Pacific Journal of

Mathematics

SETS OF INTEGERS CLOSED UNDER AFFINE
OPERATORS—THE FINITE BASIS THEOREM

DEAN G. HOFFMAN AND DAVID ANTHONY KLARNER




PACIFIC JOURNAL OF MATHEMATICS
Vol. 83, No. 1, 1979

SETS OF INTEGERS CLOSED UNDER AFFINE
OPERATORS-THE FINITE BASIS THEOREMS

D. G. HoFrFMAN AND D. A. KLARNER

This paper is a continuation of investigations of sets T of
integers closed under operations f of the form f(z,, ---,2,)=
m;, + «++ + m.x, + ¢, where 7, my, -+, m, ¢ are integers
satisfying r = 2, 0¢ {m4, - -+, m,}, and ged(m,, --+,m,) =1. We
have two goals here:

(1) to prove that T={f| A> for some finite set A, where
{f|A> denotes the “smallest” set containing A and closed
under f, and

(2) to show that unless | 7| =1, T is a finite union of
infinite arithmetic progressions, either all bounded below,
or all bounded above, or all doubly infinite.

We shall lean heavily on the notation, definitions, and results of

[1].

DEFINITION 1. Let re P. An r-ary affine operator f on Z is an
operator of the form

f(wu ""xr):mlx1+ cer M, +c,

where m,, +++, m,c Z\{0}, and ce Z. Let o(f)=m, + --- + m,, let
o(f) = r.

We call f a positive operator if each m,c P, a prime operator
if » =2 and ged(m,, ---m,) = 1, and a linear operator if ¢ = 0. De-
note by < the set of all positive, prime, linear operators, and by
57 the set of all prime linear operators that are not positive. For
each fe &, (f+1|0) is a periodic set by Theorem 12 of [1]; let
o(f) be its smallest eventual period.

LEMMA 1. Let fe & let a,s, teZ, with (6(f)—1)a + s€ N, and
(0(fN—1a+teP. Then T =_f+ {s,t}|a) has an eventual period
o(f)ged(t — s, (a(f)—Da + ) = d(f)ged((¢(f)—1)a + s, (6(f)—1)a + t).

Proof. Define a sequence (T, |n € P) of subsets of Z as follows:
let T, =<{f + tla), and for ke P, let Ty, = {f + s[Ty_,> and Ty, =
{(f+t|Tyy. Then certainly each T, has an eventual period
o(f)((e(f)—Da + t), and further T' = J,cp T,.. Thus T has an eventual
period J(f)((e(f)—La + t). If (¢(f)—1)a + s = 0, we are done. Other-
wise, we may interchange the roles of s and ¢ in the argument above
to conclude that T also has an eventual period of 6(/)((a(f)—1)a + s).
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THEOREM 1. Let fe & Then there exists ve P such that for
all aeN, beP, T ={f|a,b) has an eventual period v-gecd(a, b).

Proof. We may assume ged(a, d) =1. If flx, ----, x,) = mx, +
«++ + m,x,, then T is closed under the two operators ¢ + k{a, b},
where g(x,, +++, ) = mix, + mx, + -+ + mx,, and k= m,(m,+

ceet+m,). Let v =0(9)k(c(9) —1 + k). By Lemma 1, the set T, =
{g + k{a, b}|a) has an eventual period d(g)ged(k(d — a), (6(g) — 1 + k)a),
which divides ». Similarly, T, = {g + k{a, b} |b) has an eventual
period v, thus T = (f|T, U T,» does also.

DEFINITION 2. For each fe.<”, we denote by v(f) the smallest
positive integer such that for allae NV, be P, {f|a, b) has an eventual

period v(f)(o(f) — 1)ged(a, b).

Theorem 12 of [1] considered sets {f+c¢|4)>, where (¢(f)—1)4 +
¢ C P. We remark that Theorem 1 above can be used to extend
Theorem 12 of {1] to the case {0} = (¢(f)—1)A + ¢S N.

THEOREM 2. Let fe &P let ccZ, let A<Z, with {0}+=(o(f)—1)A+
¢S N. Then {f +¢c|A) is a periodic set with an eventual period

v(fged((e(f)—DA + o).

Proof. By Theorem 1 of [1], we may assume c¢ =0. Let
acANnP. For each beN, T, =<{f|a,b) has an eventual period
v(f)(o(f)—1)ged(a, b), thus T = U,., T, has an eventual period
v(f)e(f)—1)a, and so does {f +c|A> ={f +¢|T).

LEMMA 2. Let f be a prime operator, let tcZ. Then there is
a positive, prime operator g such that for any TS Z with te T, if
T is closed under f, then T is closed under g.

Proof. 1If f is the operator mx, + --- + m,x, + ¢, then let g =
mix, + o + mix, + 2t 3 c; mem; + (6(f)+1e.

THEOREM 3. Let ACZ, let f be a prime operator. Then
(fIAY = {fIB) for some finite subset B A.

Proof. Let te A, produce g as in Lemma 2. Let a=g(0)/1—0a(g)),
let P={neZ|n = a}. By Theorem 12 of [1], and its extension noted
above, there are finite sets B, and B, such that {f{A> N P =<g|By)
and (—{f|A)NP=<g|By. But then (f|A4)=<g|B,U(—By)),
and clearly {f|B,U(—B, U{t}) = {f|4). Finally, we need only
choose a finite BS A so that B, U (=B, U {t}=<{f| B).
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With Theorem 3, we have achieved goal (1).

We now turn our attention to sets of residue classes in the ring
Z,. We make the convention that any integer divides 0; hence a =
b (mod 0) if and only if a = b, and gedé = ged{0} = 0. Further, if
deN, and A, BC Z, define AC B(modd) if for all ae A, there is
some be Bwitha = b(modd), and A = B(mod d) if A BC A (mod d).
Finally, define v(4) = ged(4 — A); and if C is a set of residue classes,
define 7(C) = Y(U.cc 4).

The following theorem is essentially Theorem 10 of [1].

THEOREM 4. Let de P, let f be a prime operator, let A< Z with
fLA S A(mod d). Then f(A) = A (mod d).

DEFINITION 3. Let R be a family of finitary operators on a set
X, let AC X. We denote by [R, A] the following family of operators:
let fe R be an r-ary operator, let K, L be a partition of [1, »] with
K+ ¢, let 7: L -~ (R| A); define a | K {-ary operator g on X as follows:
g(xtlleK) :f(yu ctty yr) ’
where
R if ieK

Y“Zlew it ieL.

Let [R, A] be the set of all such operators g. Thus T = (|R, A} | B)
is the smallest set containing B, and with the property that if f is

an r-ary operator in R, and x, %, ---, %, € (R|A) UT, and at least
one x; € T, then f(x,, ---,2,)€T. In particular, (R|A) U{R, A]|B) =
(R|AUB).

THEOREM 5. Let fe FPU 57 let ceZ, let deP, let A, B Z.
Then, if B = ¢,

{f+e¢, Al|BYy={(f+¢|AUB)(modd) .

Proof. We need only show, for all a, be Z, that a = a, (mod d)
for some a,e{[f + ¢,a]|b). We may further assume fe.? and
(o(f) — Da + ¢, (6(f)—1)b + ce P. Let s = dy(f)ged((a(f) — L)a + ¢,
(o(f) — )b + ¢), let t = o(f)(a(f) — 1)a + ¢), and suppose first s < ¢.
By Theorem 2, a + sNE{f + ¢|a, b). (Recall that for sets X and
Y, XS Y means X\Y is finite, and X = Y means XS Y< X.) Thus
we need only show

a+ sNN{f+ecalld)=4¢.
But if the above intersection is empty, then a + sNE {(f +
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¢lay="T and so T has an eventual period s by Theorem 4 of [3]. But
T has smallest eventual period ¢, so ¢ divides s, contradicting s < &.

In the general case, let ¢’ = a + kd((c(f)—1)b + ¢), where kc P
is chosen so large that o(f)((o(f)—1)a’ + ¢) > s. Since

s = dy(f)ged((a(f)—Da’ + ¢, (0(f)—1)b + ¢,

the special case above shows a’ = a, (mod d) for some a, € {[f+¢, a’]|b).
But o’ = a, (mod d).

The innocent Lemma 3 lead to the fundamental Theorem 8 on
closed subsets of Z. The following lemma, with analogous hypotheses,
will lead to the fundamental Theorem 6 below on closed subsets of
Z, deP.

LEMMA 8. Let de P, let a,beZ, let AZ z, let f be a prime
operator with

fA) + {a, b} < A (mod d) .
Then A + (@ — b) = A (mod d).

Proof. By Theorem 4, A —a = f(4) = A — b (mod d).

COROLLARY 1. Let de P, let f be a prime operator, let A, BC Z.
If f(A) + BS A(mod d), then A + ¥(B) = A (mod d).

DEFINITION 4. If f is the r-ary affine operator mx, + -+ +
m,x, + ¢, let
0.(f) = ged(m,, -+, m,) ,
and let
0,(f) = ged(mm; |1 <1 <j=7).

LEMMA 4. Let f be a linear operator, let ACZ. Then Y(f(A))=
6,(f)7(A4).

Proof. Certainly 6,(f)v(A) divides each element of f(4) — f(4) =
f(A — A); thus 6,(f)v(A) divides Y(f(4)).

For the converse, let f be the operator m,x, + --+ + m,x,; let a,
be A, as we may suppose A #* ¢.

Then, for each 1 <7 < 7,

ma — b) = (ma + --- + m,a)
— (ma + +o« +m_a +mb+ ma+ - +ma),

so m;(a — b) € f(A) — f(A). Thus v(f(A4)) divides each m,(a — b), and
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hence divides 6,(f)(a — b). This holds for all a, be A, thus Y(f(4))
divides 6,(f)v(A).

THEOREM 6. Let f be a prime operator, let ACZ, letde P. If
JlA) S A (mod d), then A + 6,(f)7(A) = A (mod d).

Proof. Let f be the r-ray operator m,x, + --- + x,2, + ¢, let

R =][l,r]. For each KC R, with K #+ ¢, define an r-ary, linear
prime operator fx, a | K| (r — 1)-ary linear operator g, and an integer
¢x as follows:

fK(xU tt .’E,,) = Zm%xz + Z mx, ,

ieK i€ R\K
gx@, ;1€ K, jeR, 1 # j) = >, mmx,;,
ie K

jeR
i+g

cx =-c(1 +i§{mi) .
Thus any set closed under f is closed under the » + | K| (+ — 1)-
ary operator fx + gx + ¢x, 0 AS (fx + 9x(4) +ex | A> S (f + | 4).
By Lemmas 3 and 4, and by Theorem 2 of [1], (we may assume the
hypotheses there apply), A + 0.(¢x)Y(A) = A (mod d). As this holds for
all K # ¢, the theorem is proved, since ged(4,(9x) | ¢ # K S R) = 6,(f).

By virtue of the above theorem, and Theorem 1 of [1], the
calculation of {f|A) (modd), where f is a prime operator, and d € P
can be reduced to the special case d = 6,(f). We are thus lead to
considering sets closed (mod 6,(f)); before we do so, we briefly in-
vestigate unary operators in the residue class rings.

Let m, Me Z, with ged(m, M) = 1.

DEFINITION 5. For each a € Nlet m!'*! = Yot m?. Thus m!" =0,
and mitl =1,

LEMMA 5. Let a,beN. Then
(i) m* = (m — Lm!? + 1,
a if m=1
(ii) m={ e — 1
m — 1
(iii) mi*+¥ = momt? + mle,
(iv) mie = (m)leIm,

if m=~ 1.

LEMMA 6. There is a unique t € N such that for all a, be N,
m'* = mP (mod M) if and only if a =b(modt). In fact,
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0 if M=0, m=1
‘e 2 ifM=0, m=—1
s| M| .
ged, my L MAY

where s is the order of m modulo M. Thus s divides t; and ¢t =0
if and only if M =0, m = 1. Also, if t # 0, mt'" = — m** (mod M).

Proof. We can assume M = 0. Let a, be N, with a < b; let
t =s | M|/ged(M, m'). Then m»—m!i*) = m*m"=*, so m* = m? (mod M)
if and only if m!?* = 0 (mod M).

If m™ % = 0 (mod M), then m** = (m — L)m!*"*! + 1 = 1 (mod M),
so b — a = ks for some ke N. Then

0 = ml* = mi* = (m*)*Iml) = km!* (mod M) ,

80 & = 0 (mod M/ged(M, m'*)), so a = b (mod ¢).
Conversely, if b — a = kt for some k< N, then

mib—el — gplktl — gplekiMi/gedar,mlshy (ms)[k]M{/gcd(M,mlS])]m(s]
Ls]
=k |M|—2——=0(mod M) .
& lgcd(M, prral )
Finally, m-m! ™ + 1 = 0 (mod M), thus mi* % = — m** (mod M),

since the mapx — mxz + 1 is a bijection on Z,.
Let T={m"|0<n <t}

LeEMMA 7. T contains t elements, all distinct modulo M. For
each a €N, m*T =T — m!*(mod M).

Proof. The first statement is a direct consequence of Lemma 6.
Also, m*T = m*m |0 < n <t} = M| 0w <t} —m?=T — mi
(modulo M) by Lemma 6.

THEOREM 7. T = (mx + 1|0) (mod M).

Proof. By Lemma 7, mT 4+ 1 =T (mod M), so T is closed under
mx + 1, (mod M). A simple induction on n shows m!™ e (mx + 1|0}

for each 0 < n < t.

COROLLARY 2. For each a, c< Z,

{mx+clay=((m—Da+ ¢)T + a (mod M) .

Proof. {(mx +clay =(m — Da + ¢){mx + 1]|0)>+a.
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COROLLARY 3. For each ce Z, and AS Z,

{mx + ¢l A = L‘L[((m —Da+ )T+ a](mod M) .

Proof. If f is any unary operator, {f}|A> = U...{f|a>.

We now turn our attention to r-ary operators on Z,.

Let reN+2, let R=[l,7r]. Let m,---,m,ecZ\{0}, with
ged(m,, -+, m,) = 1. Let f be the operator mx, + --+- + m,x,, let
0 = 6,(f). For each ie R, let

M, = ged{m;|jeR, j + i} .

The proof of the following lemma is straightforward.

LeMMA 8. For each 1€ R, ged(m,;, M,) = 1, and 6 = ged(d, m,)M,.
For each 1, je R, with © # 7, M, divides m;, but ged(M,, M;) = 1.
Finally, 0 is the product of the M;s.

For each ¢ R, let s, be the order of m, modulo M, let ¢, =
s M./ged(M,, mgs])'

LemMMmA 9. Let 2, k, ---, k,€Z, leta,, ---, a,€ P. Then kmi +
cee + komir=x (mod 0) if and only if, for all i€ R, k, = xm®~" (mod
M).

Proof. This is a chain of equivalent statements:

kEmi + -« + komi = x (mod 0)
kms + <o« + kml = x (mod M) for all 1e R
kmi = x (mod M,) for all 7e R

k, = am&Y (mod M,) for all 71eR.

COROLLARY 4. Letk, -+, k.€Z, leta,, ++-,a,e P. Then km+
o 4 kmir =0 (mod 8) if and only if k, = 0 (mod M,) for all 7¢ R.

COROLLARY 5. mi + -+ + mir = 1 (mod 0).
COROLLARY 6. Leta,, -+, 0, b, +++,b,€ N. Then mmii4... +

m,mi = mm + -. - + mml = (mod 8) +f and only if a, =0,
(mod ¢,) for each 1€ R.

Proof. Note that mmi®l + -« + mmi = mm!? + ««« + m,mb
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(mod 6) if and only if m!'% %! = 0 (mod M,) for each t¢ R, and the
rest follows from Lemma 6.

For each 1eR, let T, = {m"|0<n<t}). Let T=mT,++--+
m,T, +1. Note that T contains [l;.pt; elements, all distinct
modulo 4.

THEOREM 8. T = {(f + 1|0) (mod ).

Proof. By Theorem 4,
S+ =m(f+1]0) + oo +m(f+1]0) + 1(mod¥6) .
But for each e R,
mlf+ 1|0 =m{mx + 1[0 =m,T (mod 6) .

COROLLARY 7. Let a, cc Z. Then, modulo 0,

(f+elay=((o(f)—Da+e)T +a
=c+ %[((mi —Da +e)T; + a] .

THEOREM 9. Let cec Z, let ASZ. Then
{(f+eclA =c+ Zl,%mz UA[((mi —Da + e)T; + a] (mod 8) .

Proof. This is a consequence of Corollary 3.

This concludes our investigation of sets of residue classes closed
under a prime operator. We now apply these results to closed sets
of integers.

DEFINITION 6. A set AC Z is doubly periodic, with a double
period d € Pif A is a union of residue classes modulo d. The following
analogue of Theorem 2 of [1] is proved in an analogous fashion:

THEOREM 10. Let f be a prime operator, let A be a doubly
periodic set with double period d. Then {f|A)> has double period d.

THEOREM 11. Let A and B nonempty periodic sets with eventual
period d, let f be a positive, prime operator. Then T={f|AU(—B))
is a doubly periodic set with double period d.

Proof. We may assume fe P. Further we may assume A, B&
P; for if that special base be true, it can be applied, for general 4,
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B, to the set T"=<{f|ANPYU(—BNP)), thus 4, BS T, so
T=T.

Let D={teZ,|tn T+ ¢},

let D* = {teZ,|tn P= T},

let D-={teZ,|tN(—P)S T},

let D" ={teZ,|t< T}
Thus D°CD*ND-,and D = D" U D~. Moreover, if T is closed under
any positive operator h, then D, D*, D~ and D° are all closed under
h. In particular, f(D*ND)S D’ thus DN D" =fD"ND)YSD <
D*N D, so D°=D*ND-. By hypothesis, D™ # ¢ = D~; let se D+,
let te D~. Note that {[f, s]|t) S D~ (mod d). But {[f, s]|t) = {(fls, )
(mod d) by Theorem 5, thus s€D~, and D*< D-. Similarly, D~ <
D*, thus D= D= D* = D~.

THEOREM 12. Let fe P, let c€ Z, let AC Z, with (o(f)—1)A + ¢)
NP+~¢ = (o(f)—1A+e)N(—P). Then T = {f+ c|A) is a doubly
periodic set.

Proof. We may assume ¢ = 0. Since both TN Pand (—T)N N
are nonempty periodic sets, T'= {f | (TN P) U (T N (—N))) is a doubly
periodic set by Theorem 11.

COROLLARY 8. Let fe oz let ceZ, let ACZ, with ((6(f)—1)A+
¢)E{0}). Then T=<{f+c|A is a doubly periodic set.

Proof. By Lemma 2, T is a closed under a positive, prime
operator g. Clearly, T is neither bounded below, nor bounded above;
thus T = <{g|T) is doubly periodic by Theorem 12.

DEFINITION 7. Let AC Z, let de P. We say that A is a regular
set, with regular period d, if either

Type 1. A is a periodic set with eventual period d, or

Type 2. —A is a set of type 1, or ’

Type 3. A is a doubly periodic set with double period d.

THEOREM 13. Let TS Z, let f be a prime operator, with f(T)<S
T. Then either |T| <1, or T is a regular set with regular period

0,()1(T.

Proof. If |T|>1, then T is a regular set by Theorem 2,
Theorem 12, or Corollary 8. By Theorem 6, T has a regular period

()1 (T)-

With Theorem 13, we have achieved goal (2).
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Now let f be the prime operator f(x,, ---, x,) = mx,++-- +m,x,+
¢, and let ASZ. How can we calculate (f| 4> = T?

Fisrt, let the reader show that for any a ¢ 4, v(T) = ged(4 — f(a)).
Hence we may use Theorem 1 of [1] to reduce to the case ¥(T) = 1;
we simply replace T by 1/Y(TXT —a)S Z. (Note v(T) =0 if and
only if ((¢(f)—1)A +¢)< {0}, if and only if |T]|<1; in this case
T =A. Thus we assume Y(G) # 0.) By Theorem 13, T has a re-
gular period & = 6,(f). The next step is to calculate the set T, =
{teZ,|t NT = ¢}; this finite calculation can be readily carried out
with the aid of Theorem 9.

The type of T can be found as follows. If f is not positive, T
is of type 3. If f is positive, then, o(f) > 1; let @ = ¢/1 — o(f), let
J={ucldlu<a}, let K={ucA|lu>a). If J+¢= K, then f is
again of type 3. If J=9¢, f is of type 1, and if K=¢, f is of
type 2.

If T is of type 3, our troubles are over, as T = U,;cr,t. If T
is not of type 3, we may assume, (by replacing T with —T if
necessary), that 7 is of type 1. In this case, let

{a} if acA

S={ueZ|u>a uct for some te T,} U . ,
if agd

then clearly S is a periodic set with AU f(s)< S, and TS ScT.
Thus S is only a “little bit too big”; for many applications, this is
sufficient information.

We have a method for producing 7T from S, details will appear
elsewhere,

REFERENCES

1. D. G. Hoffman and D. A. Klarner, Sets of integers closed under affine operators-
the closure of finite sets, to appear.

2. D. G. Hoffman, Sets of integers closed under affine operators, Ph. D. thesis, Uni-
versity of Waterloo, 1976.

3. D. A. Klarner and R. Rado, Arithmetic properties of certain recursively defined
sets, Pacific J. Math., 53 (1974), 445-463.

4. D. A. Klarner, Sets generated by interation of a linear operation, Starr—CS—T72—
275, Computer Science Department, Stanford University, March 1972.

Received October 12, 1977 and in revised form November 1, 1978.

AUBURN UNIVERSITY
AUBURN, AL 36330
AND

SuNy

BingaAMTON, NY 13901



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
DONALD BABBITT (Managing Editor) J. DUGUNDIJI
University of California Department of Mathematics
Los Angeles, California 90024 University of Southern California
Huco RossI Los Angeles, California 90007
University of Utah R. FINN AND J. MILGRAM
Salt Lake City, UT 84112 Stanford University

C.C. MOORE and ANDREW OGG Stanford, California 94305

University of California
Berkeley, CA 94720

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLF K. YosHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFORNIA
CALIFORNIA INSTITUTE OF TECHNOLOGY STANFORD UNIVERSITY

UNIVERSITY OF CALIFORNIA UNIVERSITY OF HAWAII

MONTANA STATE UNIVERSITY UNIVERSITY OF TOKYO

UNIVERSITY OF NEVADA, RENO UNIVERSITY OF UTAH

NEW MEXICO STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
OREGON STATE UNIVERSITY UNIVERSITY OF WASHINGTON

UNIVERSITY OF OREGON

Printed in Japan by International Academic Printing Co., Ltd., Tokyo, Japan



Pacific Journal of Mathematics

Vol. 83, No. 1 March, 1979

Richard Neal Ball, Topological lattice-ordered groups .................... 1
Stephen Berman, On the low-dimensional cohomology of some

infinite-dimensional simple Lie algebras . ........................... 27
R. P. Boas and Gerald Thomas Cargo, Level sets of derivatives ............ 37
James K. Deveney and John Nelson Mordeson, Splitting and modularly

perfect flelds ... ... ... 45
Robert Hugh Gilman and Ronald Mark Solomon, Finite groups with small

unbalancing 2-COmMpOnents . ..........o.o.uuueeeeeneiiiiieeenanannns 55
George Gritzer, Andras Hajnal and David C. Kelly, Chain conditions in free

products of lattices with infinitary operations. ...............c.c....... 107
Benjamin Rigler Halpern, Periodic points ontori ........................ 117
Dean G. Hoffman and David Anthony Klarner, Sets of integers closed under

affine operators—the finite basis theorem ........................... 135
Rudolf-Eberhard Hoffmann, On the sobrification remainder*X — X ....... 145
Gerald William Johnson and David Lee Skoug, Scale-invariant

measurability in Wiener space ...............ouuiiiiiiieennnannnn.. 157
Michael Keisler, Integral representation for elements of the dual of

DA, E ) et e 177

Wayne C. Bell and Michael Keisler, A characterization of the representable
Lebesgue decomposition projections ...............
Wadi Mahfoud, Comparison theorems for delay differenti
R. Daniel Mauldin, The set of continuous nowhere differe
JURCHIONS .« oo oot
Robert Wilmer Miller and Mark Lawrence Teply, The des
condition relative to a torsion theory ...............
Yoshiomi Nakagami and Colin Eric Sutherland, Takesaki’
regular extensions of von Neumann algebras . . . . . . ..
William Otis Nowell, Tubular neighborhoods of Hilbert ¢
Mohan S. Putcha, Generalization of Lentin’s theory of pri
word equations in free semigroups to free product of
reals under addition . .................... ... . ....

Amitai Regev, A primeness property for central polynomi

Saburou Saitoh, The Rudin kernels on an arbitrary domai

Heinrich Steinlein, Some abstract generalizations of the
Ljusternik-Schnirelmann-Borsuk covering theorem . .


http://dx.doi.org/10.2140/pjm.1979.83.1
http://dx.doi.org/10.2140/pjm.1979.83.27
http://dx.doi.org/10.2140/pjm.1979.83.27
http://dx.doi.org/10.2140/pjm.1979.83.37
http://dx.doi.org/10.2140/pjm.1979.83.45
http://dx.doi.org/10.2140/pjm.1979.83.45
http://dx.doi.org/10.2140/pjm.1979.83.55
http://dx.doi.org/10.2140/pjm.1979.83.55
http://dx.doi.org/10.2140/pjm.1979.83.107
http://dx.doi.org/10.2140/pjm.1979.83.107
http://dx.doi.org/10.2140/pjm.1979.83.117
http://dx.doi.org/10.2140/pjm.1979.83.145
http://dx.doi.org/10.2140/pjm.1979.83.157
http://dx.doi.org/10.2140/pjm.1979.83.157
http://dx.doi.org/10.2140/pjm.1979.83.177
http://dx.doi.org/10.2140/pjm.1979.83.177
http://dx.doi.org/10.2140/pjm.1979.83.185
http://dx.doi.org/10.2140/pjm.1979.83.185
http://dx.doi.org/10.2140/pjm.1979.83.187
http://dx.doi.org/10.2140/pjm.1979.83.199
http://dx.doi.org/10.2140/pjm.1979.83.199
http://dx.doi.org/10.2140/pjm.1979.83.207
http://dx.doi.org/10.2140/pjm.1979.83.207
http://dx.doi.org/10.2140/pjm.1979.83.221
http://dx.doi.org/10.2140/pjm.1979.83.221
http://dx.doi.org/10.2140/pjm.1979.83.231
http://dx.doi.org/10.2140/pjm.1979.83.253
http://dx.doi.org/10.2140/pjm.1979.83.253
http://dx.doi.org/10.2140/pjm.1979.83.253
http://dx.doi.org/10.2140/pjm.1979.83.269
http://dx.doi.org/10.2140/pjm.1979.83.273
http://dx.doi.org/10.2140/pjm.1979.83.285
http://dx.doi.org/10.2140/pjm.1979.83.285

	
	
	

