X can be extended to such a norm on X.

By a subspace we mean a closed linear subspace, sp L. denotes
the linear hull of L and z — Z stands for the quotient map X — X/Y
if Y is a subspace of X,

Let us recall that a norm |{|-|| on a Banach space X is locally
uniformly rotund (LUR) if whenever lim 2(||z||® -- ||2;]]®) — ||x + 2;|[*=
0, z,x;€ X, then lim||lz —2;/l =0. ||| is rotund (R) if for any

v, ye X,z # vy, 22| + |yl — [l + y[P>0.

THEOREM 1. Let X be a Banach space, ¥ C X a subspace of X.
Suppose X|Y is separable and Y admits an equivalent norm || -||
which 18 LUR (R). Then ||-]|| can be extended to an equivalent norm
[l-1l on X which is LUR (R).

Proof. Let us start with the case of LUR.

First extend the given LUR norm ||-|| on Y to an equivalent
norm ||-{| on X: This can easily be done as follows: Take the
closed unit ball BY of Y with respect to ||-|] and the closed ball B
of X such that BN Yc BY. Then, easily, the Minkowski functional
of econv (B U BY) is the desired norm on X(cf. e.g., [4], [2]).

Furthermore, let {d,}5., c X/Y, &, = 0 be a dense subset of X/Y.
Let S: X/Y — X denote the Bartle-Graves continuous selection map
(Sze %) and a, = Sa,.

For ne N (N positive integers), choose f, € X*, f.(a,) = L, ||f.]| =
lla,||™, f» = 0 on Y and denote by P,(x) = f,(x)a,, P, =1 — P, where
I is the identity map on X.

Consider

lellf =A@ = ollll® + :2.12’”(1 + 1Pl [le — P | + (2],

where ¢ = 32, (1 + || P,|D~%227, ||*]| is an equivalent LUR norm on
X/ Y([3]).
Then (i) |||-||| is an equivalent norm on X which agree with [|-||
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on Y,
(ii) [+l is LUR.
(i) is easily seen.
To see (ii), assume there is an ¢ > 0 such that

(1) lim 2(|[|z][I* + [llzall) — lllz + z.[IF =0
and
(2) Il — @il > e
and find a contradiction.
From (1),
(3) lim 2([Z[]* + [|2.]]) — [|Z + &.]" =0,

(4) Um2(| PP + || Panll) — [ Pi@ + x)[* =0,  for meN

(5) lim 2(| 2 |* + [|2nll) — [lo + 2.[* =0,
(6) K = max (sup ||z,]|, 1) < o .

If xe Y, then £ = 0 and form (3), lim ||Z,.|| = 0, so there is a sequence
#, € Y with lim ||2,, — «..|| = 0 and so, by (5), (6) lim 2(|2|]* + |[a}|]>) —
ll# + 2| = 0 and therefore by LUR of ||-|| on Y, lim ||z — x,,|| = 0
and thus lim ||z — z,.|| = 0, a contradiction with (2).

If x¢ Y, write x =y, + a, a, = S%, ¥y,€¢ Y. From LUR of ||-||
on Y, there is ¢ (0, 1/2) such that whenever

ye Y, lly —wll £9,2e Y, and 2(|y | + |[z|®) — lly + 2|}
<é,

(1)

then, ||y — z|| < ¢/2. By (8) and LUR of |||,

(8) lim|[|Z, — 2] =0

and thus,

(9) lim Sz,, = S% = a, .

Let

(10) a,ef{a,}, lima, = a, =% (and thus lima, = a,) .
Furthermore,

(11) im || P[] = [la@ol| - 18,7 .

Let 6, = min {[1 + (B(|[aol] - ||@]I™ + 2))*(K + 1)]7'9, ¢/8}(0 from (7)).
Choose n,e N so that
@) ([Pl = llaoll+ [|@&|I7* + 1
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®) |la, — a,]| < 8, for each n = n,
(e) ||Z. — Z|| < 0, for each m = n,.
Keeping this n, fixed, choose n, = n, so that

(@) 2(|| Pa,(®) |} 4+ || Pay(@u) IIP) — || Puy(® + 2,,) |P <0, for each m = n,.
Choose z,, € d,, such that

12) 12, — 2] <0,

and z, €d,, such that

(138) [0, — @, 1] < 20, .

Since &, = @, + Uny 20, = Ay, + v, for some u,, v, €Y,

(14) P, (x,) = a,, — P, (21) = w, € Y and P, (2,) =v,,€Y.
Furthermore, by (d), (a), (12), (13),

2(]| Pay(@ng) [I* + 1| Pr(@n) [ — || Pay(Zay + %) 1P S 2/ Pay(@) [P + || Pry(a )II?
= Poll@ + @ )| 4 211 Pay(2,, — 2) [ Pay(2ap) | + || Pay(@) 1)
+ 2[| Pay(@n, — @a) || Pag(@a) [ + [[ Pay(@a,)[D)
+ ([ Pay(@ny — 2)|| + || Pay(@n, — 24, [)
X (| Paag) [l + 1| Pag(@) || + | Pag(@) 1| + [ Pag(wa) )
= 01+ G- [G]™ + 2)(K + 1)) =0 .

Thus, by (7) and (14),
&/2 = || P (an) — PaRa) || = %0, — 2l -
S0, [|®a, — @] S [|@n, — Zapl| + @0, — 20 || + [[24, — 2] = (7/8) <o,

a contradiction.

For the case of rotund norms we define the norm [||.||| by the
same formula as above.
Again, suppose

(1) 23l 1P + gl — 2z + yllF =0
and

(2) le —yll >e>0.

From (1),

(3" 2(1z[F+ gl — e+ glF=0

(4)  2(|P@IF + [[Pa@)*) — | Pa(x + )| =0 for neN

(&) 2(lP + llyl") — llz + 9l =0.
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If xre Y, Z =0 and from (8'),§ =0, so ¥y ¥ and from R of ||-|| on
Y and (5", = y.

If x¢ Y, then by R of |*| and by &), 2 =%. So, write z =
Qo+ Yo, ¥ = Qo + 20, Yo %€ Y, a, = SZ. By R of ||-|| on Y, there is
a (1/2) > ¢ > 0 such that whenever

ye Y’ ZGY, Hy'—yon§5’ ||Z—20”§5,

6’
(6) 201y P+ llzlP) — lly +2IF <3,
then
ly —zll =<2
Denote by 4, = min {[L + (5(llaill- @l + P& + DI, ¢/},
where K = max(||z|| = ||¥]|, 1). Let &,e{d,}, lima, = &, = %, a, = Sa,.
Then lim a, = a, lim || 2, || = || o]l - [|&] -

Thus we can choose n,e N so that ||P, || < |la,l|-[la&|™ + 1,
| @,, — @] <0,. Choose ¥, z,, € @,, such that ||z, — x| <3, |[y., — ¥l <
0, Since
0 Yng = Qny T Zagy By = Qy + Vogy Uy Vs € Y, Py (Y,,,)
yno - Puo(yno) = uno eY.

Furthermore,

20| Puy(@ug) [I* + | Pag(Wng) [[) — [| Pug(¥uy, + 20p) [IF = 2(|| Pag|*
+ 1P — [| Py + »)[?
+ 2:|| Pay(2ay — D[ (| Pay(2a) || + [ Pag(@) D)
+ 2[| Pay(¥ay — W (1 Paap) [| + [ Pay(®) 1)
+ ([ Pay(¥ny — DI + [ Pay(@n, — )11
X (| Pag 1= L1 ¥y ]+ 120l + [21] + HwII])
= 01 + G(laoli - llao|I™ + 2K + 1)) = 6.

Thus, by (6"), (7"), €/2 = || Pa(Yuy) — Pay — @a) |l = ||¥a, — 24,1|- So,
He —yll S 12— 25l + [ Yng — 2apll + |9, + ¥l £ (8/4)e < &, a con-
tradiction.

We finish the note with the following

Question. Can Theorem 1 be generalized for the case of weakly
compactly generated X/Y?
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