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Let G be a finite group, and S be a nonidentity 2-sub-
group of G. Then, it is naturally conjectured that there
exists a nonidentity i\Γσ(S)-invariant subgroup of S, whose
normalizer contains all the subgroups H of G with the
following properties: (a)S is a Sylow 2-subgroup of H; (β)H
does not involve the symmetric group of degree four; and
(ΐ)Cs(O2(H))c^θ2(H). The purpose of this paper is to give a
partial answer to this problem,

1* Introduction* Suppose π is a set of primes, and X is a
finite group. Let £^(X: π) be the family of all groups D that are
involved in X with the following properties; (a)D possesses a normal
simple subgroup E, (β)GD{E) £ E (that is, D/C induces outer auto-
morphisms of E), and (Ύ)D/E involves a dihedral group of order
2p for some prime ί>(^5) in π.

THEOREM. Let π be a set of primes. Suppose G is a finite
group, and S is a nonidentity 2-subgroup of G, Assume that for
any nonidentity subgroup T of S which is normal in NG(S),

(1) S is normal in some Sylow 2-subgroup of NG(T); and
(2) &(NG(T)/G0(T):π) = φ.

Then there exists a nonidentity subgroup W(S) of S which satisfies
the following conditions (a) and (b):

(a) W(S) is normal in NG(S); and
(b) W(S)O(H) is normal in H for any solvable Ίi-subgroup H

of G which satisfies the following conditions (a) and (/5):
(a) S is a Sylow 2-subgroup of H: and
(β) H is S4-free, where S4 denotes the symmetric group of

degree four.

REMARK 1.1. The condition (1) of the theorem is satisfied,
whenever S is normal in some Sylow 2-subgroup of G.

In general, suppose p is a prime, G is a finite group, and S is
a nonidentity p-subgroup of (?. Let Qd(G, S) be the family of all
subgroups H of G that satisfy the following conditions: (a) S is a
Sylow p-subgroup of H; and (β)H is p-constrained, and ^-stable (if
p = 2, S4-free). Then, what are the relations among the elements
of Qd(G, S)Ί Furthermore, what are the relations between G and
the elements of Qd(G, S)l These problems were proposed by G.
Glauberman and J. G. Thompson, and for which amazing progresses
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have been made chiefly by them over the past ten years (c. f. [4],
[5], and [6]). The theorem is for p = 2 a weak analogue of the
ZJ-Theorem [3], in which G. Glauberman treated ^-groups, namely
he succeeded in the Replacement Theorem for p-groups with class
at most 2, p odd; And he applied it to prove that ZJ(S) <| H for
any element H of Qd(G, S). In contrast with this, since we can
not find a suitable characteristic subgroup of S, we must directly
analyze the relations among the solvable elements of Qd(G, S).

The §§3 and 4 are used for preliminaries. In the §5, we get ex-
pressions among the solvable elements of Qd(G, S) through the inter-
mediary S, and in the § 6, we apply them to some groups involved
in G. In his paper [5], G. Glauberman defined a new characteristic
subgroup J(S) for a finite 2-group S which possesses good properties,
in particular, in connection with Je(S) and ΩίZ{S). In this paper,
these good properties are exploited which make possible to prove
the existence of W(S) which corresponds to ZJ(S), but unfortu-
nately, which is not in general characteristic in S. We shall treat
nonsolvable subgroups in [9].

2* Notation and definition* All groups considered in this
paper will be finite. For every finite set S, denote the number of
elements of S by |S | . Let T and U be subsets of S. T\U denotes
the set of all elements of T that do not belong to U. Let X be
a finite group, and Y and Z be subsets of X. We write 7 £
X(YaX) to indicate that Y is a (proper) subgroup of X Let
YZ = {yz;yeY,zeZ}: a n d Yz = {z-'yz y e Y, zeZ}. <•••;•••>
denotes the group which is generated by all such that . Let
[y, z] = y~1z~~1yz for any pair of elements y and z of X, and [F, Z]~
([y, z];y e Y, zeZ). Y <| X if Y is a normal subgroup of X. For
a finite group W, X cz W if X is isomorphic to W. W is involved
in X if X contains subgroups X1 and X2 such that X1 > X% and Xj
X2 ~ W; otherwise X is TF-free. For a set of primes π, π' denotes
the set of all primes which do not belong to π. We say that X is
a 7r-group if π contains the set of all prime divisors of \X\. X is
π-closed if X possesses a unique maximal π-subgroup. X is a
dihedral group if X is generated by two elements of order 2.

Suppose π is a set of primes. Denote by:
NZ(Y) the normalizer of Y in X;
GX{Y) the centralizer of Y in X;
Z(X) the center of X;
ΩX(X) the subgroup of X which is generated by every

element of X that has prime order;
Φ(X) the Frattini subgroup of X, that is, the intersection

of all maximal subgroups of X;
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Oπ(X) the maximal normal τr-subgroup of X, and let O(X) —

OZ(X) the subgroup of X which is generated by all elements
of X whose orders are coprime to any prime in π;

F(X) the fitting subgroup of X, that is, the maximal normal
nilpotent subgroup of X;

FJJX) the maximal normal solvable subgroup of X.
E(X) the subgroup of X which is generated by all quasi-

simple subnormal subgroups of X.
We say that X is quasi-simple if X = [X, X\ and X/Z(X) is simple.

In addition to the more standard terminology, for a finite group
X and a subgroup S of X, we say that X is S-irreducible if and
only if X = X1 or X2, whenever both Xι and X2 are subgroups of
X which contain S and X = (Xlf X2>.

In this paper, both the Thompson subgroup and the Glauberman
subgroup will play very crucial roles. We define them according to
G. Glauberman [6]. Suppose S is a finite 2-group. Let

de(S) — max. {]A|; A is an elementary Abelian subgroup of S) ,

Je(S) = (A; A ranges over all elementary Abelian subgroups of
S with \A\= de(S)), and Ω.ZJ.iS) - Qx{Z{Je{S))).

We say that S* is an JS'-group, if Z(S*) contains every normal
elementary Abelian subgroup V of S* which has the following
property:

Whenever R is a nonidentity elementary Abelian subgroup of
S*/Cs*(V)f t h e n \V/CV(R)\ > \R\*/2 and \[V, R]\ > \R\.

DEFINITION. Let S be a finite 2-group. Then

J(S) = <S*;S": ranges over all E'-groups such that Je(S)QS*QS)

and

ΩXZJ(S) = Ωλ(Z(J(S))) .

REMARK 1.2. J(S) 2 Je(S) (c.f. [6, Chapter II, Remark 1.1]).

3. Preliminaries and konwn results. In this section, we shall
present lemmas which will be frequently quoted and will be used
to prove Propositions 3.13 and 17.

HYPOTHESIS A. Suppose H is a finite solvable group, and S is
a subgroup of H. Assume:

(A.I) S is a Sylow 2-subgroup of H; and
(A.2) H is S4-free, where S4 denotes the symmetric group of
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degree 4.

THEOREM 3.1. (G. Glauberman) Suppose H is a finite solvable
group, and S is a subgroup of H. Assume the pair (Hy S) satisfies
Hypothesis A. Then

(a) H = CH(Z(S)lNH(Je(S))O(H);
(b) H = CB(ΩXZJ(S))NB(J£S))O(H)\ and
(c) H = CH(Z(S))NH(J(S))O(H).

Proof. See [6, Chapter II., Theorem B].

LEMMA 3.2. Suppose S is a finite 2-group. Then
(a) Je(T) = Je{S), whenever Je(S) £ T £ S;
(b) J(T) = J(S), whenever J(S) £ TQ S; and
(c) ΩXZJ{T) 2 Ω1ZJ(S)t whenever Je(S) £ T £ S.

Proo/. (a) and (b) follow from [6, Chapter II. Lemma 2.1(b)
and (d)]. If T* is an iί-subgroup of ϊ7, then Γ* is an ^-subgroup
of S by definition. So, (c) follows from (a).

LEMMA 3.3. Suppose X is a finite group, and V is a normal
subgroup of X. Let S be a Sylow p-subgroup of X. Then

(a) S Π V is a Sylow p-subgroup of V;
(b) SV/V is a Sylow p-subgroup of X/V;
(c) (Frattini argument) X = VNX(S f] V); and
(d) X = 0>(0>'(X))Nz{S).

Proof (a), (b) and (c) follow from [8, Theorem 1.3.7 and 8,
page 12]. (d) is a special case of (c).

LEMMA 3.4. (W. Burnside) Let p be a prime. Suppose P is
a finite p-group, and A is a finite group which acts on P. Assume
that A acts trivially on P/Φ(P). Then, [P, OP(A)] = 1.

Proof See [8, Theorem 5.1.4, page 174].

LEMMA 3.5. (P. Hall) Suppose p is a prime, and π is a set of
primes which contains p. Let X be a finite solvable group, Dx and
A be Hall π-subgroups of X, and S be a Sylow p-subgroup of Ώx.
Then

(a) Ώι and D2 are conjugate in X; and
(b) if S is also a Sylow p-subgroup of D2, then there exists

an element x of NX(S) such that D* — D2.
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Proof, (a) [follows from [8, Theorem 6.4.1 (ii), page 231]. (b)
follows from (a).

LEMMA 3.6. Suppose X is a finite group, and W is a normal
subgroup of X. Then, E{W) is a central product of uniquely
determined quasi-simple groups which are permuted by conjugation
of X.

Proof. See [7, Lemma (2.1)(a), page 73-74].

LEMMA 3.7. Let r be a prime. Suppose V is a finite group,
and H is a finite group which acts on V. Assume:

(1) H stabilizes a normal series of V: V 2 V1Ϊ2 1; and
(2 ) Vi is an r-group.

Then, [V,Or(H)] = 1.

Proof. Let Q be a Sylow ^-subgroup of H, where q is a prime
which is distinct from r. By (1), R normalizes some Sylow ^-sub-
group of V for any prime divisor p of | F | , and centralizes it by
[8, Theorem 5.3.2, page 178], Since q is an arbitrary prime with
qφr, by (2), we get RζZCH(V) <\ H, which implies this lemma.

We use the following famous result without notice:

LEMMA 3.8. (W. Burnside) Let X be a finite group. Assume
that the number of prime divisors of \X\ is at most 2. Then X
is solvable.

Proof. See [8, Theorem 4.3.3, page 131].

Lemma 3.9. Suppose H is a finite {2, Z}-group. Then, the
following (a) and (b) are equivalent'.

(a) H - 08,2i8(.ff);
(b) H is S4-free, where S4 denotes the symmetric group of

degree four.

Proof. Obviously, (b) follows from (a). Assume (b). Let X
be an involved group in H minimal subject to satisfying H Φ
03>2,3(iϊ). Then, X possesses the following properties: (a) X =
02)3>2(X), (/9)O2(X) is a nonidentity elementary Abelian group, (7) the
order of a Sylow 3-subgroup Q of X is 3, and (δ)Cx(Q) Π O2(X) = 1.
So, NX(Q) is isomorphic to the symmetric group of degree three,
and O2(X) is a four group. This implies that X C=L S\ as required.
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Hence, this lemma is proved.

The next lemma immediately follows from the definitions.

LEMMA 3.10. Suppose H is a finite group, and S is a Sylow
2-subgroup of H. Then, H possesses S-irreducible subgroups {H^
l<>i^t} with a Sylow 2-subgroup S such that H

LEMMA 3.11. Suppose H is a finite solvable S-irreducible group
with a Sylow 2-subgroup S. Let V be a normal subgroup of H»
Then

(a) H/V is SV/V-irreducible;
(b) H is a {2, r}-group for some prime r;
(c) H=O2>r,2(H).

Let R be a Sylow r-subgroup of H.
(d) SΦ(R)IO2(H)Φ(R) acts irreducibly on RO2(H)JO2(H)Φ(R);
(e) if O\H) g V, then Sϊ\V<\H.

In the following statements, we assume that H is not 2-closed.
(f) if SQ V, then V = H, that is, H = O2'(H);
(g) if 0\H)£V, then RnVQΦ(R), and H/V involves a

dihedral group of order 2r.
(h) if r ΦZ, one of the following holds:

(h.l) H is 7--closed;
(h.2) H = C^Ω.ZiS)) - SC^Ω.ZJiS));
(h.3) H = NH(Je(S)) = NH(J(S));
(h.4) H = NB(J.(S)) = C^Ω.ZiS));

(i) if r Φ 3, there exists a (possibly trivial) characteristic
subgroup T of S which is normal in H and H/T is r-closed.

Proof, (a) follows from the definitions.
(b) follows from a theorem of P. Hall [8, Theorem 6.4.1, page

231].

To prove (c), suppose Hz)O2>r>2(H). Let T = S Π 02>rt2(H), 11,=
NH(T), and H2 - 02>r(H)S. Then, #=> H, 2 S, 1 ^ i ^ 2, and H =
jHijBΓg by the Frattini argument, which contradicts the fact that H
is S-irreducible.

(d) follows from a theorem of H. Maschke [8, Theorem 3.3.1,
page 66].

(e) By the Frattini argument, H = NH(S Γ) V)(VS). As O\H)^
VS,SQVSczH. Since H is S-irreducible, H = NH(S n V), as
required.

(f) Suppose O\H) g F. By (e), H = NH(S), which contradicts
the fact that H is not 2-closed. Hence, VΏθ\H)S = H, as required.
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(g) By (d), R n V £ Φ(R). To prove the latter part of (g),
we may assume F 2 O2(£Γ). Let H = H/V. Then, a theorem of R.
Baer [8, Theorem 3.8.2. page 105] implies that H possesses involu-
tions x and y such that (x, y) is not a 2-group, which implies (g).

To prove (h), assume H Φ Or(H)S; then, by Theorem 3.1, H =
CH = (Z(S))NH(Je(S)) = CMZftSWMS)) = Cz&ZiSWitfiS)).
Since H is S-irreducible, we get (h).

( i ) Let T be a characteristic subgroup of S maximal subject
to satisfying Γ < ΉL By Theorem 3.1, H=C^Z(S))N^(Je(S))(O(H)S).
Then we conclude H = O(1Γ)S by (a) and the maximality of T.

LEMMA 3.12. Let r be a prime with r ^ 5. Suppose D is a
finite group, {A; 1 ^ i ^ }̂ ^^β normal subgroups of D, S is a 2-
subgroup of D, and H is a {2, r}-subgroup of D with a Sylow 2-
subgroup S. Assume:

(1) S is normal in some Sylow 2-subgroup of D;
(2) H is an S-irreducible group which is not 2-closed;

(3) θ"Cff)£AA—A.;
(4) [A, A] = 1 /or αiί i; 1 ^ ΐ ^ j ^ w;
(5) A Π < Dj) l<LjΦi<^n> is a 2-group for each ί; 1 ^

Then there exist subgroups {iζ; 1 ^ i ^ }̂ of D which satisfy the
following conditions:

(a) Kt is a {2, r}-group with a Sylow 2-subgroup S, 1 ^ i ^ n;
(b) O\K%) S A / o r all i l ^ i ^ n;
(c) <JBL4; 1 ^ ΐ ^ ^> is α {2, r}-group with a Sylow 2-subgroup

S, and H Q (K,; l ^ i ^ n);
(d) fhhere exists a subgroup T of S which satisfies the follow-

ing conditions:
(d.l) T is normal in (ND(S), Kc 1 ^ i ^ n); and
(d.2) (Kt; 1 ^ i ^ ^>/Γ is r-closed.

For any subgroup J of S,
(e) i/ O2(-ff) 2 /, then 02{Kt) 2 J /or all i l ^ i ^ n;
(f) i/ O\H) £ [O2ir(jff)f J ] , i/^e^ O T O £ [O,, ,^) , J ] /or all i;

(g) i/ H is r-closed, then (Kt; 1 <j i ^ w) is r-closed.

Proof. In this proof, for any subgroup X of D, we let

-XT** = {xt; x&z' - xneXn A A Ά a n d «<e A, 1 ^ i ^ ^

Since A <3 A it is easily verified that for any subgroup X of

A
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(3.12.1) NB(Xf) 2 ND(X) for all i; 1 ^ i ^ n .

For another subgroup Y of D, by (4),

(3.12.2) [Xn AA -A,, Yn A A A ] £ l-X<*, IT1]; 1 ^ * ^ w ,

and

(3.12.3) [Xt*, Y n A A - D,] = [X?, Yt*] f o r all ί l ^ i ^ n .

Suppose O\H) £ A f° r some i; 1 g* i ^, n. By Lemma 3.11(i), there
exists a subgroup T oί S such that Γ is normal in (ND(S), H) and
H/T is r-closed. Hence, setting Kt = H and if,- = S for other
j l ^ j Φ i ^ n, we can easily verify that all our assertions hold.
Thus, we may assume that:

(3.12.4) O\H) g Di for all i; 1 £ i ^ n .

So, by Lemma 3.11(e),

(3.12.5) S Π A < H for all i; 1 g i <, n .

By (3.12.1) and (5),

(3.12.6) O2(H)f is a 2-group which is normalized by H for all

By (1), there exists a Sylow 2-subgroup £7 of D in which S is
normal. Since U £ iNΓ̂ S) £ 2VΛ(S4*) and O f̂l"),* £ Sf, we obtain
that O2(£Γ)f £ U for all ΐ; 1 ^ ϊ ^ n. Since S < Ϊ7, [O2(f?)f, S] £
S Π A for all i; 1 ^ i ^ w. Hence, by (3.12.5) and (3.12.6), S £
CH(Oz(H)f/(S Π A)) <\ H for all ΐ; 1 ^ i ^ w. So, by (2) and Lemma

(3.12.7) H = CH(O2(H)t/(S n A)) for all i; 1 ^ i ^ w .

Let Γ = ( S n ΰ , ; U ^ w>. By (3.12.5),

(3.12.8) T <\ (ND(S), H) .

Let 72 be a Sylow r-subgroup of H. Then, by (3.12.2), (3.12.3) and
(3.12.7),

[O,(.ff), R] = [0,(10, Λ, -B]

( } £ <[0,(10f,

£ (S n A ; i
£ Γ .
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So, by (2) and Lemma 3.11(c).

(3.12.10) HIT is r-closed.

By (3), (3.12.2), (3.12.3) and (3.12.5),[Γ, Λ?] = [S n A, Rf] = [S n
A, JB] £ S Π A £ Γ. Hence, 12? normalizes Γ, so that

(3.12.11) Or(Rf) normalizes T for all i; 1 ^ i ^ n .

Then, by (3.12.1), (3.12.10) and the Frattini argument,

#*(«?)Γ £ NH{Or{Rf)T)
, * io ION

 S £ *

for all i l ^ i ^ n .

It follows that SOr(R?) is a {2, r}-group with a Sylow 2-subgroup
S for all i; 1 ^ i ^ w. Let iί, = SOr(Rf), l ^ i ^ n . Now, we will
check that iQ; 1 <; i ^ w satisfy all the conclusions of this lemma.

(a) is proved in the above argument.
Since O\Kt) = (Or(Rt)x; x e i Q £ A, 1 ^ ΐ ^ w, we get (b). By

(4) and (5), i?,* is r-closed, l^i^n, so that H = SR £ S (Or(Rf);
ί^i^n) = ( ^ 1 ^ i ^ n>. Since [0,(22?), Or(Λ* )] = 1,1 ^ i ^ i ^
n, it follows that {i^; 1 ^ ΐ ^ n} is a {2, r}-group with a Sylow 2-
subgroup S. Thus (c) is proved.

By (3.12.8), T <\ ND(S). Then, (d, 1) follows from (3.12.11), and
(d.2) follows from (3.12.12). Thus, (d) is proved.

Let J be a subgroup of S. Since J normalizes O\H), we get:

(3.12.13) [O2(H), J]ϊ = [O\H)f, J] for all i; 1 ^ i ^ n .

Suppose J S O2(H). Then by (d), [O\H)} J] £ ϊ7. By (d) and
(3.12.13), [O\H)ΐ, J ] £ 27, 1 £ i ^ Λ. It follows that

[Or(Λ?), J][Or(Rf)9 J ] . .[Or(Λί), J ]

is a 2-group, which implies (e).
Suppose O\H) £ [O2ff.(JΪ), J ] . Since H = 02>r,2(H), we have that

R £ [O2(£D, J ] . Hence, Or{Rf) £ [Or(Λ?), J ] £ [O2,r(iί), J ] , 1 ^ i S n,
which implies (f).

Finally, suppose ίΠs r-closed. Then, [O\H)y Γ] = l. By (3.12.2),
[OXKi), T] = 1,1 ^ i ^ w. By (d), it follows that i^ is r-closed for
all i; 1 ^ i ^ n, which proves (g). Hence this lemma is proved.

PROPOSITION 3.13. Let r be α prime with r ^ 5. Suppose D
α finite group, V is α normal subgroup of D, {A; 1 ^ i ^ w) are
normal subgroups of D all of which contain V, S is a 2-subgroup
of A o,nd H is a {2, r}-subgroup of D with a Sylow 2-subgroup S.
Assume:
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(1) S is normal in some Sylow 2-subgroup of D;
(2) H is an S-ir'reducible group which is not 2-closed;

(3) 0"(jff)£AA --A.;
(4 ) V is 2-closed with O2(V) = S Π V.

Let X = XV/V for any subgroup X of D.
(5 ) [pif £,-]_= 1 for all i, j l^iΦ j £ n;
( 6 ) Dif] {Dβ\ l<LjΦi<Lny%sa 2-group for each i; l<.i<*n.

Then there exist subgroups {L^ 1 ^ i ^ t) of D which satisfy the
following conditions:

(a) Lt is an S-irreducible {2, r}-group with a Sylow 2-subgroup
S for all i; 1 ^ i ^ t;

(b) (Z^; 1 ^ i ^ ί) is α {2, r)-group with a Sylow 2-subgroup
S, and HQ <L,; 1 ^i^t);

(c) £/&ere exists a subgroup T of S which is normal in (ND(S),
Li] 1% i ^ ty, and <Lέ; 1 ^ i ^ ί)/jΓ is r-closed.

(d) /or eαcfo Lif 1 ^ i ^ tf O2(L<) is contained in some D3, 1 <̂

i ^ ^
(e) ΐ / ί ί = N H ( J e ( S ) ) , then L t - N L i ( J e ( S ) ) for all i;l£i£ t;
(f) i / ί ί ^ N H ( J e ( S ) ) , then L t Φ N L . ( J e ( S ) ) , l ^ i ^ t ; and
( g ) if H/VΓι S is r-closed, then LJVΠ S is r-closed, 1 <^ i <*t.

Proof. In this proof, let X — XVIV for any subgroup X of
D. By Lemma 3.12, there exist subgroups {K^ 1 <; i <; w} of 5
which satisfy all the conclusions of Lemma 3.12. Let F1 be a Hall
{2, r}-subgroup of the pre-image of {j^; 1 ^ i <; n) in D which
contains H. Then, by (4) and Lemma 3.12(c),

(3.13.1) F1 is a {2, r}-group with a Sylow 2-subgroup

S,H^F1 and Fx = (Kt; 1 ^ i ^ n) .

By Lemma 3.12(d), there exists a subgroup T of S such that:

(3.13.2) f < <iV^(S), Fx> and ^ / f is r-closed.

Let T be the intersection of S and the pre-image of T if H is not
r-closed; otherwise, T — S Π F. Then, by (2) and Lemma 3.11(e),

(3.13.3) H= NH(T) .

Let F2 = NF,(T). Then, by (3.13.3), Lemma 3.12(c) and (g),

(3.13.4) HQF2, T<\F2, FJT is r-closed, and ί ϊ

2 =<Z i ; 1 ^i^

Finally, let JF = NF2(Je(S)) ifH = NH(JP(S)); otherwise, let F =
[O2,XF2), J e (S))]S. By (2) and Lemma 3.11(d), if H Φ NH(Je(S)), t h e n
O 2 (i ϊ) £ [O 2, r(iϊ), J e ( S ) ] . So, in e i ther case t h a t H = NH(Je(S)) or
HΦNH(Je(S)),
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(3.13.5) HQF.

By (3.13.4), Lemma 3.12(e) and (f),

(3.13.6) T<\ F and F/T is r-closed; and

(3.13.7) F = <Kt; 1 ^ i ^ n) .

By Lemma 3.12(g),

(3.13.8) if jff/Fn S is r-closed, then F / F ί l S is r-closed.

By (3.13.7),

(3.13.9) F= ((FΠ A)S; l ^ i ^ n ) .

Since S is a Sylow 2-subgroup of (F f] DJS, by Lemma 3.10,

(3.13.10) each (F f] Dt)S is generated by S-irreducible

subgroups with a Sylow 2-subgroup S,l ^ i ^ n .

Therefore, there exist subgroups {Lt; 1 ^ i ^ ί} of i*7 which satisfy
the following conditions:

Li is an S-irreducible group with a Sylow 2-subgroup
(3.13.11) .

o, 1 ^ t ^ c

(3.13.12) for each Lif 1 ^ i S t, O2(L )̂ is contained in some

Dίf 1^ j £n .

Furthermore, by (3.13.9),

(3.13.13) (W, l ^ i ^ t ) = F .

Then, we may assume that:

(3.13.14) F z ) ( L i ; 1 ^ i Φ j ^ t ) f o r a n y j l ^ j £ t .

Now, we check that {Lέ; 1 ^ i ^ ί} satisfy all the conclusions of
this lemma. Since F is a {2, r}-group, (a) follows from (3.13.11),
and (b) follows from (3.13.5) and (3.13.13). Since T<\ND(S), (c)
follows from (3.13.6). (d) follows from (3.13.12). And, (g) follows
from (3.13.8).

To prove (e), suppose H = NH(Je(S)). Then F = NF(Je(S)), so
that Li = NL.(Je(S)) for all i; 1 <̂  i ^ ί, which proves (e). Next,
suppose H Φ NH{Je(S)). Then by definition,

(3.13.15) F = [O2,XF), J.(S)]S .

L e t L t Φ N L i ( J e ( S ) ) , 1 ^ i ^ β , a n d L , - N L j ( J e ( S ) ) , s + l ^ j ^ t .
Then, F=(NF(Je(S)), Lt; l^i^s}. By (3.13.15), F=[02, r(F), J.(S)]S=
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<L,; 1 ^ ί ^ s). So, by (3.13.14), s = t. Thus, we conclude that
Li Φ NL.(Je(S)) for all ί; 1 ^ i ^ £, which proves (f). Hence this
lemma is proved.

HYPOTHESIS B.I. Suppose M is a finite group, T7 is a normal
subgroup of M, and Y is a subgroup of W. Assume:

(B.I) W=E(W) = E1x x Er, where # , is a non-Abelian
simple group with Ek ~ Elf 1 <^ k ^ r; and

(B.2) ftί7 for all k; 1 ^ & ̂  r.
Let Λt = {1, 2, , r}. We identity JE74 with the element k of /I,
1 ^ k <; r. Let Γ be the following family of subsets of Λ:

Γ — {{klf , ks}; {k19 , ks} is minimal under inclusion such that
Γ n ί ^ x x Eka)Φl}. We say that s is the length of {klf ••-,&,}.
Let τrfc be the projection mapping from W to Ekfl <Lk <Lr.

PROPOSITION 3.14. Assume Hypothesis B.I. Assume also that:
(B.0) whenever I ^ k ^ r, πk(Y) = Ek.

Then
(a) /or aw?/ distinct elements {klf , &J αwd {jlf , i j o/ Γ,

{fci, •• ,&β}Π {ji, -- ,Jt} = 0 ;
(b) IΓHI^Γ ;
(c) | F | 2 ^ | T F | ;
(d) if equality holds in (c), then

(d.l) r is e#e%;
/or suitable renumbering Λ,

(d.2) Γ = {{fc, fc + r/2}; 1 ^ fe ^ r/2};
(d.3) F = π S i ( r n (#* x ^*+r/2)), and y n (Ek x^ + r / 2 ) ^ E19

l^k £ r/2.
(e) conversely, if the lengths of all elements of Γ are equal to

2, then equality holds in (c);
(f) W centralizes ( Π U NM(Ek)) Π ^ (

Proof. Take an arbitrary element {fcx, , fcj of Γ. We may
assume that {ku , fcβ} = {1, , «}, renumbering if necessary.

Let Fo = F n (Π/Li j&fc), and let ^Λ be the projection mapping
from Yo to Ek, 1 ^ fc ^ s.

By minimal nature of {1, , s},

(3.14.1) Kerffc = 1, and lmψk Φ 1, I ^ k ^ s .

Since Γo < Γ, by (3.14.1), (B.I) and (B.0),

(3.14.2) Im^ A = <(Im^fc)
r> = ((lmψkyk) = Ek, 1 £ k ^ s .

By (3.14.1) and (3.14.2), we conclude that ^k is an isomorphism
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for all k; 1 ̂  k ^ s.
Therefore,

(3.14.3) Yo ~ Eλ .

To prove (a), take distinct elements {ku •••,&,} and {ily ••-,,?*}
of Γ.

Let F ^ Γ n ( Π ; = i ^ ) , and Y2 = Γ Π ( Π U •#,-,). By minimality
of {fclf - , fc.} and 0\, ., j t ) , Γ x n Γ2 = 1. Since Y i < Γ and Γ 2 <]Γ,

(3.14.4) [ ^ , 5 ^ = 1 .

Suppose that {klf •••,&,}(! {ii, , i j Φ 0 , and take ft in this
intersection. By (3.14.4) and (B.0), 1 = [¥>(¥,), Ψh{Y2)] = [Ek, Eh],
which contradicts (B.I), and (a) is proved. Then (B.0) implies that
Λ = U7 (disjoint union), where 7 ranges over all the elements of
Γ. Then (3.14.3) yields (b), and (c) follows from (b) and (B.2).

Assume equality holds in (c). By (c), r is even, and we may
assume that Γ = {{&, k + r/2}; 1 ̂  k ^ r/2}. By (a) and (3.14.3),

Y = TΪ (YΠ (Ek x Ek+r/2)) ~ ft Ek ,

which proves (d).
(e) follows from (b) and (B.0). Finally, to prove (f), take an

arbitrary subscript k and an arbitrary element xk of Ek. By (B.0),
Y possesses an element y such that y — x1- av xr, where xt^Eu

l ^ i ^ r . Let K=(ΠUiNx{Ek))nCM(Y). Then 1 = [K, y] = [K,
xλ} .[JSΓ, xk] -[K, xr], and [Z, xτ] Q Ei9 l^i^r. Therefore [K, xk] =
1, which implies (f).

HYPOTHESIS B.II: Assume Hypothesis B.I. Let q be an odd
prime. Suppose N is a subgroup of M which normalizes Y, H is a
subgroup of N, and S is a Sylow 2-subgroup of H. Assume also
that:

(B.3) N=(H,NN(S));
(B.4) there exists a subgroup T of S such that

(B.4.1) T(S Π O2(2SΓ)) = S, and
(B.4.2) [JB, Γ] £ Y for any S-invariant g-subgroup R of TΓ;

(B.5) there exists an S-invarίant ^-subgroup Q of W such that
<^(Q)*; x e N) = W.

Only for convenience to state and prove the following Proposi-
tion 3.15, we need one more hypothesis:

HYPOTHESIS B.III: Assume Hypothesis B.II. Assume also that:
(B.0) whenever 1 ̂  k ^ r, πk(Y) = Ek; and
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(B.6) \Y\2=\W\.

PROPOSITION 3.15. Assume Hypothesis B.Π. Then 0\02>(H))
normalizes each Eky 1 ^ k ^ r. Moreover, at least one of the follow-
ing (a) or (b) holds:

(a) T normalizes each Ek, 1 ^ k ^ r; or
(b) Hypothesis B.IΠ is satisfied, and T fixes each element of

Γ.

Proof. The proof is separated into seven steps. In the first
step, we will note down the matters which will be needed for the
development of the proof.

Step 1. (La) O2(N) n S <\ N;
(l.b) (πί{Q)m;xeNAEd>=E1;
(l.c) N acts transitively on A;
(l.d) N induces a permutation of Γ, and if Hypothesis (B.0) is

satisfied, N acts transitively on Γ; and
(l.e) if Hypothesis (B.0) is satisfied and the length of some

element of Γ is equal to 2, then Hypothesis B.IΠ is satisfied.

Proof of Step 1. Since S i s a Sylow 2-subgroup of H, O2(N)n
S<]H. Since O2(N) n S < ] NN(S), (B.3) yields (La).

By (B.5), E1 = EίΠ (π^QY; x e N) = (π^QY; x 6 NN(EJ), which
proves (l.b). Again, by (B.5), (l.c) follows from (l.b).

Since N leaves invariant Y, N induces a permutation of Γ. By
Proposition 3.14(a) and (l.c), Γ = {γx;xeN}, which proves (l.d).
Suppose Hypothesis (B.0) is satisfied and the length of some element
of Γ is equal to 2. Then by (l.d), the lengths of all elements of
Γ are equal to 2. (l.e) follows from (l.d) and Proposition 3.14(e).

Step 2. Fix k = 1, 2, , r. Let Rk be a g-subgroup of Ek.,
Assume:

(1) Ns(Ek) normalizes Rk;
(2 ) (Rl; x e NN(Ek)) = Ek; and
( 3 ) T does not normalize Ek.

Then
(2.a) Hypothesis B.IΠ is satisfied; and
(2.b) whenever xeT and kx Φ kf {k, kx} lies in Γ.

Proof of Step 2. Let R = (R\\ yeS). By (1), R is an S-invari-
ant g-subgroup of W. By (3), there exists an element x of T such
that El Φ Ek. By (B.4.2),
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(3.15.1) πk(Y) 2 πk([R, T]) 2 πk([R, x]) = πk(Rk) = Rk,

and

(3.15.2) Yf)(Ekx El) 2 Y Π [Λ*, s] =* 1 .

Since Γ is iV-invariant, by (2) and (3.15.1), τr4(Γ)2<i2ϊ; 2/ 6 NN(Ek)) =
Ek. By (l.c),

(3.15.3)

By (3.15.2),

(3.15.4) {fc, &*} lies in Γ .

Then (2.a) follows from (3.15.3), (3.15.4) and (l.e). Since x is an
arbitrary element of T such that kx Φ k, (2.b) follows from (3.15.4).
Hence this lemma is proved.

Let {Γ% x e S} = {1, 2, , s}, renumbering if necessary.

3. Assume T does not normalize some Ek, l^k<Ls. Then
(3.a) Hypothesis B.IΠ is satisfied; and
(3.b) whenever xeT and kx Φ k} {&, k*} lies in Γ.

Proof of Step 3. By (B.5) and (l.b), Ns(Ek) normalizes πk(Q)
and (πk(Q)y; y e NN(Ek)} = Ek. Thus, this step follows from Step 2.

Let {l ; x e O2(iV) n S} - {1, 2, , w}, and

{lx; x 6 Jϊ} = {1, 2, , fe}, renumbering if necessary.

Step 4. Assume w Φ s. Then
(4.a) Hypothesis B.IΠ is satisfied;
(4.b) 2w = s;
(4.c) λ/tt; is even.

Proof of Step 4. Since O2(N) Π S <\ H by (l.a), for any element
x of fl*,

(3.15.5) {1, 2, , wγ is an (O2(N) n S)-orbit; and

(3.15.6) {1, 2, ., w) n {1, 2, , w} = 0 or {1, 2, . ., w) .

Since w Φ s, by (B.4.1), there exists an element t of T such that
{1, 2, , w) n {1, 2, . , wY = 0. Let kt = k + wfl^k^w. Then
we get (4.a) from (3.a). Then by (3.b),

(3.15.7) {k, k + w} lies in Γ for all k; 1 ^ k ^ w .
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Now, to prove (4.b), by (B.4.1) and (3.15.5), we may only show
that:

(3.15.8) for any element x of Γ, {1, 2, , w}x £ {1, 2, , 2w) .

Assume that {1, 2, , w}x Φ {1, 2, , w) for some element x of T.
Since t is an arbitrary element of T with {1, 2, , w}1 Φ {1, 2, ,
w} in (3.15.7), we obtain that {k, kx) lies in Γ for all k; l<,k^w.
Then by Proposition 3.14(a), kx = k* = k + w for all k l^k ^ w,
which implies (3.15.8). Hence, (4.b) is proved. To prove (4.c), it
is enough to show that:

,o i C ™ n ί1' 2> * '> 2 ^ ' = 0 or {1, 2,
ior any element x of if .

Assume that for some element x of if, {1, 2, , 2w}Π {1, 2, , 2w}xΦ
0 , and take j in this intersection. Then by (3.15.7), {j, j + w*}
lies in Γ1, where w* = w if 1 ^ i ^ w, and w* = — w if w + 1 ^
i £ 2w. So, by (l.d), {j*~~\ (j + w*)35"1} lies in Γ. Since i 2 " 1 lies in
{1, 2, , 2w}f by (3.15.7) and Proposition 3.14(a), (j + w*)x~ι lies in
{1, 2, . , 2w}. It follows that {1, 2, , w] Π {1, 2, , 2w}* ^ 0 and
{w + 1, w + 2, , 2w} n {1, 2, , 2w}x Φ 0 . Then, (3.15.9) follows
from (3.15.6). Hence (4.c) is proved.

Step 5. NsiEJ is a Sylow 2-subgroup of

Proof of Step 5. In this proof, for any natural number n, let
n2 be the highest power of 2 which divides n.

Let v = fe/w.

By Step 4, we have that either s = w or s = 2w and i; is even.
Thus,

(3.15.10) s ^ wv2 .

Since 1 ^ ( ^ ) 1 , = |ίί|2//ι2 = |S|/wv2 - liV^JKβ/wv,), (3.15.10) implies
that INH^E^IZ^ INsiE^l, which proves this step.

Step 6. Assume T does not normalize some Ek, 1 ^ k ^ h.
Then

(6.a) Hypothesis B.IΠ is satisfied;
(6.b) h is even; and
(6.c) for some suitable renumbering, whenever 1 <̂  k ^ h/2,

then {k, k + h/2} lies in Γ, and {k, k + fe/2}' = {k, k + fe/2} for any
element t of T.
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Proof of Step 6. Let V be a Sylow 2-subgroup of NH(Ek)
which contains Ns(Ek). By Step 5, there exists an element z of H
such that NsiEiY = V and El = Ek. Then by (l.b), <πι(Q*)lf; 2/ e
NN(Ek)} = Ek. By (B.5), V normalizes πx(QY = τrfc(Q*), so that JV̂ JB )̂
normalizes πk(Qz). Hence, (3.a) yields (6.a).

Let x be an element of T such that kx Φ k. By (3.b), {k, kx}
lies in Γ. By (l.d) and Proposition 3.14(a),

{k, kx}y lies in Γ for any element y of if, and

(3.15.11) {1, 2, , ft}.= U {K kx}y (disjoint union), where
y

y ranges over all the elements of H .

This implies (6.b). Moreover, renumbering if necessary, we
may assume: {k, k + ft/2} lies in Γ, 1 <̂  k ^ ft/2. To prove the final
assertion of this step, take an element ί of Γ and an element
{k, k + ft/2} of Γ, 1 ^ k ^ ft/2. Then by the above, k = k* or {fc, &*}
lies in Γ, so that {k, k + ft/2}Π{&, fc + ft/2}' Φ 0 . Then by (3.15.11),
{k, k + ft/2}* = {fc, Λ + ft/2}, as required.

Step 7. O\O*'(H)) normalizes each Ek,l^k^h.

Proof of Step 7. First, assume that T normalizes each Ekf 1 ^
k^h. Let #o = n L i i \ ^ ( # f c ) . By (B.4.1) and (l.a), S = (O2(2SΓ) n
S ) Γ £ (O2(iSΓ) n S)ίf0 < if. Thus, O\O2'(H)) £ ίf0, as required. So,
we may assume that T does not normalize some Ek, 1 ^ & ̂  ft.
Then, Step 6 shows that Hypothesis B.III is satisfied, and we may
assume that {&, k + ft/2} lies in Γ,l^k<L ft/2. Let Ht = {x6iϊ;
{fc, & + ft/2}x = {&, & + ft/2} for all k l ^ k ^ ft/2}. Then by (B.4.1),
(l.a) and (6.c), S = (O2(iV) n S ) Γ £ (O2(N) f] S)^ <\ H. Thus,

O\O*\H)) £ ft .

Since the lengths of all elements of Γ are equal to 2 and 0\02'{H))
is generated by elements of odd order, O\O2\H)) must fix each
Ek, 1 ^ & 5g ft. Hence this step is proved.

Proof of Proposition 3.15. By Lemma 3.3(d),

H = OW'(H))NH(S) .

So, by (B.3),

(3.15.12) N = ψχσ\H)), NN(S)) .

Take an element g of NN(S). Let Q* = (πάQY' y eS), k = 1% and
7 be an element of Γ which contains k. By (B.5), Q* is an
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S-invariant g-subgroup of W, and by (l.b), (πk(Q*)y; yeNN(Ek)}=Ek.
Then, replacing Ek by Eu all the assumptions of Hypothesis B.Π
are satisfied. Then Step 7 and (6.c) show that: 0\02'{H)) normalizes
Ek; and T fixes k, or Hypothesis B.IΠ is satisfied and T fixes 7.
Since x is an arbitrary element of NN(S), by (l.c) and (3.15.12),
NN(S) acts transitively on A. Then, the above argument implies
this lemma.

LEMMA 3.16. Let p be a prime with p ;> 5. Suppose M is a
finite group, W is a normal subgroup of M, and H is a subgroup
of M with a Sylow 2-subgroup S. Assume:

(1) W = E( W) = JEΊ x E2 X x Er, where Ek is non-Abelian
simple, 1 <; k <; r;

(2) H is an S-irredueible {2, p}-group which is not 2-closed;

( 3) i ϊ = O2(£Γ)(nU ΛΓHGEW); and
(4) ur(TFir:p) = 0 .

Then

O\H)Q WCM(W) .

Proof. Let Ho = Πί=i ^ H ( ^ ) .

Then, flo < £Γ.
By (3),

H0/O2(H0) is isomorphic to a homomorphic image of
( 3 < ' } H, and O2(iί) £ -Ho

Suppose O2(JBΓ0) $ EkCM(Ek) for some fc; 1 ^ fc ^ r. Then by Lemma
3.11(g), H0/(H0 n EkCM{Ek)) involves a dihedral group of order 2p,
which contradicts (4). Hence, O\H)Qθ2(H0)QΓiUiEkCM(Ek)Q WCM(W),
as required.

PROPOSITION 3.17. Let p be a prime with p ^ 5. Assume
Hypothesis B.Π. Further assume that:

(1) H is an S-irreducible {2, p\-group which is not 2-closed;

(2) &(WH:p) = 0.
Then, O 2 ( ί ί )£

Proo/. By (1) and Lemma 3.11(f), H= O2 (JET). Then by Prop-
osition 3.15 and 3.14(d), O?(iϊ) normalizes each Ek, 1 ^ k ^ r.
Moreover, at least one of the following holds:

(a) T normalizes each Ek, 1 ^ k ^ r; or
(β) for some suitable renumbering of {1, 2, , r}, T normalizes

each Ypι(Ekx Ek+r/2), and Y Γ) (Ek x Er

fc+r/2)-Er

1 for all k; l^k^r/2.
Assume (α) holds. Then by (B.4.1), S = (S Π O2(N))T Q O2(H)T Q
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U Na(Ek)) <\ H. By (1) and Lemma 3.11(f),

0,(H)( ή Nu(Ek)) = H .

Then by Lemma 3.16, 0\H) Q WCM{W), as required. Next, assume
(β) holds. Then by the same argument as above, we have that
O2(iϊχm'=2i NB(YΠ (Ek x Ek+r/2))) = H. Then by Lemma 3.16 (with
Y in place of W), O\H)QYCM{Y). Let x be any element of 0\H).
Then, we may let x = xtx2, where xxe Y and x2eCM(Y). By Lemma
3.14(f),

( ή NM(Ek)) n CM(Y) C CM(W) .
=l I

Since x is an arbitrary element of 02(H), we conclude that O2(H)Q
WCM(W). Hence this lemma is proved.

4* Preliminaries in the minimal situation* From now on,
we shall prove the theorem by way of contradiction. Let π be a
set of primes. Suppose that G is a finite group, and S is a non-
identity 2-subgroup of G. Assume that (π, G, S) satisfies all the
assumptions of the theorem, but violates the conclusions of the
theorem. Take G of minimal order and, subject to this condition,
take S of minimal order.

LEMMA 4.1. Let T and To be subgroups of S. Assume:
(1) l c Γ o g Γ c S ;
(2) T<\NG(S); and
(3) T0<\NG(T).

Then
(a) TQ < NG(S).

So by the assumption (1) of the theorem, there exists a Sylow 2-
subgroup U of NG(T0) in which S is normal. Then,

(b) T<]U;
(c) mNσ(TQ)/Cβ(TQ):π) = 0;
(d) there exists a unique nonidentity subgroup W(T) of T

maximal subject to satisfying the following condition:
(d.l) W(T) < NG{T); and
(d.2) W(T)O(H) <\ H for any π-subgroup H of G such that the

pair (H, T) satisfies Hypothesis A.
Let N — NG{T). Suppose that SQ/T is a nonidentity subgroup of
S/T which is normal in NN/T(S/T). Then,

(e) SJT<iUIT;
(f) ^r(NN/τ(S0/T)!CN/τ(S0/T): π) = 0;
(g) there exists a unique nonidentity subgroup W(S/T) of S/T
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maximal subject to satisfying condition:
(g.l) W(S/T)<\NN/T(S/T);
(g.2) W(S/T)O(H/T) < H/T for any π-subgroup H/T of N/T

such that the pair (H/T, S/T) satisfies Hypothesis A.

Proof. Obvious.

Notation. In the following discussion, without notice, we shall
use the following notation: for any subgroup T of S such that
l c Γ c S and T<]NG(S), we denote by W(T) (or W(S/T)) the
subject to satisfying the conclusions of (d) (or (g)) of Lemma 4.1.

DEFINITION. Let:

@β(S) = {HQG; the pair (H, S) satisfies Hypothesis A} ,

and

ffe(S) - {He®β(S); H is S-irreducible} .

For a subfamily fl of %β(S)f we define Os(St) to be the largest
subgroup of S that satisfies the following conditions (a) and (b):

(a) Os(St) < NG(S); and
(b) K = NK(08(St))0(K) for any element K of St.

For simplicity, let OS(K) = OS({K}) for any element K of %β(S).
Whenever lcθ s ( f t ) , we define: TΓ(Λ: 0) = 1, TΓ(Λ: 1) = Oβ(ίB), and
let TΓ(Λ: v + 1) be the pre-image of W(S/W(St: v)) in S, v - 1, 2,' .

Then, we introduce the function ft which is defined on $ as
the following: for any element K of &,

fΛ(K) = max. {v; K > T7(S: v), 0 ^ v ^ }̂ ,

where |0 denotes the nonnegative integer such that PP($: p) = S
and W(St: p-ΐ)<zS.

REMARK 4.1. Whenever W(®: v) c S, W(St: v) c Wiβ: v + 1),
because W(S/W(St: v)) Φ 1.

LEMMA 4.2. Lβί K be an element of %G(S). Then the following
(a) and (b) are equivalent:

(a) K is 2-closed or 2'-closed;
(b)

Proof Assume (a). Then, K = NK(S)O(K), which shows (b).
Conversely, assume (b). Then, K = NK(S)O(K) - NK(S)(O(K)S).
Since i£ is S-irreducible, it follows that iΓ = JVX(S) or i ί = 0(K)S,
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which proves (a).

LEMMA 4.3. Suppose Si is a subfamily of $G(S), none of whose
elements are 2'-closed. Let K be an element of ®. Assume that
1 c Os{®). Let v = MK). Then

(a) Os(®) < (NG(S), He®), and OS(B) = S Π O2((NG(S), He®));
(b) v ;> 1, αm£ /«(£) = 1 for some element L of ®;
(c) K/W(St:v) is 2'-closed;
(d) K/OS(K) is 2'-closed;
(e) OS(K)^ V, whenever V<\NG{S) and V Q O2(K);
(f) [O\K), Os(K)] C 05(L), whenever L e S αwd /fi(L) ^ v.

Proof, (a) Let i ί be an arbitrary element of B. Since ί ί is
an S-irreducible group which is not 2'-closed,

H - Ns(Osffl)O(H) = iVH(Oβ(Λ))(O(JEί)S) = NB(08(β)) ,

which implies the former part of (a).
Let 5Γ = S n O2((NG(S), He®)). By the former part of (a),

Os(®) Q T. On the other hand, for any element L of ®fL\>Lf]
O2((NG(S),He®)) = T, which shows T^OS(®). Hence, (a) is
proved.

By (a) and the definition of fs, we obtain that v ^ 1. Suppose
that Λ(L)>1 for any element L of $. Then by definition, W($:2)c
TF(S: 1), which is a contradiction. Hence (b) is proved. To prove
(c), we may assume SZDW(®:V); otherwise, (c) is obvious. By (a)
and definition, K\>W(®:v). Let X = XW($t:v)/W($:v) for any
subgroup X of K. By Lemma 3.11(a), K is S-irreducible. Suppose
K is not 2'-closed. By induction,

K - Nκ(Wφ))O{K) = Nχ(W(S))(O(K)S) - N«

Hence, K > TΓ(Λ: v + 1) =) W(®: v), which contradicts j ; - fx(K).
Thus, (c) is proved.

(d): By (a), K\>OS{K). By maximality of OS(K), OS(K) 2
TΓ(Λ: v). Then, (c) yields (d).

(e) By (d), [K,VOS(K)]QVOS(K). Since VOs(K)<\Nβ(S),
7 g 7ΌS(JBL) C Os(iL) by maximality of OS(JBΓ), which proves (e).

(f) Let μ - /β(L). By (c), [O\K\ OS(K)] Q W(®: v) c T7(^: ̂  £
OS(L), which proves (f), and this lemma.

LEMMA 4.4. Let ® be a subfamily of gβ(S). Assume that there
exists a subgroup T of S which satisfies the following conditions:

(1) lcΓcS;
(2) T<\NG(S); and
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( 3 ) [O\K), OS(K)] £ T for any element K of Jϊ.

Then

08(β) => 1 .

Proof. Let St = {Kt; 1 ^ i ^ ί}, and L, - OXKJT, l ^ i ^ t . By

(3) and Lemma 4.3(d), L έ is a group with a Sylow 2-subgroup 2\
and O(Jji) Q O^K,) for all i l ^ i ^ t. By induction, W{T) => 1.
Since L, - iVLi(TF(Γ))O(Li), I ζ - ^ ( ^ ( Γ ) ^ ^ - ) for all i; 1 ^ i ^ t.
Therefore, we conclude that 1 c W(T) Q 08(fi), as required. Hence
this lemma is proved.

LEMMA 4.5. OS(®G(S)) = OS(MS)) = 1.

Proof. Since (G, S) is a counterexample to the theorem,

O8(®o(S)) = 1 .

So, we may show only that OS(<£G(S)) = 05(g f f(S)). To prove this
equation, let T = 0^(^(5)) . Obviously, 08(®σ(S)) C Γ. To prove
the opposite inclusion, take an element ίΓ of Eβ(S). By Lemma
3.10, iΓ = <iζ; 1 ^ i ^ ΐ> for some suitable elements {!?,; 1 ^ i ^
ί} of g β(S). Then Kt - NKί{T)0{Kτ), and O(ίQ £ O(ίΓ) for all i;
l ^ i ^ t . Therefore, K= %NK(T)O{K). Since K is an arbitrary
element of @σ(S), it follows that j Γ £ θ s ( ^ ( S ) ) , which proves this
lemma.

5* Properties of elements of Ί

DEFINITION. Let m be the natural number defined as follows:

Os(B)i)l for any subfamily Si of %β(S) with \®\<m;

and

Os(St) = 1 for some subfamily & of g β (S) with | β | = m .

REMARK 5.1. Such a natural number m exists by Lemma 4.5.

Define the class of subfamilies rώp£?(Gr) of %β(S) as follows:

<%>&>{$) = {̂  £ g β (S) ; I Λ| = m and OS(Λ) = 1} .

Take an element φ of ^ ^ ° ( G ) . And let:

§ = {fl*; 1 ^ A; ̂  m}

and
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In this section, we shall investigate the relations among the
elements of φ, and also the relations between the elements of φ
and the other elements of $G(S)

We shall employ the above notation throughout this paper.

LEMMA 5.1. Let $ be a subfamily of %β(S).
Then

(a) whenever | $ | <̂  2, Os(ίϊ) D 1; in particular,
(b) m ^ 3.

Proof. Take a subfamily Λ of gβ(fif) with | Λ | ^ 2 . Then,
Lemma 3.11(h) implies that Ωtfiβ), Ω.ZJiS) or Je(S) is contained
in Os(St)9 which proves this lemma.

LEMMA 5.2. Fix k = 1, 2, , m.

(a) jfffc is neither 2-closed, nor 2'-closed;
(b) l c O s ( i ί f e ) c S ;
(c) /or some prime pk ^ 5, iϊfc is α {2, pk}-group with a non-

identity Sylow pk-subgroup.

Proof. Suppose that Hk is 2-closed or 2'-closed. Let T—Os($k).
Since \Qk\ < m, Γ D 1. Obviously, fl* - NHk(T)O{Hk) and Jϊ, -
NziTMHi) for all i; 1 ̂  i ^ k ^ m. Therefore, l c Γ g O s ( @ ,
which is a contradiction. Hence, (a) is proved.

By Lemma 5.1, lczOs(Hk)f and by (a) and Lemma 4.2, Os(Hk)cz
S, which proves (b).

By Lemma 3.11(b), Hk is a {2, pj-group with a nonidentity Sylow
Pfc-subgroup for some odd prime pk. Then by (a) and Lemma 3.9,
pk Φ 3, which proves (c).

The next lemma follows from Lemma 5.2(a) and 4.3(b):

LEMMA 5.3. Fix k = 1,2, , m. Then
(a) f^k(Hi) ^ 1 for all i l^iΦk^ m; and
(b) f*k(Hs) = 1 /or some j; 1<L j Φk ^m.

Since Os(φ) = 1 by definition, the next lemma follows from
Lemma 4.4.

LEMMA 5.4. There does not exist a subgroup T of S with the
following properties:
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(1) lcΓcS;
(2) T < Nβ(S); and
(3) [OXm, OsiHJ] s Γ /or αM i; 1 ^ i ^ m.

LEMMA 5.5. There does not exist Hk such that

[O\Hk), Os(Hk)] £ OaCff,) /or o « t ; U i

Proof. Suppose that there exists an element Hk of φ such
that [O\Hk), Os{Hk)\ C OS{H%) for all ί; 1 ^ i ^ m. Let H, be an
element of Qk such that fH(Hj) = max. {/^(fl*); 1 ̂  i # A; ̂  m}. Let
T = Os(Hj). By Lemma 5.2(b),

(5.5.1) l c Γ c S , and T< iVG(S) .

By Lemma 4.3(f),

(5.5.2) [O2(ii<), O^fl,)] S T for all i; 1 ̂  i ^ Λ ̂  m .

On the other hand, by the assumption,

(5.5.3) [O\Hh\ Os(Hk)] C T .

By (5.5.2) and (5.5.3),

(5.5.4) [0%H(\ OS(JH,)] C Γ for all i; 1 ̂  i ^ m .

Then, (5.5.1) and (5.5.4) contradict the preceding lemma. Hence
this lemma is proved.

DEFINITION. Define the mapping a from φ to the family of all
subsets of § as follows: for any element Hk of £>,

We call o the eigen -mapping of § .

LEMMA 5.6. (a) σ(Hs) Φ 0 for any element Hό of φ;
(b) σ(Jϊy) Π o"(£ΓA) = 0 /or α^?/ distinct elements Hό and Hh of

^>; and
(c) 0* induces a permutation of φ.

Proof. Since φfc ̂  0 by Lemma 5.1, 1 g i; ̂  m, (a) follows
from Lemma 5.3(b). To prove (b), we assume that σ(Hά)(\o(Hh)φζd
for some distinct elements Hβ and Eh of φ. Take fl"* in σ(

As Hkeσ(H3), by Lemma 5.2(a) and Lemma 4.3(f),

(5.6.1) [O2(iϊ*), 05(fl»)] £ O^fl,) for all i; 1 ̂  i Φ j ^ m .
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Similarly, as Hkeσ(Hh),

(5.6.2) [O\Hk\ Os(Hk)] £ OsiHt) for all i; 1 ^ i Φ h ^ m .

By (5.6.1) and (5.6.2),

[O2(Jϊfc), OS(JH*)] £ (US,) for all ΐ; 1 ^ i ^ m ,

which contradicts the preceding lemma. Hence (b) is proved.
Since | φ | is finite, (c) follows from (a) and (b). Thus, this

lemma is proved.
According to the preceding lemma, we may consider σ as an

element of a permutation group on φ.

LEMMA 5.7. {σ} acts transitively on φ.

Proof. Suppose that (σ) acts intransitively on φ. Let S be a
<σ>-orbit of φ. Then ^ c ^ . So, Os(B)i)l. Let £rfc be an element
of St such that fΛ(Hk) = min. {/.(IJ ί e Λ } . By Lemma 4.3(f),

(5.7.1) [02(H,), Os(Hk)] C O ĵff,) for any element fl, of ft .

Let Jϊ^ be an element of $ such that σ(Hά) = ijΓfc. Then

(5.7.2) H,- lies in ft .

As f9j(Hk) — 1, Lemma 4.3(f) shows that

(5.7.3) [O\Hk\ Os(Hk)] C O^ft) for all i; 1 ^ i Φ j ^ m .

By (5.7.1), (5.7.2) and (5.7.3), [O\Hk), 0s{Hk)] Q Os{Ht) for all i; 1 ^
i ^ m, which contradicts Lemma 5.5. Hence this lemma is proved.

By the preceding lemma, we may assume:

, renumbering if necessary .
if2 ί/3 H4 - - - Hm i?! /

REMARK 5.2. In the following, without notice, all the suffixes
of elements of § will be used modulo m, if necessary. For instance,
Hm+1 = H19 Ho = Hm, and so on.

LEMMA 5.8. Fix k = l,2, , m.

(a) [ O 2 ^ ) , Os(Hk)] Q Og(Ht), ifimk-1 (modulo m);
(b) [O2(iϊfc), Ofi(fl»)] g OβCfl,), i/ i = fc - 1 (modulo m).

Proo/. By definition, fH^(Hk) = 1. So, by Lemma 5.3(a),
fH.JHk) = min. {f^H,); l^iΦk-l^m}. Then (a) follows from
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Lemma 4.3(f).

Suppose [O\Hk), O8(Hk)]Qθ8(Hk^). Then by (a), [O\Hk\
Os(Hi) for all i; 1 <; i <; m, which contradicts Lemma 5.5. Hence
(b) holds. This lemma is proved.

LEMMA 5.9. Fix k = 1,2, , m. Then

Proof. By the definition of σ, f$k(Hk+1) — 1. Suppose f^k(Ht) ^
ΛkiHi) ^ fΦlc(Hi+1) for some i; 1 ^ i ^ fc — 1, k <̂  m. By Lemma
4.3(f), [0\Hi+1), Os(Hί+1)] £ OsiHJ, which contradicts Lemma 5.8(b).
So, f9k(Hi) < fsk(Hi+1) for all ί; 1 ^ i Φ k ^ m, which implies this
lemma.

LEMMA 5.10. Fix k = 1, 2, , m. Lβέ {Hif Hi+1, -, Hi+8} be
a subset of φ. Lβί fi k α subfamily of $G(S) which contains
{Hif Hi+1, , ί ί ί + s } . Assume Os($l) 3 1.

(a) /.(fl,) < Λ(fί<+1) < < ΛCff<+.);
(b) i/ Λ = {iϊ,, fl-<+1, , Hi+S}, then f2(Ht) - 1.

Proof. Suppose f*{Hi+u) ^ MHi+u+1) for some %; 0 ^ u <^ s — 1.
Then by Lemma 4.3(f), [O\Hi+u+1\ Os(Hi+u+1)] £ Os(Hi+u), which
contradicts Lemma 5.8(b). So, fΛ(Hi+u) < f&(Hi+u+1) for all u; 0 <̂
16 ̂  s — 1, which implies (a).

(b) follows from Lemma 5.2(a) and Lemma 4.3(b).

LEMMA 5.11. Fix k = 1, 2, , m. Suppose M is a subgroup
of G which contains NG(S), Hk and Hk+1. Let V be a normal sub-
group of M. Then

(a) if O\Hk) £ V, then S n V <\ Hk and S Π V S Os(Hk);
(b) if O\Hk+1) £ V, then S Π V <\ Hk+1 and S n V S Os(Hk+1);
(c) ΐ / O2(iϊfc+1) £ F, tΛβn O CJΪ*) £ F;
(d) i / M = (NG(S), Hk, Hk+1) and O\Hk) £ V, then S n 7 g

08({Hk, Hk+1}) and S f] V <\ M.

Proof, (a) Since O\Hk) £ V, by Lemma 5.2(a) and 3.11(e),
S n V < ] H k . S i n c e S Π V < \ N β { S ) , b y L e m m a 4 . 3 ( e ) , S n V Q
Os(Hk), which proves (a). Similarly, we obtain (b).

Suppose 0%Hk+1) £ V and O\Hk) £ V. Then by (a), [O\Hk+1),
Os(Hk+ί)] g F ί l S g Os(Hk), which contradicts Lemma 5.8(b). Hence
(c) is proved, (d) follows from (a), (b) and (c). Thus, this lemma
is proved.
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REMARK 5.3. We note that all the statements from Lemma 5.1
to 5.11 are valid for any element of ^Sf(G). So, we can define
the eigen-mapping for any element of

LEMMA 5.12. Fix k = l, 2, , m. Let K be an element of%(S),
and let $ = φΛ U {K}. Assume that SI lies in ^£f(G). Let τ be
the eigen-mapping of St. Then

(a) r ( f l , ) - Hi+1, if iΦh-l, k;
(b) τ(K) = Hk+1; and
(c)

Proof. Lemma 5.8 implies that the following (a), (β) and (7)
are equivalent: for any element L and M of SI,

(a) τ(L) = M;
(β) [O\M), OS(M)\ £ OS(L); and
(7) [O2(M), OS(M)] C 0s(N) for any element N of St with NΦL.

Therefore, (a) follows from the equivalence (a) to (/S). (b) follows
from the equivalence (a) to (7). Then (c) follows from (a) and (b).
By the preceding lemma and Lemma 5.8, we obtain:

LEMMA 5.13. Fix k — 1, 2, , m. Let K be an element of
%G(S). Assume that $z U {K} lies in £fj5^(G). Then

(a) [0%Hk+1), Os(Hk+1)] £ OS(K);
(b) [O2(jff,), Os(Ht)] £ OS(K) for all i;l£iΦk,k + 1 ^ m;
(c) [O2(if), O,(Z")] ί O^fl ̂ ) ; α^d
(d) [O2(K), OS(K)] Q 08(Ht) for all i l £ i Φ k - 1, k £ m.

LEMMA 5.14. Fix k = 1,2, , m. Suppose {Ki; 1 <; i ^ t] is
a subfamily of %Q(S). Let T be a subgroup of S. Assume:

( l) τ<iNG(sy,
(2) T<\ Ki and KJT is 2r-closed; and
( 3) $k U {Kt} lies in r#£?{β) for all ί; 1 ^ ΐ ^ ί.

Proo/. Let F = Π U <λs(ίQ. By (1), (2) and Lemma 4.3(e),
T £ V. By (2),

(5.14.1) fO 2 ^), O8(Kt)] g Γ S F S VOs(JTfc41) for all i; l ^ i ^

By (3) and Lemma 5.13(b), [ O 2 ^ ) , O^JΪJ] £ 0 5 (iQ for all i, j; 1 ^
jφk — 1, k^m and 1 ^ ΐ <̂  ί. Therefore,

(5.14.2) [O2(ff, ), 05(Jϊy)]C VQ VOs(Hk+1) for all i; l^jΦk-1, k^
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on the other hand, obviously,

(5.14.3) [O\Hk+1\ Os(Hk+1)] £ Os(Hk+1) Q VOs(Hk+1) .

Suppose VOs(Hk+1) c S. Then by (5.14.1), (5.14.2), (5.14.3) and
Lemma 4.4, Os($k U {Kt}) z> 1 for all i; 1 ^ i ^ t, which contradicts
(3). Hence S = VO^lϊt+i), as required.

Next, we shall prove the dual statement of the preceding lemma
in some sense.

LEMMA 5.15. Fix k = 1, 2, , m. Suppose 5£ = {!£*; 1 <; i <£ ί}
is α subfamily of g β (S). Lei T be a subgroup of S. Assume:

( 1 ) T<iV G (S);
( 2 ) ^ > Γ, cmd i f JΓ is 2'-cίosβd; α^cϊ
( 3 ) OS(§Λ U {Kt}) 3 1 / o r all i l ^ i ^ t.

Then

Os(%, U Λ) => 1 .

Proof. We shall use induction on t.
By (1), (2) and Lemma 4.3(e),

(5.15.1) T £ Os{Kt) for all i; 1 ^ i ^ ί .

Let φ = φfc U {JBΓJ, l £ i £t. Assume that OS{K3) = S for some
j ; 1 ^ j <^t. Let V = 05(Ui^<^i^* ̂ ) By induction and definition,

(5.15.2) F=) 1 and L = NL(V)O(L) for all L 6 U

On the other hand, by Lemma 4.2,

(5.15.3) ^ =

By (5.15.2) and (5.15.3), lczVQ 05(φ f t UΛ), as required. Hence, we
may assume that:

(5.15.4) 1 c OsiKt) c S f or all i; 1 ^ ΐ ^ t .

Next, assume that: for some i ; 1 ^ j ^ ί, f*a(Ks) = max. {Λ/L); L e
^•}. Then by Lemma 4.3(f),

(5.15.5) [O2CfiQ, O^HJ] S O ĴKy) for all i; 1 ^ i ^ & ̂  m .

By (2) and (5.15.1),

(5.15.6) [OXKt), Os(Kt)] £ T Q Os(Kό) for all i; 1 ^ i ^ t .

By (5.15.4), (5.15.5), (5.15.6) and Lemma 4.4, 08(ξ>Λ U Λ) => 1, as
required. Thus we may assume that:
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Λ/JBΓ*) < max. {/a<(L); L e ^} for all i; 1 ^ i ^ ί .

By Lemma 5.10(a),

f2i(Hk^) = max. {/,.(!/); L 6 $J for all ΐ; 1 ^ i ^ ί .

By Lemma 4.3(f),

(5.15.7) [0\Hά\ 0s(Hά)] £ 08(Hk^) for all j; 1 rg j * k £ m ,

and

(5.15.8) [02(^), Os(ϋQ] £ O^iJ^) for all i; 1 ^ i ^ t .

Thus, by (5.15.7) and (5.15.8), Lemmas 4.4 and 5.2(b), 05(£*
which proves this lemma.

DEFINITION. Let fl = {i^; 1 ^ ί ^ m} be an element of
and τ be the eigen-mapping of &.

Then we may assume that: τ{Kι) = Kί+ι for all i; 1 ^ i ^ m — 1,
and T(ULw) = i^, renumbering if necessary.

Let 3/(ft) = {iΓe$; Z " ^ Nκ(Je(S))}. Then g^(Λ) ^ 0 ; otherwise
l c Je(S) £ 05(S), a contradiction to the fact that 3δ lies in ^Sf(G).

So, we may assume that ifi lies in g^($), by (cyclically) renum-
bering, if necessary.

Let g/(Λ) = {jKi = iί^, iίί2, - • , Ktι}, where 1 = ix < i2 < - < ix.
For each element Ku of &(β\ 1 ^ v ^ λ, we define:

if |g/(ft)| ^ 2, α(Λ: ϋΓ,J = {JBΓ,; ip ^ ί < W , 1 ^ v ^ λ

and

if jy(St) = {JSΓJ, α(Λ: iΓJ - {^ 1 ^ ί ^ m - 1} .

Define β(St: Kiu) - {Ke α(Λ: L ί v); [02(ί:), Ω^ίiβsiμ^: Kiu ))J.(S))] = 1).
Finally, we define £(Λ) = Σ"=i |/S(S: Ktu)\.

REMARK 5.4 (i). We can easily verify that for any element $
of <Z?£f(G) and any element K of g^(Λ), α(ft: Jf), /3(^: ϋΓ) and 8(St)
are defined independently of numbering of the elements of St.

(ii) By definition, if | <?/(β) \ ̂  2, then & = \JU «($: ^ , ) (dis-
joint union).

LEMMA 5.16. Suppose H3 is an element of %/φ). Let $ =
α(Λ: iϊy), Γ = 05(^)Je(S), αwώ A = (NG(S), He®). Then

(a) [ O ^ S ) , OXHj)]
(b) Ω.ZJiTXl A; and
(c) [flχZ(S), H ^ J = 1.
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Proof. By Lemma 3.2,

(5.16.1) Ω,Z{S) C Ω.ZJiS) C ΩXZJ(T), and J.(T) = J.(S) .

Since $ c £ / - i , by Lemma 5.10(b), fΛ(H3) = 1. By Lemma 4.3(c),
Γ is a Sylow 2-subgroup of O\H3)T. Let L = O\H3-)T. By Theorem
3.1(b), L = NL(Je{T))CL{ΩxZJ{T))O(L). So, by (5.16.1),

fij = Naj(J.(S))(CJIJ(Ω1zS(T))S)(O(DS) .

Since JEZ> =£ NHj(Je(S)) and fl, =* O(fly)S,

(5.16.2) IT, = CS

(a) follows from (5.16.1) and (5.16.2).
To prove (b), take any element Hk of $t with HkφH,-, if possible.

Since H» = NBk(J.(S)), Hk = NHk{T). So,

(5.16.3) T<\Hk.

Therefore, (b) follows from (a). To prove (c), by Lemma 3.11(h),
we may assume that:

(5.16.4) 11,-1 = N^JJiS)) .

Let B=(Nβ(S), Hj.u H3-}, and Bΰ = CB(Ω1ZJ(S)). By (a) and (5.16.4),
O*(JEΓf) QB0<\B. Then by Lemma 5.11(c), O\Hά^) Q Bo, so that
[Ω.ZiS), O\Hf-d] Q [Ω,ZJ(S), OXH,^)] = 1, which proves (c), and
this lemma.

LEMMA 5.17. Let H, be an element of '//{$). Assume:
(1) H^eβi&H,-); and
(2) Htea&'.H,),

then

Proof. Let Γ = Os(a($: Hj))Je(S), B = (Na{S), Hk, Hk+1>, and
Bo = C^Ω.ZJiT)). By Lemma 5.16(b), Ba <\ B. By (1), O\Hk+1)QB0.
Then by Lemma 5.11(c), O\Hk) C Bo, which shows that Hkeβ($: Hs),
as required. Hence this lemma is proved.

LEMMA 5.18. There exists a trio of elements Hh Hk and Hkiι

of $Q which satisfies the following conditions:
(a) flje^CΦ);
(b) Hkzβ(&H3); and
(c) H^eai&HM&H,-).
(Here, it is admissible also that H3 = Hk.)
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Proof. Suppose that for any element Hj of J^(φ), β(Q: fly) =
: fly). Assume | ̂ (£>) | ^ 2. Then, from the definitions, we have

that Q = {Jsjβi&Hj) (disjoint union), where fly ranges over all
the elements of &-($)> Hence by definition, Ht = Cn^ZiS)) for
all i; 1 ̂  i ^ w, so that lcΩJS(β) Q 05(φ), a contradiction. Next,
assume | ^ ( £ ) | = 1. Let ^ ( φ ) == {JET,}. By definition and the as-
sumption, φ == α(φ: fly) U {fly.J = /3(£: fly) U {fly-i}. By Lemma
5.16(c) and definition, lcΩ1Z(S) £ Os(ξ>)9 a contradiction. Therefore,
there exists an element iϊy of f ( φ ) such that β{$\Hi)<za($:H9).
Let α(φ: fly) = {fly, fly+i, , fly+J. By Lemma 5.17, we may assume
that β($: Hs) = {flyfli+1, , Hj+8}, where s < t. Setting H, = fli+.,
we have this lemma.

LEMMA 5.19. Suppose that Hjf Hk, and Hk+1 are elements of
φf and L is an element of %Q{S). Let ® = $k U {L}. Assume:

(1) J ^
(2) Hu
(3) ft+16«(ί
(4) A lies in
( 5 ) <iSΓβ(S), L,
( 6) L = NL(J.(S)) if and only if Hk - NJIk(Je(S)).

Then
(a) Assume L Φ NL(Je(S)).

Then
(a.l) Hk+1ea(®:L)',
(a.2) 5(Λ) ̂  δ(§); and
(a.3) i/ flt+16 £(ft: L), δ(ft) > δ(φ).

(b) Assume L = NL(J.(S)) and [O\L\ Ω^zSiQsiμi^i fly))J.(S))] = l.
Γfeβn

(b.l) fly 6 g/(ft) α^d flA+1 e α(Λ: fly);
(b.2) δ(Λ) ^ δ(©); and
(b.3) i/ flA+16 β(St: fly),

Proof In this proof, we shall quote the results of Lemma
5.12 without notice.

Let ^ ( φ ) - {fly = flyt, fly,, , flyj.
To prove (a), assume L Φ NL(Je(S)). By (1), (2) and (6), fly =

Hk. So, by (3) and Lemma 5.17,

(5.19.1) β(Q: Hj) = {Hά} .

Then it is easily verified that

m { L > H'» H» ' ' ' ' ^ ^ α ( ^ : L ) = {L] U

1 9 2 )
and whenever 2^i<,t, β(St: Hit) = β(& Hh) .
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Then (a.l) follows from this fact.
By (5.19.1) and (5.19.2),

<=2

Σ
i=2

which proves (a.2). Then we observe that equality holds in the
above if and only if β(St: L) = {L}, which proves (a.3).

Next, assume L = NL(J.(S)). By (1), (2), and (6), HkφHs.
Then, it is easily verified that:

SίΛ) f ( φ ) , and whenever 2 ^ i ^ t, β(M: Hh)(5.19.3)
β(§: Hj{); moreover,

(5.19.4) α(«: IT,) = {L} U α($: fl,)\{J3»} .

Then, (b.l) follows from (5.19.3) and (5.19.4). By (5) and (5.19.4),
(Na(S), Ke α(Λ: fl,)) £ <iVG(S), ϋΓe α(φ: fly)>. By Lemma 4.3(a),

: H3))Je(S) 2 Os(α(φ: JEΓί))J.(S). Thus, by Lemma 3.2(c),

(5.19.5) Ω&ϊiQάxίSt: Hs))Je(S)) C

By (5.19.4) and (5.19.5),

(5.19.6) £($: JEOAίfl*} C

Since L e β(β\ H3) by the assumption of (b) and (5.19.5),

(5.19.7)

By (5.19.3) and (5.19.7),

which proves (b.2).
By (5.19.6), equality holds in the above if and only if β(St: H3) =

{L} U β(Q: Hj)\{Hk}. Then (3) yields (b.3). Hence this lemma is
proved.

LEMMA 5.20. Suppose that Hjf Hk and Hk+1 a?e elements of φ,
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and L is an element of $G(S). Let St = ξ>k+1 U {L}. Assume:
( 1 )
( 2 )
( 3 )
( 4 ) 2 lies in rέ
( 5 ) (Na(S), Ht, L) C (Na(S), Hk, Hk+1} and
( 6 ) [O2(L), Ω.ZJiO.iaφ: H,))J£S))} - 1.

Then

P r o o / . Let ;</{§) = {H, = Hh, Hh, •••, Hjt}.

It is easily verified that

(5.20.1) whenever 2 g i g t, β(St: Hh) = β(ξ>: Hh) .

First, assume L Ψ NL(Je(S)). Then

(5.20.2) 3^(58) = { L , Hh, Hh, •••, Hit} .

By (2), (3) and Lemma 5.17,

(5.20.3) β(β: H}) = β(& H,) .

By (5.20.1), (5.20.2) and (5.20.3),

S: L)"Hm = Σ I jS(β: if,-,) S + I /8(ί£: fί,-) I

Next, assume L = NL(Je(S)). Then it is easily verified that

(5.20.4) 2/{β) = &(§); and

(5.20.5) a(ίl: Hs) = α(φ: H,-) U

By (5) and (5.20.5),

<Nΰ(S), KeaiSt .H,)) S <JVσ(

Then by Lemma 4.3(a) and 3.2(c),

(5.20.6) Ω.ZJiO^aiSt: H^J^S)) S Ω.ZJψsia^: HS))J.(S)) .

By (3), (6) and (5.20.6), L 6 /3(S: ff,) and β(&: Hj)=> βi&H,), so,

(5.20.7) | y S(^: J ff ί )!>!/3(^:i ί ί -)! •

By (5.20.1) and (5.20.7), <?($) > δ(ίp), which completes the proof of
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this lemma.

6* On some groups involved in the minimal situation*

NOTATION. Fix a trio of elements Hh Hk and Hk+1 of φ which
satisfies the conclusions (a), (b) and (c) of Lemma 5.18.

Let

M = (NG(S), Hk, Hk+1)

N = (NG(S), Hk+1)

and

So= Wf)Os({Hk,Hk+1}).

By Lemma 5.2(c), we recall that for some odd prime q ^ 5, Hk is a
{2, <?}-group with a nonidentity Sylow ^-subgroup. From now on,
q denotes the prime such that Hk is a {2, #}-group.

LEMMA 6.1. (a) W = (O\Hk)
N} <\ M;

(b) [TF, Ω.ZJiOsia^: Hd))J.(S))] = 1;
(c) TO+i), Ω^Sφaiμ^'. H5))Je{S))] Φ 1, in particular

O\Hk+1) £ W.

Proo/. W = (O\Hk)
N) < ( O 2 ^ ) , i\Γ> = AT, which proves (a),

(b) follows from (a) and Lemma 5.16(a).
Since the trio of elements Hjf Hk and Hk+1 satisfies the con-

clusions of Lemma 5.18, the former part of (c) follows from Lemma
5.18(c). Then the latter part of (c) follows from (b).

LEMMA 6.2. (a) Hk/S0 is q-closed;
(b) 1 c So <l M, in particular So <\ NG(S);
(c) la0s(Hk+1) = Sn02(N)<\N;
(d) for any S-invariant subnormal subgroup V of M,

S is normal in some Sylow 2-subgroup of VS.

Proof. Let St - {Hk, Hk+1). By Lemma 5.1(a), 1 c O/St). Then
by Lemma 5.10(b), fs(Hk) = 1. Hy Lemma 4.3(c),

(6.2.1) HkIW(β: 1) is g-closed.

Since O\Hk) C W and W($t: 1) = Os($),

(6.2.2) [O\Hk), Os(®)] QWΠ O^Λ) = So .
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Then, (a) follows from (6.2.1) and (6.2.2).
Suppose So — 1. Then by (a), Hk is g-closed, which contradicts

Lemma 5.2(a). Hence, we obtain that l c S 0 . Since Os($ΐ) <\ M, by
Lemma 6.1(a),

(6.2.3) So= WΠθs(Se)<\M,

which proves the former part of (b).
Since NG(S) Q M, the latter part of (b) follows from (6.2.3),

By Lemma 5.2(b), 1 dOs(Hk+1). Since N= (NG(S), Hk+1}9 by Lemma
4.3(a), N\>Os(Hk+1) = SnO2(N), which shows (c). Since laSQ<\
NG(S) by (b), the assumption (1) of the theorem implies that S is
normal in some Sylow 2-subgroup U of NG(S0). Since U C NG(S)Q
M Q NG(S0), U is a Sylow 2-subgroup of ikf. Since V is subnormal
in M, by Lemma 3.3(a), VΠ U is a Sylow 2-subgroup of V. So,
S(VΠU) is a Sylow 2-subgroup of VS. Since S(VΠ U) Q U, (d)
is proved.

NOTATION. Let K be the pre-image of O(W/S0) in W. And
by Lemma 6.2(d), let U be a Sylow 2-subgroup of M in which S is
normal.

LEMMA 6.3. Let X = XK/K for any subgroup X of M. Then
(a) OXHj) = O(Hk) = Oq(Hk);
(b) Ot(W)ΠS = l;
(c) O2(W) = Z(W) = FΛW)

Proof, (a) follows from Lemma 6.2(a). To prove (b) and (c),
we may assume that W Φ 1, so that

(6.3.1) OXHk)£O2(W).

Let Sλ be the intersection of S and the pre-image of O2(W) in ϋί.
Then by_(6.3._l) and Lemma 5.11(d), S, £ Os({Hkf Hk+1}) Π TF=S0. So,
O2(PF) n S = Sj. C So_= 1, which proves (b).

Since O2(W) <J U and S < U, by (b), [O2(TΓ), S] Q O2(W) f] S = l .
Thus, S £ C3i(O2(ΐ7)) < Λf. Then by Lemma 3.11(f),

(6.3.2) HkfSk+ίQ

Since 0(1?) = 1, by (6.3.2),

(6.3.3) F^ W) £ 02( W) S

On the other hand, generally,

(6.3.4) Z{W) Q 02(W) £ Fw(W), and 1?n ^(WHk+1) Q Z(W) .
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Then, [(c) follows from (6.3.3) and (6.3.4). Hence, this lemma is
proved.

DEFINITION. Let 2 be the family of all the subgroups L of M
that satisfy the following conditions:

(a) Le%σ(S);
(β) L i s a {2, #}-group;
(7) O\L) £ W; and
(β) L/So is g-closed.

Let

and

Sk = {Le&;08(Qk\J {L}) =

And let

LEMMA 6.4. (a) Hk lies in S2;
(b) for any element L of S2, !Qk U {L} lies in
(c)

Proof. Obviously, iϊfc is a {2, g}-group which lies in %G{S). By
definition, O\Hk) Q W. By Lemma 6.2(a), Hk/SQ is g-closed. Hence,
Hk lies in S. Suppose Hk lies in Sx. Then by definition, lcOs(ξ>fcU
{flfc}) = Os(ξ>), which is a contradiction. Hence, (a) is proved.

(b) follows from the definitions.
(c) follows from Lemma 5.15.

LEMMA 6.5. Suppose D is a normal subgroup of M. Assume:
(1) KQDQW; and
(2) So c D n S.

Then

D= W.

Proof. Suppose DaW. Since D <\ M, it must be that O\Hk)£
D. Then by Lemma 5.11(d), D f] S £ Os({Hk, Hk+1}) Γ) W = So, which
contradicts (2). Hence, this lemma is proved.

ASSUMPTION (A). In the following discussion, without loss of
generality, we may assume that:

(A.I) δ($) = max. {δ(Λ); Λ 6
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and

(A.2) for any element L of S2 ,

(0\L)x; x e (NG(S), Hk+1})^W, if L satisfies the following conditions:

(α) K§k U {L}) = δ(£); and
08) the trio of elements Hjf L and Hk+1 satisfies the conclusions

(a), (b), and (c) of Lemma 5.18 with Hk replaced by L.

LEMMA 6.6. Let V be a normal subgroup of M such that SQ £
V £ K, and let Dly D2> - , Dn be S-invariant normal subgroups of
W all of which contain V. Assume:

_
Let X — XVjV for any subgroup X of M.

( 2) Dt Γl (Dj ; l<*jφi<>ri)isa 2-group for all i l <̂  i £ n;
( 3) [Di9 Ds] = 1 for all i, j: 1 ^ i Φ j ^ n.

Then there exists an element L of 22 which satisfies the following
conditions:

(a) for some i; 1 <, i <> n, O2(L) £ Dt;
(b) (OXLY xeN)^ W;
(c) $ 4 U {L} lies in <Z?£f(G);
(d) δ(QhU{L}) = δ($); and
(e) replacing Hk by L and ξ) by $k U {L}, the conclusions of

Lemma 5.18(a), (b) and (c) are satisfied.

Proof. By Lemma 6.2(d), S is normal in some Sylow 2-subgroup
of (AA £>JS. Since S0Q VQ K, V is 2-closed, and O 2 ( F ) - S 0 -
S Π V. Hence, all the assumptions of Proposition 3.13 are satisfied,
for q — r, (MA* * -DJS = D, Hk = H, and the other notation as is.

So, there exist S-irreducible subgroups {Lt;l <^i <>t} of
( A A ' ^ J S which satisfy all the conclusions of Proposition 3.13.

Let F - <£<; l ^ i ^ t ) . By Lemma 3.13(a) and (b),

F is a solvable {2, g}-group with a Sylow 2-subgroup
( 6 ' 6 ' 1 ) S, and HkQF.

Since fθ(fl*), Ogίί1)] = 1 = [O(A), O^F)!, (6.6.1) implies that:

(6.6.2) O(Hk) £ O(F) and O(Lt) £ O(F) for all i; 1 g i ^ ί .

Since iϊ/c/>So is g-closed by Lemma 6.2(a), by Proposition 3.13(d) and
(g), FV/V is g-closed, so that F/SQ is g-closed. And O\F) £
A A "Dnςz W. Hence, Lt lies in 8 for all i; 1 ^ i ^ ί.

Suppose A lies in Si for all i; 1 ^ i ^ ί. Then by (6.6.2) and
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Lemma 6.4(c), F = NF(Os($k U Sx)) and 05(£ f c U Sx) => 1. Since Hk £
F by (6.6.1), J3* - NSk(Os(Qk U βJJOCff*), which shows that l c
05(^/b U Si) £ O s(φ). This is a contradiction. Hence, we may assume
that Lx lies in £2.

Let L = Lx and β = $k U {£}. By Lemma 6.4(b),

(6.6.3) Λ lies in rέ?^f(G) ,

which proves (c).

By Proposition 3.13(d),

(6.6.4) L lies in A for some i l <Lί <Z>n 9

which proves (a). By (6.6.3) and Assumption (A.I),

(6.6.5) δ(£) ^ δ(Λ) .

On the other hand, by Proposition 3.13(e) and (f),

(6.6.6) Hk = NIIk(Je(S)) if and only if L = NL(Je(S)) .

Then all the assumptions of Lemma 5.19 are satisfied. Assume
Hk^NHk(Je(S)). Then by (6.6.6), L Φ NL(Je(S)). By (6.6.5) and
Lemma 5.19(a),

(6.6.7) δ(§) = δ(St)9 L e fy{β) and Hk+1 e a(St: L)\β(St: L) .

Next, assume Hk - NH]e(Je(S)). Then by (6.6.6), L = NL(Je(S)).
Since O2(L) £ TF, by Lemma 6.1(b), [O2(L), β ^ O ^ α ^ : fli))Jβ(flr))] =
1. Then by (6.6.5) and Lemma 5.19(b),

(6.6.8) δ(St) = δ(φ), i ϊ , a S/(Λ) and iϊ f c + 1 e α(Λ: Hs)\fi(St: Hό) .

Hence, we obtain (d) and (e) by (6.6.7) and (6.6.8). Then, (b)
follows from Assumption (A.2). Hence this lemma is proved.

LEMMA 6.7. Suppose Όx is a normal subgroup of M such that
KZ D,Q W. Then

DJK Q Z(W/K) or D,= W .

Proof. Let A = CM(DJK) n W. Then, K Q D2 < M. Suppose
O\Hk) £ AA- Then, A A = W. In this proof, let X = XiΓ/ϋΓ for
any subgroup X of M. By Lemma 6.3(c), A Π A C Z(W) = O2(W),
and [A, D2] = 1. Then by Lemma 6.6(a) and (b), for some i; 1 ^
i ^ 2 , A = < ^ ; ^eΛf> = TΓ, which implies that A = T^ or A =
Z(W), as required. Hence, we may assume that 0\Hk) £ A A
Since O2(iϊfc) £ W, O\Hk) £ Dβ^DJK).

Then by Lemma 5.11(a),
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(6.7.1) S Π DfiuφJK) £ Os(Hk) .

On the other hand, by Lemma 6.5, we may assume that

(6.7.2) AnSsso = i .

By Lemma 3.3(a),

(6.7.3) U n A is a Sylow 2-subgroup of A .

By (6.7.2),

(6.7.4) [ϋnDu§]Q Ans = i .

Let F = Afl*+i and C - <S*; £ 6 ΛΓ̂ (C7 n A)> Then, by (6.7.4),

(6.7.5) [UnDuC] = l.

Since O(A) S θ ( f ) = l b y Lemma 6.3(c), (6.7.5) and a theorem of
G. Glauberman [2] imply that

(6.7.6) C/CcΦί) has a normal 2-complement.

On the other hand, since O2'(Hk) = Hk by Lemma 5.2(a) and 3.11(f),
the Frattini argument and the isomorphism theorem imply that:

(6.7.7) C/(C Π AC?(A)) ~ F/Dfijφj ^ Bk+J(Sk+1 Π Dfi

By (6.7.6) and (6.7.7), Hk+1/(Hk+1 Π DfijΦd) has a normal 2-comple-
ment. So, Hk+1/(Hk+1 Π D^M^DJK)) has a normal 2-complement. It
follows that

(6.7.8) [O\Hk+1\ Os(Hk+1)] S S ί l D£M(PJK).

By (6.7.1) and (6.7.8), [O\Hk+1\ Os(Hk+1)] Q Os(Hk), which contradicts
Lemma 5.8(b). Hence this lemma is proved.

LEMMA 6.8. O\Cw(S0)) = O(W).

Proof. Obviously, O2(w(S0)) 2 O(W). To prove the opposite
inclusion, first, we assume that SOCW(SO) £ F^W). Then by Lemma
6.3(c), S0CW(S0)IS0 is 2'-closed. It follows that SOCW(SO) has a normal
2-complement. Since SQCW(SO) <] W, O\CW(SQ)) £ O(PΓ), as required.
Hence, we may assume that

(6.8.1) S*CW{SJ & F^W) .

By Lemma 6.3(c) and the preceding lemma, we have that KCW(SO) =
W. For A = CW(SQ)SO, A = K and 7 = A Π A» all the assumptions
of Lemma 6.6 are satisfied. By Lemma 6.6(a) and (b), for some
i; 1 ̂  i ^ 2, A = <A ; » e iV> = W, that is, ίΓ = W or SOCW(SO) = FT.
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Suppose K=W. Then, SOCW(SO) £ KQ F^W), which contradicts
(6.8.1). Thus, we have that SOCW(SO) = W. It follows that [O2(Hk),
So] £ [O\W), So] = 1. Then by Lemma 6.2(a), Hk is 2'-closed, which
contradicts Lemma 5.2(a). Hence this lemma is proved.

LEMMA 6.9. For any element L of 8, L lies in 2ί if and only
ifLQ Y", in particular Hk ξ£ Y.

Proof. Suppose L lies in Sx. Then, L = NL(Os{$k U %ι))O(L).
Since O(L) S O\Cw(S0)), by Lemma 6.8, O(L) £ O(TΓ). Hence, L £
i^(Os(£ fcU £0)0(17) = Γ, as required.

Conversely, suppose L Q Y. Then, L = NL(Os(ίQk U Si))O(L).
Hence by Lemma 6.4(c), 1 c 05(φ* U SJ £ 05(φ* U {£}), which shows
that L lies in Sx. Since ίZ"fc lies in S2 by Lemma 6.4(a), we have
the latter part of this lemma. Hence this lemma is proved.

LEMMA 6.10. Suppose V is a normal subgroup of M such that

S o g 7 g JPOO(TF). Let X = XVIV for any subgroup X of M, and

Γ = ΓLβ8,Ck(O«(L)). Then

(a) S =_0s(Hk+1)_T;
(b) O\L) = Oq{L) for any element L of 8.

For any S-invariant q-subgroup R of W,
(c) there exist elements {L^, 1 ^ i ^ i) of & such that R ~

(Oq(L%)\ 1 ^iβt);_and
(d) [R, T] £ Y.

Proof. For any element L of 8, L/So is g-closed by definition,
so that

(6.10.1) L/V is g-closed, that is, O\L) = Oq(L) ,

which proves (b).
Let To = Γ\Les2Os(L). Then by Lemma 5.14 and 6.4(b),

(6.10.2) S - Os(Hk+1)T0 .

By (6.J.0.1), if LeS 2 , [Oα(L), f0] £ Oq(L) Π f0 = 1, which shows that
f o £ f. Then, (a) follows from (6.10.2).

Let J9* be a Hall {2, g}-subgroup of the pre-image of SR in M
which contains S. Then,

(6.10.3) 0,(5*) - R .

By Lemma 6.3(c),

(6.10.4) D*/So is <?-closed.
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Let D be the pre-image of Oq(D*/S0)(S/S0) in M. By (6.10.3) and
(6.10.4),

(6.10.5) 0,(5) = R .

Since S is a Sylow 2-subgroup of D, by Lemma 3.10, there exist
S-irreducible subgroups {Lt; 1 <£ i S t] of D with a Sylow 2-sub-
group S, and D = (Lt; 1 <; i ^ ί>. Then, it is easily verified that
I/£ lies in 2 for all ί l <> i <*t. Hence, (c) is proved. To prove
(d), we may assume that R = [#, ? ] . Then, by (a), 0,(10 S Φ(5)
for all Z/,e82. By the preceding lemma, R^{Oq{Lt)f Φ(R); L, 6 8X> =
<£ n Γ, Φ(5)> = S n f , which proves (d).

LEMMA 6.11. (a) iVσ(S) g Λ Γ g Γ ;
(b) Y contains a Hall {2, q}-subgroup of KS which contains S.

Proof. Since 08(Qk U &J < <JVβ(S), 1ΓA+1> - AT,

(6.11.1) S £ NG(S) QNQ NM(Os(ξ>k U S,))O(W) - Γ ,

which proves (a).
Since S is a Sylow 2-subgroup of ϋΓS, by (a), we need only

show that Y contains a Sylow g-subgroup of K. Suppose that K
does not contain any Sylow g-subgroup of K. By the main theorem
of W. Feit and J. G. Thompson [1], K possesses a chief factor VJ
V2 which satisfies the following conditions:

(a) both V1 and V2 are normal subgroups of M which contains

(β) VJV2 is a nonidentity elementary Abelian g-group; and
(γ) Y contains a Sylow g-subgroup of F2, but does not contain

any Sylow g-subgroup of Vt.
Let X = XVJV2 for any subgroup X of M. By (/3),

(6.11.2) ^ίlΫcf,.

By Lemmas 6.10(b), (c) and 6.9,

there exist elements {Lέ; 1 <L i <^ t} of S2 such that

(6.11.3) Ϋ1 = (V1ΠΫ) <Og(Lt); l ^ i ^ t } and

Oq(L%) ^ V.Π Ϋ for all i; 1 ^ i ^ t .

By Lemmas 3.11(g), 3.4, and 4.3(e),

(6.11.4) C 8 ( V J V 1 Π Y ) Q 0 8 ( L i ) f o r a l l ί; l ^ i ^ t .

Since $k U {LJ lies in vT^(G), 1 ^ i ^ ί, by Lemma 5.13(a),

(6.11.5) [O\Hk+ι), Os(Hk+1)] S Os(A) for all i; 1 ^ i ^ < .
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On the other hand, by Lemma 6.10(a),

(6.11.6) S = OsiH^CsiVJV, Π Y) .

Since Hk+ί £ Y by (a), Hk+1 leaves invariant VΊ and V1 Π Y. So,

(6.11.7) CHM(VJVι Π Γ ) < ft+1 .

By (6.11.6) and (6.11.7), S £ O^H^dC^JVJV, Π Γ ) < ϋ W By
(6.11.7) and Lemma 3.11(f),

(6.11.8) O2(#fc+1) S CHM(VJVX Π Γ) .

By (6.11.4) and (6.11.8), [O2(Hfc+1), Os(Hk+1)] £ W W Π Γ) £ Oβ(L«)"
for all i; 1 ̂  i ^ ί, which contradicts (6.11.5). Hence this lemma is
proved.

LEMMA 6.12. Let X = XK/K for any subgroup X of M. Then
(a) Z(W)Q Ϋ;
(b) Oq(Hk)f Yn Wd W = E(W); and
(c) &(WHk+1:π) = 0 .

Proof By Lemmas 6.3(c) and 6.11(a), Z(W) = Ot(W)£ UQNG(S)Q
N £ Ϋ, which proves (a).

Suppose Oq(Hk) £ Ϋ. Since S £ Y by Lemma 6.11(a), 5 f t £ Ϋ.
Let F be the pre-image of Hk in If, and let Dx be a Hall {2, #}-
subgroup of V which contains Hk. By Lemma 6.11(b), Yd V
contains a Hall {2, g}-subgroup A of V which contains S. Since S
is a Sylow 2-subgroup of V, S is a Sylow 2-subgroup of Dx and D2.

By Lemma 3.5(b), NV(S) possesses an element x such that Dξ~
A. Since α?eiVΓ

F(S)£Γ by Lemma 6.11(a), Hk^D1 = D? Q Y,
which contradicts Lemma 6.9. Hence, we obtain that 0q(Hk) g£ Ϋ.
Since Oq(Hk) £ 1 ,̂ it follows that

(6.12.1) Oq(Hk) £ Ϋ Π Wd W .

Hence, by (a), (6.12.1)_and Lemma 6.3(c), Z(W) = Fn(W)c: W. So,
fc 1. Since J£(PΓ) g Z(17), by Lemma 6.7,

(6.12.2) E(W)=W.

Then, (b) follows from (6.12.1) and (6.12.2). Since Hk+1 is solvable,
by Lemma 6.8,

(6.12.3) CWHk+1(S0) is solvable.

By (6.12.3) and the assumption (2) of the theorem,

1: π) = £2r(WHk+1/CWHk+1(S0): π) £ ^(NQ(S0)/CG(S0): π) = 0 ,
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which proves (c). Hence this lemma is proved.

LEMMA 6.13. Let K* be the pre-image of Z(W/K) in W, and
X = XK*/K* for any subgroup X of M. Then

(a) for some natural number r,

W = E{W) = E1 x E2 x x Er, where Ek is a non-Abelian

simple group with Ek ~ E1 for all k; 1 <; k ^ r

(b) Ek£ΫC)W for all k l ^ k ^ r;
(c) N - (Hk+1, N*(S)>;
(d) there exists a subgroup T of S such that

(d.l) Sj=(Sf)O2(N))T, and
(d.2) [R, T] £ Ϋ Π W for any S-invariant q-subgroup R of W;

(e) renumbering of {1, 2, , r}, if necessary, there exists an
S-invariant q-subgroup Q of W such that <ττ1(Q)a;; x eN}~ W, where
πx denotes the projection mapping from W to Ex.

Proof, By Lemma 6.12(b), for some natural number r,

(6.13.1) W - E(W) - Eλ x E2 x xEr, where Ek is a

non-Abelian simple group, 1 <; k ^ r .

Let_ TT0 - (El; xeN). __Since_ M = (W, N), Wo < M. Since T?o g
), by Lemma 6.7, TΓ0 - fΓ, so that

(6.13.2) N acts transitively on {Ek; 1 ^ k ^ r} .

Hence,

(6.13.3) J5fc - j©! for all k; 1 ^ & ̂  r .

Thus, (a) follows from (6.13.1) and (6.13.3).
Suppose EkQ Ϋ for some &; 1 ^ & ̂  r. Since Ϋ is iV-invariant

by Lemma 6.11(a), (6.13.2) shows that W = (El xeβ} Q Ϋ, which
contradicts Lemma 6.12(a) and (b). Hence, Ek^Y for all k; 1 <;
k <. r, which proves (b).

Since N = <Hfc+1, ΛΓG(S)>, iSΓ - <fΓ4+1, iV^(S)>, which proves (c).
By Lemma 6.2(c),

(6.13.4) Os(Hk+1) = S Π O2(^) £ S ΓΊ O£(ΛΓ) .

Let f = ΓΪLe22Cs(Oq(L)). Then by Lemma 6.10 and (6.13.4), S =

Os(Hk+1)T q (S Γ)O2(N))T, and [5, f ] £ Γ for any S-invariant ?.

subgroup R of W, which proves (d).

By Lemma 3.6, S induces a permutation of A = {1, 2, , ?*}
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where we identity k with Ek, 1 ̂  k ^ r. Let Λly Λ2, , Λn be the
set of all S-orbits of A, A = (Ex; X e Aty, and let Dt be the pre-
image of A in M, 1 ̂  i ^ w. Then, for F = K and Z> = TFS, all
the assumptions of Lemma 6.6 are satisfied. By Lemma 6.6(a), (b)
and Lemma 6.10(b), there exists an element L of £2, such that

(6.13.5) (Oq(L)x; x e N) = W a n d Oq(L) Q A f o r s o m e i l ^ i ^ n .

Renumbering A, if necessary, we may assume that Dt = (Ef xeS).
Since L is S-irreducible by Lemma 3.11(a),

Oq(L)ζk (π1(Og(L))x; x eS), where π1 denotes the projection
(6.13.6) _ _

mapping from W to Ex.

By (6.13.5) and (6.13.6), <τr1(O,(L))a;; x eN) = W, which proves (e).
Hence this lemma is proved.

LEMMA 6.14. O\Hk+ι) £ WCM(W/K).

Proof. Let K* be the pre-image of Z(WJK) in W. Then by
Lemma 6.12(c), &(WHk+JK*: π) £ ^(WHk+1/K: π) = 0. So, by
Lemma 6.13 and Proposition 3.17, we obtain that O\Hk+1) £
WCM(W/K*). Hence, it is enough to show that CM_(W/K)^CM(W/K*).

Let X — XKjK for any subgroup X of M. Then, W stabilizes a normal
series: CM(W/K*) = CΈ(WIZ{W)) 2 Z(PΓ) 2 1. By Lemma 6.12(b),
O2(fr)= W' r, so that by Lemma 3.7 [W, CX(W/K*)] = 1. Therefore,
CM(WIK*)£kCM(WIK), as required. Hence this lemma is proved.

NOTATION. By Lemma 5.2(c), Hk+ί is a {2, p}-group with a non-
identity Sylow p-subgroup. From now, p denotes the prime such
that Hk+1 is a {2, p}-group.

LEMMA 6.15. All the assumptions of Proposition 3.13 are
satisfied, for r = p, D = M, V = K, Dι = W, A = CM(W/K), and
H — Hk+1.

Proof. (1) follows from Lemma 6.1(e). (2) follows from Lemma
5.2(a). (3) follows from the preceding lemma. (4) and (5) follow
from the definitions. (6) follows from Lemma 6.3(c). Hence this
lemma is proved.

LEMMA 6.16. A contradiction.

Proof. By Lemma 6.15, and Proposition 3.13(a), (b), (c) and (d),
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there exists a subfamily St = {Lt; 1 <Z i <^ t} of $G(S) which satisfies
the following (6.16.1), (6.16.2) and (6.16.3):

( L e S ) is a solvable {2, p}-group with a Sylow
(6.16.1)

2-subgroup S which contains Hk+1;

there exists a subgroup T of S which is normal in

(6.16.2) (NM(S),Le$t), and Hk+1/T is p-closed, and L/T is

^-closed for all

(6.16.3) for each LeSΐ, O\L) £ W or O2(L) g CM(W/K) .

First, we shall show that:

(6.16.4) Os(Qk+1 U {L}) z> 1 for all L e « .

Suppose that Os(φfc+1 U {£}) = 1 (namely, £*+iU{£} lies in
for some LeΛ. If O\L)QCM(W/K), then [O2(L), O5(L)]£<7s
Os(Hk), which contradicts Lemma 5.13(c). So, we get O\L) ς^ W hy
(6.16.3). Then by Lemma 6.1(b), [O\L), ΩγZJ{Os(a{& H3))J.{S))\ = 1.
Then by Lemma 5.20, δ(ίgk+1 U {L}) > <?(£>), which contradicts Assump-
tion (A.I). Hence, we obtain (6.16.4). Since NM(S) = ^ ( S ) , by
(6.16.4), (6.16.2) and Lemma 5.15,

(6.16.5) Os(Qk+ί U «) =) 1 .

Let F-<£e<fΐ>. Then by (6.16.1), O(L) Q O(F) for all LeΛ.
Therefore, ί1 = NF(Os(Qk+1 U Λ))0(F). Since JTfc+1 c F by (6.16.1), it
follows that

(6.16.6) H = NJIk+1(Os(Hk+ι U ®))O(Hk+ι) .

By (6.16.5) and (6.16.6), lcO 5 (φ f c + 1 U ft) £ Os(£), which is a final
contradiction. This completes the proof of the theorem.

Added in proof. The author would like to give thanks to
Professor George Glauberman who pointed out some errors in this
paper, and to the Journal for fixing up the manuscript.
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