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We give some fixed point theorems for multivalued non-
expansive mappings or generalized contractions with non-
compact domains in Banach spaces. First, we give a fixed
point theorem for nonexpansive mappings that generalizes
the results of Lami-Dozo, Assad-Kirk and Ko. Furthermore
we give similar theorems for nonexpansive mappings or
generalized contractions with nonconvex domains.

In 1976, Caristi [4] obtained fixed point theorems for weakly
inward singlevalued mappings. The essential part of his proof is
based on the following useful existence theorem.

THEOREM (Browder [2], Caristi-Kirk [3], Caristi [4], Kirk [9],
Siegel [18] and Wong [19]). Let X be a complete metric space and
J: X — X an arbitrary mapping. Suppose there exists a lower semi-
continuous mapping  of X into the nonnegative real numbers such
that for each xze X,

d(x, f(x)) = (@) — v(f(®) .
Then f has a fixed point in X.

Fixed point theorems for multivalued nonexpansive mappings
are obtained by Assad-Kirk [1], Downing-Kirk [5], Itoh-Takahashi
[8], Ko [10], Lami-Dozo [11], Lim [12, 13], Reich [15, 16, 17] and
the other. Recently Downing-Kirk and Reich obtained some existence
theorems containing the results of Lim by using the above theorem
essentially. In this paper we shall give extensions of results of
Lami-Dozo, Assad-Kirk and Ko by using similar method to Downing-
Kirk and Reich. Furthermore we shall obtain similar results in the
case of nonconvex domain. Now we shall introduce some necessary
notations and definitions. Let X be a Banach space and K be a
nonempty convex subset of X. If xc K, we define the inward set
of x relative to K, denoted I;(x) as follows:

In(x) = {x + a(y —x)|ye K, a =1} .

We say that a mapping f: K — X is weakly inward if f(x) belongs
to the closure of I (x) for each xc K. We denote by &< (X) the
family of nonempty bounded closed subsets of X and denote by
7 (X) the family of nonempty compact subsets of X. For Ae
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&#(X), we define d(z, A) = inf {|jz — y||lye A}. If Kc X, cl(K),
int (K) and 0K will stand for the closure, interior and boundary of
K, respectively. We write x, — = to indicate that the sequence of
vectors {x,} converges weakly to x; as usual z, — 2 will symbolize
(strong) convergence.

DEFINITION 1. Let D be the Hausdorff metric on <% (X) induced
by the norm of X and let Ke&##(X). T:Ke&<#(X) is said to be
nonexpansive if D(T(x), T(y)) < ||¢ — y|| for every z, ye K. T: K —
&#(X) is said to be a contraction if for every z, ye K, D(T(x),
T(y) < kllz — yl|, where 0 <k <1. T:K-—>&F(X) is said to be
a generalized contraction if for each xze€ K there is a number
a(x) < 1 such that D(T(x), T(¥)) < a(x)||z — y|| for each y e K.

DEFINITION 2. A Banach space X is said to satisfy Opial’s con-
dition if the following holds: If a sequence {z,} is weakly convergent
to x in X and « = y, then
(*) liminf ||z, — z|] < lim inf {jx, — y] .

A Banach space X is said to satisfy weak Opial’s condition if the
following holds: If a sequence {x,} is weakly convergent to x in X,
then for every y in X,

(**) lim inf ||z, — «|| < liminf ||z, — ¥]| .

We remark that (*) and (**) are equivalent to (*)' and (**), respec-
tively (ef. [11]):

) lim sup ||, — «|| < lim sup ||z, — ¥l ,
*y lim sup ||, — «|| < lim sup ||z, — ¥l .

Hilbert spaces and I7(1 < p < ) satisfy Opial’s condition and Banach
spaces with weakly continuous duality mappings satisfy weak Opial’s
condition (cf. [14]).

DEFINITION 3. Let K be a convex set in X. T: K —»&Z#(X)
is said to be demiclosed on K if 2, — 2, y, — vy and vy, e T(x,) imply
yeTx). T:K->ZF(X) is said to be semiconvex on K if for any
z,yeK, z=xr + 1 — \N)y, where 0 <A =1, and any z,€ T(x), ¥, ¢
T(y), there exists z, € T(z) such that ||z,]| < max {||z.]|, |]v.1}.

PROPOSITION 1 (Ko [10]). Let K be a convexr set in X and let
T:-K ->&#(X). If I — T is semiconvex on K, then for any x, y€ K
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and z=xx+ 1 — Ny, where 0=ANZ1, we have d(z T(2) =
max {d(z, T(x)), d(y, T(y))}-

PrOPOSITION 2 (Ko [10], Downing-Kirk [5]). Let K be a set in
X. If T':K—>%#(X) is upper semicontinuous, then d(z, T(x)) is
a lower semicontinuous mapping of K into the monmegative real
numbers.

Before we obtain main theorems, we shall state the following
result related to multivalued contractions.

PROPOSITION 3 (Downing-Kirk [5], Reich [17]). Let K be a non-
empty closed convex subset of X and let T: K — 2¢(X) be a contra-
ction. If T(x) Cecl (Ig(x)) for each x€ K, then T has a fixed point.

We shall obtain the first theorem.

THEOREM 1. Let K be a nonempty weakly compact convex subset
of a Banach space X and let T: K— 227 (X) be nonexpansive such
that T(x) C el (Ig(x)) for each xe K. If I — T is demiclosed or semi-
convexr on K, then T has a fixed point.

Proof. Choose a point xz, in K and a sequence {k,}, 0 <k, <1,
that converges to 0. By Proposition 3, the mapping 7T,: K — 2 (X)
defined by T,.(x) = k,x, + A — k,)T(z) for all xe K has a fixed point
%,. Consequently there exists y,e T(x,) such that z, = k.2, +
A —E%,)y,. Suppose I — T is demiclosed on K. Since K is weakly
compact, there is a sequence {x,} of {x,} such that »,, —~2¢ K. Also
k

——||@, — @, || — 0.

2 = vl = 2%

Therefore 0 (I — T)(z), i.e., z€ T(z). Suppose I — T is semiconvex
on K. We have inf {d(z, T(x))|x € K} = 0 because

k,
1_ &,

Let » >0, define H, ={re K|d(z, T(x)) < r}. Since Proposition 1
and Proposition 2 imply that H, are closed convex, H, are weakly
closed for every r > 0. The family {H,|r > 0} has the finite inter-
section property. Therefore, by the weak compactness of K, we
have N{H,|r >0} # @. It is clear that any point in N{H,|[r > 0}
is a fixed point of T. O

a@,, T(x,) < |0, = 9.l = [[2 — @, || — 0 .

We obtain the following
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COROLLARY 1. Let K be a monempty weakly compact convex
subset of a Banach space X which satisfies Opial’s condition (or
weak Opial’s condition). If T: K— % (X) is nonexpansive (0r a
generalized comtraction) such that T(x) Cecl (Ix(x)) for each xzc K,
then T has a fixed point.

Proof. If X satisfies Opial’s condition and T is nonexpansive,
then I — T is demiclosed on K by the result of Lami-Dozo. There-
fore we show that I — T is demiclosed on K if X satisfies weak Opial’s
condition and T is a generalized contraction. Suppose that z, — x,
Y.—y and y,€ (I — T)(x,). Hence there exists u, € T(x,) such that
Y, =%, — U,. Since T(x) is compact, there exists v, € T(x) such that

an - ’M/,,,” = D(T(x)y T(w'n» = a(x)Hx — mnl[ .

Also there is a sequence {v,,} of {v,} such that v, —»veT(x). We
have the following relation,

a(#) lim sup ||2,, — @|| = lim sup ||, — v,,]]
= lim sup [[@,, — ¥, — v, |l
= limsup |[@,, — ¥ — 0+ ¥ — ¥, + v — 0|
2 lim sup {||z,, — ¥ — vl = |90, — ¥l = [0, — 2}
2 lim sup ||@,, — ¥ — 0| — lim sup [|y,, — y|| — lim sup [|v,, — v||

= lim sup |2, — ¥y — v|| .
4—rc0

Since #,,—« and X satisfies weak Opial’s condition, we have
lim sup,.... ||#,, — || = 0. Hence ®»,,— « and x,,—y + v. Therefore
y=uw—ve(l— T)x). 1

If K is compact in Theorem 1, we obtain the following

COROLLARY 2. Let K be a nonempty compact convex subset of
o Banach space X and let T: K — 227 (X) be nonexpansive such that
T(x) C el (Ig(x)) for each x€ K. Then T has a fixed point.

We shall obtain fixed point theorems for nonexpansive mappings
or generalized contractions on starshaped subsets of Banach spaces.

DEFINITION 4. A subset K of a Banach space is called starshap-
ed if there exists an element z,€ K such that for x¢ K and
EO<k<l), kx, + (1 — kxec K.



ON SOME FIXED POINT THEOREMS 237

DEFINITION 5. For a subset K of a Banach space X and a
bounded sequence {x,} in X, we define

AR(K, {z,) = int {limsup ||y — =, |||y ¢ K}
and
AK, (&) = {2 e K|lim sup [lz — o,/| = AR(K, (=)} -

The set A(K, {z,}) and the number AR(K, {x,}) are called, respective-
ly, the asymptotic center and the asymptotic radius of {x,} relative
to K.

PROPOSITION 4. The following hold:

(1) If K is convex, then A(K, {x,}) is convex;

(2) if K 1s closed, then A(K, {x,}) is closed;

(8) if K is weakly compact, then A(K, {x,}) is nonempty;

(4) if X is uniformly convexr and K is bounded closed convex,
then A(K, {x,}) consists of exactly one point;

(5) AK, {#.}) coK U A(X, {.});

(6) There exists a subsequence {x,,} of {x,} such that AR(K,{x”}):
AR(K, {x,})) and A(K, {x,)}) C A(K, {xnl.j}) Jor any subsequence {xnij}
of {,}.

Proof. (1), (2), (38) and (4) are clear (cf. [6]). We prove at
first (5). Suppose that A(K, {z.}) & 0K U A(X, {x,}). Then there
exists « € int (K) such that x € A(K, {«,}) and z¢ A(X, {z,}). We have

inf {limsup ly — x,,,|[|yeX} < limsup ||z — «,]||
= inf {Iim sup ||y — x|y GK} .
Hence there is v € X such that

lim sup ||v — ,|| < inf {lin;ﬂswup ly — ] [yeK} :

Since z €int (K), there exists M€ (0, 1) such that xax + (1 — \ve K.
Hence

inf {limsuplly _ x,,n]yeK} < limsup || M + (1 — N)o — o, ]|

ilimsupl|lz — 2, + @ — M) limsup|lv — 2,]|| .

Therefore lim sup, .. ||# — .|| < lim sup,_.. |[v — %,]|. This is a con-
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tradiction. Next we show (6). By Lim [13, Proposition 1], there
exists a subsequence {z,,} of {x,} such that AR(K, {x,,ij}) = AR(K, {x,,})
for any subsequence {w,,ij} of {x,}. Let xe A(K, {x,}). For any sub-
sequence {x,,ij} of {x,,},

lim sup [|2,,; — oI/ < lim sup||,, — o] = AR(K, {z.)

= AR(K, {z,,)) < lim sup||z,,, — @] .
g 7

Hence lim sup;_ || %, — le[ = AR(K, {x,,ij}). Therefore x € A(K, {oc,,i,,}).

We shall obtain the following theorem for nonexpansive map-
pings.

THEOREM 2. Let K be a monempty weakly compact starshaped
subset of a uniformly convex Banach space X and let T: K — 2¢°(X)
be nonexpansive. If for each x € 0K, T(x)C K and vx+ (1 —N)T (@)K
for some N€(0,1) or T(x)Cint(K), then T has a fixed point.

Proof. Let x, be a starcenter and choose a sequence {k,}, 0 <
k, < 1, that converges to 0. By Assad-Kirk [1], the mapping T,:
K — 9(X) defined by T,(x) = k,x,+ (1 —k,) T(x) for all ze K, has a
fixed point x,. Consequently there exists ¥, e T(x,) such that «, =
k,x, + 1 —k,)y,. Since {x,} is bounded, we can take a subsequence
{x,,} of {x,} as (6) in Proposition 4. We rewrite {z,} to {x,}. Let
ze€ A(K, {x,}). Since T(z) is compact, there exists z, € T(z) such that
|2, — .|| = D(T(2), T(x,)) < ||z — «,]||, and there exists a subsequence
{z,,} of {z,} such that z,, —ZzZeT(z). By (6) in Proposition 4,
A(K, {=,}) c A(K, {«,])). Hence z¢ A(K, {x,,}). Since

g

1—k,

1

we have
lim sup ||z — =, ]|
i—00
= limsup ||z — 2,,[| + lim sup ||z, — ¥, || + lim sup ||y, — @]l
= lim sup ”zm - ynl”
i—00
< limsup ||z — ,,|| = inf {lim sup ||y — xm.nlyeK} .
4—00 i—00
If ze 0K, then w = Az + (1 — \)Z € K for some A €(0, 1) by hypothesis.

Suppose that z # Z. By uniform convexity of X, we have for some
0€(0, 1),
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lim sup [|w — @,,[| < (1 — 9) in {lim sup |y — ,,[[|y e K] .

This contradicts the choice of w. If ze A(X, {x,,}), we have
AR(X, {2,)) = limsup||Z — ,,
=< limsup ||z — 2, || + lim sup {|z,, — 9, [| + lim sup [[¥., — ., ||
= lim sup ||z, — ¢,,]| = limsup{jz — @, || = AR(X, {z,}) -
Hence z€ A(X, {x,,}). By uniform convexity of X, we obtain z =
ze T(2). U

The following theorem for generalized contractions is obtained.

THEOREM 3. Let K be a nonempty weakly compact starshaped
subset of a Banach space X and T: K— 9 (X) be a generalized
contraction. If for each x€oK, T(x) C K, then T has a fixed point.

Proof. Asin Theorem 2, we obtain z, € K such that x,¢ T, (x,).
Consequently, there exists y, € T(x,) such that z, = k,x, + A — k,)v..
Since {z,} is bounded, we can take a subsequence {z,} of {,} as (6)
in Proposition 4. We rewrite {x,,} to {z,}. Letze A(K, {=,}). Since
T(z) is compact, there exists z, € T(z) such that

and there exists a subsequence {z,} of {z,} such that z,, —Ze T(z).
Since A(K, {x.}) Cc A(K, {x.}), z € A(K, {x,}). Also

g

1=k,

me—ymH: ]|wo~9€ni]-——~>0.

If z€0K, then ze K by hypothesis. Hence
AR(K, {e,}) < limsup [|Z — ]|
= limsup [z — 2,,]| + lim sup ||2,; — .|| + lim sup [[¥., — @i
= lim sup ||2,, — ¢,,]| = lim sup a(z)[|z — @, ||
= a(z)AR(K, {x,}) .

Since 1 — a(z) > 0, AR(K, {x,}) = 0, which implies that x,, —Z and
®,, — 2. Therefore z =z ¢ T(z). If ze¢ A(X, {x,}), we have

AR(X, {xni}) = lim sup ”2 - wm”

< limsup ||Z — 2,,|| + lim sup [{2,, — ¥, ]| + lim sup ||9,, — ]|
{00 i-co o0
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= lim sup [[z,, — ¥, || = lim sup a(z) ||z — =,
-—00 f—co
= a(®)AR(X, {z,}) .

Since 1 — a(z) > 0, AR(X, {x,}) = 0, which implies that z,,—Z and
%, — %. Therefore z =z ¢ T(z). R

REFERENCES

1. N. A. Assad and W. A. Kirk, Fixed point theorems for set-valued mappings of con-
tractive type, Pacific J. Math., 43 (1972), 553-562.

2. F. E. Browder, On a theorem of Caristi and Kirk, Proc. Seminar on Fixed Point
Theory and its Applications, Dalhousie University, June, 1975.

3. J. Caristi and W. A. Kirk, Geometric fixed point theory and inwardness conditions,
Proc. Conf. on Geometry of Metric and Linear Spaces, Michigan State University, 1974.
4. J. Caristi, Fixed point theorems for mappings satisfying inwardness conditions,
Tran. Amer. Math. Soc., 215 (1976), 241-251.

5. D. Downing, and W. A. Kirk, Fixzed point theorems for set-valued mappings in
metric and Banach spaces, Math. Japonicae, 22 (1977), 99-112.

6. M. Edelstein, Fized point theorems in wumiformly convex Bamnach spaces, Proc.
Amer. Math. Soc., 44 (1974), 369-374.

7. J. P. Gossez, E. Lami Dozo, Some geometric properties related to the fixed point
theory for monexpansive mappings, Pacific J. Math., 40 (1972), 565-573.

8. S. Itoh andW. Takahashi, Singlevalued mappings, multivalued mappings and fized
point theorems, J. Math. Anal. Appl., 59 (1977), 514-521.

9. W. A. Kirk, Caristi’s fixed point theorem and metric convexity, Collog. Math., 36
(1976), 81-86.

10. H. M. Ko, Fixed point theorems for point-to-set mappings and the set of fixed
points, Pacific J. Math., 42 (1972), 369-379.

11. E. Lami Dozo, Multivalued nonexpansive mappings and Opial’s condition, Proec.
Amer. Math. Soc., 38 (1973), 286-292.

12. T. C. Lim, A fixed point theorem for multivalued nonexpansive mappings in a
uniformly convex Banach space, Bull. Amer. Math. Soc., 80 (1974), 1123-1126.

13. , Remarks on some fixed point theorems, Proc. Amer. Math. Soc., 60 (1976),
179-182.

14. Z. Opial, Weak convergence of the sequence of successive approximations for non-
expansive mappings, Bull. Amer. Math. Soc., 73 (1967), 591-597.

15. S. Reich, Fixed points in locally convex spaces, Math. Z., 125 (1972), 17-31.

16. , Remarks on fixed points II, Atti. Acad. Naz. Lincei. Rend. Cl. Sci. Fis.
Math. Natur., 53 (1972), 250-254.

17. , Approximate selections, best approximations, fixed points, and invariant
sets, J. Math. Anal. Appl., 62 (1978), 104-113.

18. J. Siegel, A new proof of Caristi’s fixed point theorem, Proc. Amer. Math. Soc.,
66 (1977), 54-56.

19. C. 8. Wong, On a fized point theorem of contractive type, Proc. Amer. Math. Soec.,
57 (1976), 283-284.

Received October 18, 1978.

YamacucHl UNIVERSITY
YAMAGUCHI 753, JAPAN



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
DONALD BABBITT (Managing Editor) J. DUGUNDJI
University of Galifornia Department of Mathematics
Los Angeles, California 90024 University of Southern California
HUGo RoSSI Los Angeles, California 90007
University of Utah R. FINN AND J. MILGRAM
Salt Lake City, UT 84112 Stanford University

C. C. MOORE AND ANDREW OGG Stanford, California 94305

University of California
Berkeley, CA 94720

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLF K. YosHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFONIA
CALIFORNIA INSTITUTE OF TECHNOLOGY  STANFORD UNIVERSITY

UNIVERSITY OF CALIFORNIA UNIVERSITY OF HAWAII

MONTANA STATE UNIVERSITY UNIVERSITY OF TOKYO

UNIVERSITY OF NEVADA, RENO UNIVERSITY OF UTAH

NEW MEXICO STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
OREGON STATE UNIVERSITY UNIVERSITY OF WASHINGTON

UNIVERSITY OF OREGON

Printed in Japan by International Academic Printing Co., Ltd., Tokyo, Japan



Pacific Journal of Mathematics

Vol. 87, No. 1 January, 1980

Spiros Argyros, A decomposition of complete Boolean algebras . .. ........ 1
Gerald A. Beer, The approximation of upper semicontinuous multifunctions

by step Multifunctions. .............oouuueeeeenniiiiiie e, 11
Ehrhard Behrends and Richard Evans, Multiplicity theory for Boolean

algebras of LP-projections ...............uuuiiiuieeeennniinnnnnn. 21
Man-Duen Choi, The full C*-algebra of the free group on two

GEMETATOTS . . .o\ oo vttt e et e e et e 41
Jen-Chung Chuan, Axioms for closed left ideals in a C*-algebra. . ......... 49
Jo-Ann Deborah Cohen, The strong approximation theorem and locally

bounded topologies on F(X) ... 59
Eugene Harrison Gover and Mark Bernard Ramras, Increasing sequences of

Betti RUMDETrs . . .. ..o 65
Morton Edward Harris, Finite groups having an involution centralizer with

a 2-component of type PSL(3, 3) ..o 69
Valéria Botelho de Magalhdes I6rio, Hopf C*-algebras and locally compact

BPOUDS o o ottt e e e e e 75
Roy Andrew Johnson, Nearly Borel sets and product measures ............ 97
Lowell Edwin Jones, Construction of Z ,-actions on manifolds . ........... 111

Manuel Lerman and Robert Irving Soare, d-simple sets, small sets, and
degree classes .......... ... ... ..

Philip W. McCartney, Neighborly bushes and the Radon-
for Banach spaces.................ccoiiiiiiininn.

Robert Colman McOwen, Fredholm theory of partial diffe
on complete Riemannian manifolds ................

Ernest A. Michael and Carl Preston Pixley, A unified theo
SeleCtions. ...

Ernest A. Michael, Continuous selections and finite-dime

Vassili Nestoridis, Inner functions: noninvariant connecte
COMPONEALS . . v vttt et
Bun Wong, A maximum principle on Clifford torus and no
proper holomorphic map from the ball to polydisc . . .
Steve Wright, Similarity orbits of approximately finite C*-
Kenjiro Yanagi, On some fixed point theorems for multiva
PUAPPINGS .« o oo e et e e et e
Wieslaw Zelazko, A characterization of LC-nonremovabl
commutative Banach algebras . ....................


http://dx.doi.org/10.2140/pjm.1980.87.1
http://dx.doi.org/10.2140/pjm.1980.87.11
http://dx.doi.org/10.2140/pjm.1980.87.11
http://dx.doi.org/10.2140/pjm.1980.87.21
http://dx.doi.org/10.2140/pjm.1980.87.21
http://dx.doi.org/10.2140/pjm.1980.87.41
http://dx.doi.org/10.2140/pjm.1980.87.41
http://dx.doi.org/10.2140/pjm.1980.87.49
http://dx.doi.org/10.2140/pjm.1980.87.59
http://dx.doi.org/10.2140/pjm.1980.87.59
http://dx.doi.org/10.2140/pjm.1980.87.65
http://dx.doi.org/10.2140/pjm.1980.87.65
http://dx.doi.org/10.2140/pjm.1980.87.69
http://dx.doi.org/10.2140/pjm.1980.87.69
http://dx.doi.org/10.2140/pjm.1980.87.75
http://dx.doi.org/10.2140/pjm.1980.87.75
http://dx.doi.org/10.2140/pjm.1980.87.97
http://dx.doi.org/10.2140/pjm.1980.87.111
http://dx.doi.org/10.2140/pjm.1980.87.135
http://dx.doi.org/10.2140/pjm.1980.87.135
http://dx.doi.org/10.2140/pjm.1980.87.157
http://dx.doi.org/10.2140/pjm.1980.87.157
http://dx.doi.org/10.2140/pjm.1980.87.169
http://dx.doi.org/10.2140/pjm.1980.87.169
http://dx.doi.org/10.2140/pjm.1980.87.187
http://dx.doi.org/10.2140/pjm.1980.87.187
http://dx.doi.org/10.2140/pjm.1980.87.189
http://dx.doi.org/10.2140/pjm.1980.87.199
http://dx.doi.org/10.2140/pjm.1980.87.199
http://dx.doi.org/10.2140/pjm.1980.87.211
http://dx.doi.org/10.2140/pjm.1980.87.211
http://dx.doi.org/10.2140/pjm.1980.87.223
http://dx.doi.org/10.2140/pjm.1980.87.241
http://dx.doi.org/10.2140/pjm.1980.87.241

	
	
	

