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KENNETH S. WILLIAMS

If p is a prime congruent to 3 modulo 4, it is well-
known that the class number h(—p) of the imaginary quad-
ratic field Q(V—p) is odd. In this paper we determine h(—p)
modulo 4.

The class number of Q(τ/—p) is odd, if p is a prime congruent to
3 modulo 4 (see for example [3: p. 413]. D.H. Lehmer [4: p. 9] has
posed the problem of determining the Jacobi symbol ( — l/h(—p)) —
( — l)<Λ<-p>-υ/% that is, of determining h( — p) modulo 4. In this paper
we evaluate h( — p) modulo 4 in terms of the class number h(p) and
the fundamental unit ep = T + UV p of the corresponding real
quadratic field Q(τ/p). It is known that T and U are positive in-
tegers which satisfy T = 0 (mod 2), U = 1 (mod 2), JV^) = T2 - pU2 =
+ 1. We prove

THEOREM. If p > 3 is a prime congruent to 3 modulo 4 ίfcβw

(1) λ(-p) == h(p) + U + l(mod 4) .

It is easily checked that (1) does not hold for p = 3 (&( —3) =
fe(3) = t/ — 1). (p = 3 is a special case as this is the only value of
p = 3(mod 4) for which the ring of integers of Q(V—p) has more
than 2 units.) The method of proof is purely analytic in nature, it
uses Dirichlet's class number formula (in various forms) for both
real and imaginary quadratic fields and also some results from cy-
clotomy. It would be of interest to give a purely algebraic proof.

Proof. Let p > 3 be a prime congruent to 3 modulo 4 and set
p = exp(2πi/p). For z a complex variable, we let

(2 ) F+{z) - ff (z - <oO, F_(z) - ff (z - pj) ,
3=1 J = l

(j.'p)--fi ( i/p)=—l

so that

(3) F+(z)F_(z) = F(z) ,

where F(z) is the cyclόtomic polynomial of index p, that is,
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F{z) = ff (z - p) =
— 1

J*V and î _ are polynomials in z of degree (p — l)/2 with coefficients
in the ring of integers of Q(V—p) (see for example [6: p. 215]).
Hence we can write

(5 ) F+(z) = i (F(z) - Z{z)V~P) , ^
Δ Δ

where Y and Z are polynomials with rational integral coefficients.
From (3) and (5) we have

( 6 ) Y(z)2 + pZ{zf = 4F(z) .

It is also known [6: p.216] or [7: p. 209] that Y and Z have the
symmetry properties expressed by

(P-3)14 (p-35/4

( 7 ) Y{z)= Σ o . ( z " - 1 " — - 2") , Z ( 2 ) = Σ δ.(«*- l ) ί ϊ - + 2 ) ,

where the an and bn are integers with

α0 = 2, αx = 1, α2 = (3 -

and

(see [7] for further values of an and δw: see [6] for a table of values
of Y and Z for p ^ 29).

Differentiating the expressions in (7) and (6) with respect to z,
we obtain respectively

(p-3)/4 / / /n 1 \ \

(8) Y'{z) = Σ «. ( ( - - njs"-'"1-" - »« -M ,

Z'{z) = Σ δ ( ( y

and

( 9 ) Y{z)Y\z) + pZ(z)Z\z) = 2F\z) .

Taking z = i in (7) and (8) we obtain

f A3(l - i), if p = 3 (mod 8) ,
Y(i) — \

[A7(l + i), if p = 7 (mod 8) ,
( 1 0 )

 = i~B3(l + <), if p = 8 (mod 8) ,
W (J57(l - i), if p = 7 (mod 8) ,
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and

_ ίc« + 2Dti, if p = 3 (mod 8) ,

* ~ (C7 + 2Ai, if P = 7 (mod 8) ,

= p , + 2 F 3 i if p = 3 (mod 8) ,

(# 7 + 2 i % if p s 7 (mod 8) ,

where A3, , F7 are rational integers (given in terms of the an and
δ j . Using (10) and (11) in (6) and (9) with z = i, we obtain

[At - pBf= - 2 , i f p = 3 (mod 8) ,
( ' (AT ~ pBI= +2, if p = 7 (mod 8) ,

and

μ 3 C 3 + 2pB3F3= - 1 , 2A*D, - J)-B3S3 = p, if p = 3 (mod 8) ,
/I O\

(A7C7 + 2pjB7F7 = p, 2A7Dr - pB7E7 = 1, if p = 7 (mod 8) .

Clearly from (12) and (13) we see that A3, B3, C3, E3, A7, B7, C7 and E7

are all odd. Now Liouville [5: p. 415] has shown that

(14) Z{z) Y\z) - Z'(z) Y{z) =
Z — Lύ

Taking z = i in (14) we obtain

(15) Z(ϊ)Y'(ϊ) - Z'{ϊ)Y(i) = (L + Λf) + ΐ(L - M) ,

where

(JJ-D/2 f /27*\ (P-D/2 /27 + 1\

5*=0 \ P ' 3— 0 ^ P '

Applying the transformation i -> (p — l)/2 - i to L or M we obtain
L — ikf. Also we have

5=1 V p / 5=0 V p /

( ) ; 1 - W -i) + 2\
p /p 5 = p

(p-3)4 / Λ \ (P-D/2 / /ί \ (P-D/2

= Σ (±) + Σ (̂ -) = Σ
5=1 \ p / /4 \p /

so, by Dirichlet's class number formula (as p == 3(mod 4), p < 3) see
for example [2: p. 346], we have

(16) L = M= J2 - (A)Jfc(-p) .
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Hence from (15) and (16) we have

(17) Z{ϊ)Y\ί) - Z\i)Y{i) = 2 {2 - (^h(-p) .

Using (10) and (11) in (17), after equating real and imaginary parts,
we obtain

(18) p ( P ) = 2B*D* - A*E* > i f V = 3 (mod 8) ,
\h(-p) = 2B7D7 - A7E7 , if p = 7 (mod 8) .

Now from (13) we have

(E3=-2AZB3D3 - Bz (mod 8), if p = 3 (mod 8) ,
(19)

[E7 = -2A7B7D7 + £ 7 (mod 8), if p = 7 (mod 8) .

Using (19) in (18) we have

-A3B3 (mod 4), if p == 3 (mod 8) ,( 2 0 ) ^ ( P ) l-Λ-B7 (mod 4), if p = 7 (mod 8) .

From (4) we have F(i) = i, and so taking 2 = i in (2) and (3)
we obtain

-i{F_(t)Y = ̂ β - = ff(l + i^)- ( ί /"

= eχP + Ϊ ^ ( ) Σ (
2m + 1 2 \p/m=i\p

= exp (Λ(p)log(Γ + ϋ" v T ) + ̂ ( l - (A)) h(-p))

where we have made use of the Gauss sum

i=1 \ p

and the two results
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and

=«L((A) _
V pWp/

2m + l W - i r = M^
p / 2m + 1 V p

which follow easily by standard arguments from Dirichlet's class
number formula (see for example [2: p. 343]). Hence we have (using
(10))

(T + UV~p)h{p) = (-1) (

— (A, + B,Vp)\ if p = 3 (mod 8) ,

λ_(A7 + B7V~p)2, if p = 7 (mod 8) .
2

This is essentially a result of Arndt [1].
Expanding (T + UV~p)h{p) by the binomial theorem and equat-

ing coefficients of V p, we have as h(p) Ξ= 1 (mod 2),

JJh(p)rβ{h{p)-l)/2 _ι_ TJh(p)-2ηπ2/^(h{p)~Z)/2 ι . #

\ 2 /

A3£3, if p = 3 (mod 8) ,

A7B7, if p = 7 (mod 8) .

As Γ = 0 (mod 2), Ϊ7 Ξ= 1 (mod 2), this gives

(A3B3 (mod 4), if p = 3 (mod 8) ,

~ [A7B7 (mod 4), if p = 7 (mod 8) ,

so that

/O1x Muί>3 — C/ + 1 (mod 4), if p = 3 (mod 8) ,
(zi) up) = \

[A7B7 - 1 7 + 1 (mod 4), if p = 7 (mod 8) .
Putting (20) and (21) together, we obtain (1) as required.

From (1) we have (-l/fc(-p)) = (-l)<*<-*>-«/2 = (-ijifcw+cj^ I n

particular whenever h(p) = 1 (a common occurrence) we have

In [8] the author has treated, in a similar way, Lehmer's ques-
tion [4: p. 10] regarding h(—2p) modulo 8, when p is a prime con-
gruent to 5 modulo 8.
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