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A-HOMOLOGY COBORDISM BUNDLES

GERALD A. ANDERSON

Let K be a set of primes and 4 the localization of the
integers away from K. In this paper we compute the
homotopy types of G(K)/H(K) and H(K)/PL, when H(K) is
the classifying monoid for A-homology cobordism bundles,
with applications to the space BH(K).

1. Introduction. Let A be a subring of @ with unit, and K
the set of primes invertible in 4. This paper is concerned with
A-homology cobordism bundles, which are defined as in [13], using
A-coefficients throughout.

In §2, we define A-homology cobordism sphere, disc and cone
bundles and discuss their basic properties, including representability,
existence of normal bundles and transversality. Most of the results
of this section are known in some form (from the bundle theories
of [19], [28], straightforward generalizations of the 4 = Z case in
[13], [15], [8] or special cases of [9], [22]).

In §3, we consider rational surgery obstructions for simply con-
nected manifolds. Our main result is a product formula for Z/m-
manifolds, which allows us to apply the Morgan-Sullivan construc-
tion ]18].

In §4 we compute the homotopy type of G(K)/H(K). A similar
construction has been briefly sketched by Quinn [19], following, as
does the one given here, the construction of Sullivan [24] for G/ﬁ,.
We show that G(K)/H(K) = A+ X Ky ® 4,4) X Y, where Y is
given by the fiber diagram

Y — (II K(L(L; 4) @ 4, 1)

|

(BOx). — 11 K(Q, 49) .

Here % denotes the group of PL /-homology n-spheres, modulo
H-cobordism, and f is the kernel of an invariant 5 — (Z/8) Q 4.
In §5, we compute the homotopy type of H(K)/PNL. Our result
is: H(K)/PL = (BSPL)® X [L.so K(4X ® 4, i), where (BSPL)® is the
fiber of BSPL — BSPLX.
Finally, in §6, we consider applications to 4-homology cobordism
bundles. The homotopy groups of BH(K) are shown to be
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7(BPL) ® A i % 0 mod (4)
7(BH(K)) = {n(BPL) Q@ A B tor WA R 4 i=4j>4
AD i ® 4 i=4.

We also show that, unless 2e K or K = ¢, BH(K) is not “comput-
able” in terms of BTOP, showing that a conjecture of Quinn [19]
is false.

2. A-homology manifolds and 4-homology cobordism bund-
les. A polyhedron M is called a A-homology manifold of dimension
n if M has a subdivision M’ so that H, (LK(z, M’); A) = H. (8" A)
or 0. The boundary of M,oM = {xec M': H (LK(z, M"); 4) = 0} is a
A-homology manifold of dimension % — 1.

A A-homology m-sphere is a A-homology n-manifold ¥ so that
H,(3; A) = H(S" 4); a A-homology n-disc is a compact A-acyclic
A-homology n-manifold 4. The prefix “PL” indicates that Y or 4 is
a PL manifold. A 4 n-cell is the cone ¢M over a A-homology (n—1)-
sphere or (n—1)-disc M; such a A n-cell is a A-homology wm-manifold
with boundary M or M U ¢(6M). An Hg-cobordism is a A-homology
manifold triad (W; M., M_) with H(W; M.; 4) = 0. (Again the
prefix “PL” means that W is a PL-manifold.)

A A-cell decomposition of a simplicial complex X is a collection
.7 of subpolyhedra of X so that

(i) each de.97 is a Ad-cell,

(ii) X has a subdivision X' so that every simplex of X' lies
in the interior of a unique element of .97,
and

(iii) if 4¢.97, 04 is a union of elements of .07,

Let X be a simplicial complex with a A-cell decomposition .o7.
A A-homology cobordism (n-sphere) bundle & over X is a complex
E = E(¢) over .% (see [13], pg. 96) so that, for each p™¢.o7,

(i) E(4) is a A-homology (n + m)-manifold with

0E(4) = E(84) = ) gm E4,) ,

oF

and

(ii) there is a complex W over .&7|4 so that W(4, is an
H-cobordism between E(4,) and 4, x S* for each 4,e.974.

Here .o7|4 denotes the A-cell decomposition of 4 consisting of
those 4,¢.%7 with 4,cC 4.

If &7,y are A-homology cobordism sphere bundles over X, Y,
then we define their product & X 1 to be the space E(¢) x E(3) over
the induced A-cell decomposition of X X Y. Restrictions are defined
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in the obvious way. If & is a 4-homology cobordism sphere bundle
over X, and f: Y — X is a simplicial map, then the pull-back f*¢ is
defined to be &° x &|G,;, where ¢* denotes the trivial bundle Y x Sv,
and we identify Y with the graph G, of f. If & » are 4-homology
cobordism sphere bundles over X, their Whitney sum £@P 7 is de-
fined by 4*(¢ X 1), where 4: X — X x X is the diagonal.

Two A-homology cobordism n-sphere bundles & 7 over X are
isomorphic, written & = 7, if there is a complex G over .o so that
for each 4e.97, G(4) is an Hg-cobordism between E(&)(4) and
E(n)(4).

We similarly define a A-homology n-disc bundle & over X to be
a complex K = E(&) over .& so that, for each 4™ ¢ .o,

(i) KE(4) is a A-homology (n + m)-manifold, with 0FE(4) conta-
ining E(64) as a codimension 0 submanifold,
and

(ii) there is a complex W over .o7|4 so that W(4,) is an
Hy-cobordism between (E(4,); E(64,), 0E(4,) — E(64,)) and (4, x D*;
04, x D, 4, x 8"*) for each 4,¢€.974.

A A-homology m-come bundle is a A-homology n-disc bundle &
with E(d4) = ¢(0E(4) — E(d4)). The concepts given above generalize
to disc and cone bundles in the obvious way.

ProrosiTioN 2.1. ([13], Prop. 3.3). There exist bijective cor-
respondence between the isomorphism classes of A-homology cobordism
(n — 1)-sphere, n-cone, and n-disc bundles over X.

Thus we may freely pass among the three types of bundles de-
fined above. The term A-homology cobordism n-bundles shall refer
either 4-homology cobordism (» — 1)-sphere, n-disc or n-cone bundles.

Let %,(X) denote the set of isomorphism classes of A-homology
cobordism #n-bundles over the simplicipal complex X.

THEOREM 2.2. ki is representable, i.e., there is an H-space
BH(K), so that ki(X) = [X, BH(K),].

The construction of BH(K), follows from Martin and Maunder
[13]: Let H(K), be the 4-monoid with ¢-simplexes given by iso-
morphisms of the trivial bundle 4* X D" over 4°. Then the classify-
ing space BH(K), of H(K), represents k..

PROPOSITION 2.3. ([13], Prop. 3.4). Let & be a A-homology co-
bordism bundle over a A-homology manifold M. Then E(E) is a
A-homology manifold.
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Let & be a 4-homology n-sphere bundle over a A-cell decomposi-
tion .7 of X. Let 4, 4,, 4,¢ .5 with 4,C4,N4,, and W, complexes
over .7 |4,,7=1,2, so that W,(d4, is an Hg-cobordism between
E(4,) and 4, x S*. Attaching W, and W, along E(4,), we get an
Hy-cobordism of 4, x S* with itself, and so an automorphism of
H,(4, %X S"; 4) = A. We say that £ is orientable if we may always
choose W,, W, so that this automorphism is the identity times a
positive unit in 4; a choice of these Hg-cobordisms is called an
ortentation. We may define a A-monoid SH(K), so that BSH(K),
classifies oriented 4-homology cobordism n-sphere bundles.

ProposiTION 2.4. ([13}, Cor. 3.9). n(BH(K),)=Z/2 and BSH(K),
is the universal cover of BH(K),.

The same holds for BH(K), BSH(K), where BH(K) = lim BH(K),
and BH(K),— BH(K),:; is defined by block-by-block suspension,
ete.

Let BPL penote the classifying space for PL block bundles. By
3], there is a natural map BPL — BH(K); let H(K)/PL denote its
homotopy fiber.

THEOREM 2.5. ([3], Theorem 38.6). m,(H(K)/PL)® 4= yX® 4,
where k 1is the group of PL A-homology mn-spheres modulo PL
H -cobordism.

Let W(A) denote the Witt group of even quadratic forms over
A, and W(d4, Z) = coker(W(Z) — W(A)); W(A, Z) is a torsion group,
all elements having order dividing 8, and is not finitely generated
in general (cf. §3). We have the following calculation of X for
n = 4.

PROPOSITION 2.6. X =0 and yX Q@ 4= {%,( 4 Z)Ziiknioii >(‘§)

Proof. Using the notation of [5], we have

Vi Z AP Q Zigy D ® Z
=tor(A9) ® Zx, = 0.

The result for » > 4 follows from [3], Theorem 3.5.

THEOREM 2.7. If m =3, then there is a map ¢,: BH(K), —
BG(K), so that
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BPL, — BG,

L]

BH(K),— BG(K),

commutes (up to homotopy); the maps ¢, are compatible with stabi-
lization.

Proof. The argument is basically the same as that in [8], §6.
Let G(K), denote the A-set with i-simplexes PL 4 S*'-block fibrations
over 4 x I, trivial over 4 x {0, 1}; note that BG(K), = BG(K),.

Define a map H(K), — G(K), inductively on cells as follows:
Since the 2-skeletons of H, and H(K), coincide, we may use the
construction of [8] for cells of dimension 1 and 2. Assume an i-cell,
1 =3, is represented by a A-homology cobordism (n — 1)-sphere
bundle ¢ over 4°x I, trivial over 4° x {0, 1}, and, inductively, a 4
S*L-block fibration over 4° x I. Since dim E() =5 and E(¢) is a
smooth manifold in a neighborhood of its dual 3-skeleton, it follows
from Corollary 3.3 of [5] that we may do surgery on FE(£) rel oE(&)
to get a new 4-homology cobordism bundle & with =, (H(E)) = 0.
The remainder of the proof follows as in [8].

The next theorem shows the existence of normal bundles.

THEOREM 2.8. Let M", N*** be compact A-homology manifolds
with M embedded as a full subcomplex of N. Then M has a
A-homology cobordism k-cone bundle neighborhood in N.

Proof. We use the notation of Stone [22]. Let {X|, ---, X,.}
be the intrinsic variety of M. By Theorem 2.1 of [22], {X,, ---, X,.}
has a regular neighborhood stratification in N, and so has a cone
block bundle neighborhood & in N. By construction, £ is the desired
A-homology cobordism bundle.

We now turn to transversality. A bundle theory with the pro-
per transversality theorems has been developed by Quinn [19], and
we show that this theory coincides, stably, with ours. This is suf-
ficient for the applications in § 3.

Let X be a finite complex. A Q(K)-bundle over X is a pair
(E, B) where B is a regular neighborhood of X in some 4-homology
manifold and E is a relative regular neighborhood of (B, 0B) is some
PL-manifold. We also assume B is stratified ([22]) in E. (Quinn
calls these PLy-bundles, which is ambiguous, since these bundles are
not equivalent to PL-block bundles if K = ¢). Let BQ(K) denote
the classifying space for stable Q(K)-bundle (cf. [19]).
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Let YcX. A Q(K)-bundle structure on a neighborhood of Y
in X is a Q(K)-bundle (E, B) over Y, a regular neighborhood N of
Y in X, and an embedding (N, Y) — (X, Y), transverse to B.

THEOREM 2.9. ([19], Theorem 3.4). Let Y be a subcomplex of
X with a QK)-bundle structure, and f: M — X, where M is «
A-homology manifold. Then f is homotopic to a map g transverse
to Y, in the sense that ¢g~(Y) is a A-homology manifold with can-
onical Q(K)-bundle structure.

We now construct a natural equivalence between the sets of
stable classes of 4-homology cobordism bundles and Q(K)-bundles.
Let _#, denote the category of compact PL-manifolds and isotopy
classes of embeddings (cf. [26]), and #Z = lim _,, where stabiliza-

tion is defined by cartesian product with I. Ijgt &, .5%b denote the
categories of finite simplicial complexes and abelian groups. Let
R: @ — _# denote the “regular neighborhood” functor of [26].

Define H, Q: _#, —.b to be the contravariant functors sending
M to the set of stable isomorphism classes of /4-homology cobordism
bundles, @(K)-bundles over M. Clearly, H and @ induce funectors
A — b,

We construet natural transformations 7: @ — H, S: H — @ of fol-
lows: let £ be a Q(K)-bundle over a PL-manifold M. As in the
proof of Lemma 4.2 of [19], we may assume that FK(£) is a regular
neighborhood of B(£) in some R® s large. By Theorem 2.8, B(¢) is
a A-homology cobordism bundle over M, and we let T(M)(&) = B().

If £ is a A-homology cobordism cone bunele over M, then E(&)
is a 4-homology manifold by Proposition 2.3, and we define S(M )&=
(E(vg,), E(€)) where vy, is the stable normal bundle of E(g).

It is easy to see that T and S are natural transformations and
that 7S =1, S-T=1. We can define a natural equivalence
[, B(K)] — [, BH(K)] (as functors & — .%b) by

[X, BQ(K)] = [R(X), BA(K)]
= Q(R(X))
L HR(X))
= [R(X), BH(K)]
= [X, BH(K)] .
This natural transformation is induced by the map BQ(K) — BH(K)

that forgets the top space E (of a pair (¥, B) as above), and so we
have:

THEOREM 2.10. BH(K) = BQ(K).
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This implies the following by [19], Lemma 4.2. (See also [28].)
COROLLARY 2.11. BSH(K) is K-local.

Let w'™ e H*(BPL; Z/2), p"™* € H*(BPL; @) denote the universal
Stiefel-Whitney, Pontrjagin classes, and let ¢: BPL — BH(K) be the
natural map.

ProPOSITION 2.12. (i) If 2¢ K, then there is a wuniversal
Stiefel-Whitney class we H*(BH(K); Z/2) so that ¢*w = w'".

(ii) There is a universal Pontrjagin class pe H*(BH(K); Q)
so that ¢*p = p*h.

Proof. (i) follows from Theorem 2.7, Theorem 4.2 of [25] and
the construction of Stiefel-Whitney classes for spherical fibrations.
(i1) is proven exactly as in [15] using the construction of Pontrjagin
class for rational homology manifolds of [27].

3. Rational surgery obstructions. This section is devoted to
proving the product formula for rational surgery obstruction neces-
sary to apply the Morgan-Sullivan construction [18]. This is the
crucial step in the computation of G(K)/H(K) (cf. §4).

Let L,(A) be the functor of Wall [30] applied to the ring A.
By [1],

0 n odd
L) =1{Z2Q A n = 2mod(4)
L W(A) n = 0 mod(4) .

These groups have the following geometric significance: Let
fi M* — X" be a normal map between a compact manifold M and a
simply-connected A-Poincare space X so that deg(f)e 4, floM: oM—
0X is a A-homology equivalence, and » = 5.

THEOREM 3.1. ([1]). Thereis an obstruction s(f) € L,(4) so that
s(f) =0 if and only if f is normaly cobordant to a A-homology
equivalence.

If 2¢ K, the obstruction s: L,,.,(4) — Z/2 is the Kervaire invari-
ant, and the usual constructions (e.g., [7]) apply. We will need the
following existence theorem from [1].

THEOREM 3.2. Let k=1 and x€ W(4). Then there exists a de-
gree 1 normal map f: M — D* so that H,(0M; 4) = H, (S**; A) and
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s(f) = .

We now compute W(4). Recall the following results concerning
Witt groups from Lam [12] or Milnor-Husemoller [17]: Let p be
an odd prime. The first and second residue homomorphisms @, 5,:
w(@Q,) — W(F,) define an isomorphism of W(Q,) with W(F,) @ W(F,),
where

Zi2® Z/2 p =1 mod(4)

W(Fp) = Z/4 p = 3 mod(4) .

Define a,, 8,: W(Q) —W(F,) to be the compositions of @,, 5, with the
functorial map W(Q) —W(Q,). This can be extended to p =2 by
letting «, be the signature mod(2) and 3, the 2-adic valuation of the

determinant. (Note that W(F,) = Z/2.)
We have a,(q) = B,(¢ ® {p)) if p +* 2, and

a,(q ®q") = a,(@a,(q") + B(D)B,(Q) (D +# 2)
Bya®q) = B, () + a,(@)B,(q) .

Let o: W(Q) — Z be the signature homomorphism. The natural map
WAy —W(Q) is injective, and

D@ By W— ZO S W, .

This ecomputes W(A) if 2¢ K, and by [17], 0/8: W(A) = Z if K = ¢.
If 2¢ K, K+ ¢, choose p,c K, so that p, =3 mod(4) if such a p,
exists, and to be arbitrary if all primes in K are 1 mod(4). Let
K, = K — {p.}.

PrOPOSITION 3.3. Let 2¢ K, K + ¢.
(1) If all primes in K are 1 mod(4), then

W) = 2D 212D @ WF,) .
(i1) Otherwise, W(A) = Z D ®,.x, WF,).

Proof. Let ZcC" be the group of roots of unity and v,: W(Q,) —
7 the Gauss sum character of [17]. Define @,: W(4) — Z/8 by exp
(2ni9x(9)/8) = exp(2mi0(9)/8). Tl,ex 7,(¢ Q Q,)"'. By Theorem 1.1 of
[2], W(4) = ker(Dy).

If p=1 mod(4), let z,, n,: W(F,) — Z/2 be the projections. Note
that 7,8,(9) = 7.8,(¢ ® {s,)), where s, is some quadratic nonresidue
mod(p). By [2],
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(—D)#H%.5)5 @ p = 3 mod(4)

7,0 ® Q) = {(—1)=fs®@ » = 5 mod(8)
(—1)mfr@ » = 1mod(8) .
Let (n;x(p), ---, 2,(p,) denote the element xe W(4) with

o(x) = n, By,(®) = x; and B,(®) =0, p +# p, ---, p,. If follows easily
that x € W(4) if and only if
nt 3 (=D®T2r, + 3 Am(@) + 3 )4752(9%) = 0 mod(8) .
P;=1(8]

;=84 D, =5(8

Thus W(4) is generated by (2; (—1)®+V"%(p)) if » = 3 mod(4), (4; (1, 0)
(p)) if p = 5mod(8), and (4; (0, 1)(p)) if p = 1 mod(8) (p € K).

It is now easy to check that the isomorphisms above are given
by 0/2@$96K0 Bp lf Do = 3 mOd(4); 0/4®Tclﬁpo@ epﬂf\) Bzf 1f b= 5
mod(8) and ¢/4 @ 7,8,, D B,cx, B, if » =1 mod(8).

Let ax = ged{|o(q)]: ¢ € W(A4)}). By the proof of Proposition 3.3,
1 2eK
2 2¢ K,some pe K is 3 mod(4)

K+ ¢, all pe K are 1 mod(4)
8 K=g¢.

Let XY be a Z/2-homology 3-sphere and p#(Y) e Z/16 the invariant
of [10]. It is easily checked that /¢ defines a homomorphism ftx: f—
Z/16 if 2¢ K. By the result above, the image of /¢; is contained in
Z/(16/ag). Combining this with Theorem 3.2, we have

g =

PROPOSITION 3.4. There s a surjective homomorphism [tg: rf—
Z|/(16/ax) @ A. We let 3§ = ker(ttg).

Let X be a closed, oriented @-Poincare complex of dimension n.
Define a,(X), B,(X)e W(F,) to be 0 if n % 0 mod(4), and the cor-
responding invariants of the cup product pairing on H"*X; Q) if
n = 0 mod(4). This definition can be extended to @-Poincare pairs
in the usual way.

LemMA 3.5. If X is a compact oriented Q-Poincare compler,
then a,(0X) = (,(0X) = 0.

Proof. Assume X is of dimension 4k 4+ 1. We have a commu-
tative ladder

H™X; QL HY0X; Q) — H™(X, 0X; Q)

B

H, (X, 0X; Q) — H,(0X; Q) o (X5 Q)
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where the vertical isomorphisms are given by Poincare duality, and
so H,(0X; @)/ker(j,) = Im(j,) = Im(5*) = ker(7,). Therefore, dim
(Im(5%)) = dim(H,,(0X; Q))/2, and for = = j*y ¢ Im(y)*,

Uz, [0X]) = {g*y U j*y, [0X])
= (Y Uy, 5.l0X]>
=0.

By [17], the cup product form on H**(0.X; Q) is split, and so is split
over @,. The result now is an easy consequence of Sylvester’s
theorem [12].

LemmaA 3.6. If X is a closed oriented Poincare space, then
Gp(X) =0, a,(X) = 0(X)-1.

Proof. Assume dim(X) = 4k, and let ¢q: H*(X) — Z be the cup
product pairing. By [17], 7,(¢ ® &,) = 0 for p odd, and so B,(g) =0
by Lemma 2.1 of [2] (cf. the proof of Proposition 3.3). Since
ldet(g)] = 1, Bx(g) = 0.

Let ¢ =q¢&®o(X)-(—1). Then o(@) =0, 8,q)=0 for all p,
and so ¢’ = 0 in W(Q). Therefore 0 = a,(¢") = a,(q) — o(X)-1.

The following “Novikov additivity” result is proved in the same
way as the signature case [4].

ProrosiTION 3.7. Let X, Y be compact, oriented Q-Poincare
complexes and f:0X —0Y an orientation-reversing PL homeomor-
phism. Then

ap(XUf Y)= a;o(X) + ap( Y)
B(XUsY) = B(X) + B,(Y) .

We now turn to computing the obstruction s: L, (A1) — W(A).
Let f: M* — X be a normal map as before with deg(f) = 1. Doing
surgery on M, rel(oM) we may assume that f.: H,(M)— H,(X) is
an isomorphism for 7 < 2k and A = ker(f,: Hy,(M; A) — H,(X; A)) is
a free /A-module. Self-intersections of 2k-spheres in M that are
null-homotopic in X define a nonsingular even quadratic form ¢ over
A; s(f) is defined to be the Witt class of ¢. We let o(f) = o(q),
B,(f) = B,(@) and a,(f) = a,@. By [7], o(f) = o(M) — o(X).

PROPOSITION 3.8. B,(f) = B,(M) — B,(X); a,(f) = a,(M) — a,(X).
Proof. By Lemma 4.5 and [7], Theorem V.1.3, G,(a) = B,(¢%),

a,(q) = a,(g*), where ¢* is defined by the cup product pairing on
A*¥ = coker(f*: H*(X, 0X; Q) — H*(M, oM; Q). We have H™M,
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oM; Q) = A* @D f*H*(X, 0X; Q), and for x € A* ye H*(X, 0X; Q),

¢ U f*y, [M,0M]> = f*y N (x N [M, 6M])
=y N fulz N [M, oM])
=y N (for N[X, 0X])
=0.

Since f is of degree 1, the cup product pairing on f*H*(X, 0X; Q)
is equivalent to that on H*(X, 0.X; @), and so B,(M) = B,(¢*) + B,(X),
a, (M) = a,(q*) + a,(X).

Now assume f is of degree meA'*. Let v,(n) be the p-adic
valuation of n and e,(n) = p™"»" . n.

COROLLARY 3.9. (i) If w,(n) is even, then B,(f) = B, (M)—
(e,(1))B5(X) and a,(f) = a,(M) — {e,(n))a,(X).
(i1) If v,(n) is odd, then B,(f) = B, (M) — {e,(n))a,(X),

a,(f) = (M) — {e,(n))B,(X), » + 2, B:(f)
= Bo(M) + ay(X) + BuX), a(f) = (M) + ay(X) .

Proof. Let (Y, 0Y) be the A-Poincare pair with underlying
space X and fundamental class n[X, 0X]. Then f induces a degree
1 map f:(M,oM)—(Y,0Y) with s(f) =s(f'). If q,q' are the
quadratic forms corresponding to X, Y, then nq(x) = ¢'(x), and the
result follows from the definition of the first and second residues.

COROLLARY 3.10. If f: M— N is a normal map between closed,
oriented manifolds of degree m, then for p # 2

(0 v,(n) even

B = {—o<N>-<ep<n>> 0,(n) 0dd
)= o(M)-1 — o(N)-{e,(n)y wv,(n) even
a(f) = {G(M)-l v,(n) odd .

We have the following product formulas for the invariants «,, 8,.

THEOREM 3.11. Let f: M — X, g: N — Y be degree 1 normal maps
as above. Then

a(f X g) = ax(fla(f) + a(fla(Y) + ag)a(X)
o, (f X g9) = a,(fla,(9) + Bo(f)Bx9) + (), (Y) + B (f)B,(Y)
+ a,(9)ay(X) + B(9)B,(X) (p # 2)
Bo(f X 9) = By(fla,(9) + B9, (f) + B (Y) + B,(Y)a,(f)
+ Bu(@)a,(X) + B(X)a(g) -
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Proof. First assume, dim M, dim N = 0 mod(4). By Proposition
3.8,

a,(f X 9) = a,(M X N) — a,(X X Y)
= (a,(M)a,(N) + B,(M)B,(N)) — (a,(X)a,(Y)
+ B X)BAY)) (p # 2)
Bof X 9) = B(M X N) — B,(X X Y)
= (B(M)a)(N) + By(N)a,(M)) — (B(X)a,(Y) + B,(¥Y)e,(X))

and the result follows from Proposition 3.8 by eliminating a, (M),
a,(N), B, (M), B,(N) from these equations. (The «, case follows from
the corresponding signature result.)

If dim(M x N) = 0 mod(4), then the result is trivial, and we
consider the case dimM =4l -+ 1,dim N =4rh — 1. Let k=1+h
and assume oM = ¢ = 0N (the bounded case being similar). We may
write H*(M x N;Q) = A& B, where

2k

A= @ HMQQH"(N;Q

i=2l+1

~ @ H*(M;Q ® H(N; Q)

j=2h+1

=B.

Furthermore, for z€ 4, zU %, [M X N]> = 0 since for xc H'(M; Q),
1 =22l +1,2Ux = 0. Therefore, the form on H*(M x N; Q) is split.
Similarly, the form on H*(w X Y; Q) is split, and so a,(f X g) = 0=
B,(f % g). Since the right sides of the equations above are zero by
definition, we have equality.

Finally, assume dim M = 4] + 2, dim N =41 — 2. Letzx, ---, 2,
Y, -+, Y, be a symplectic basis for H**(M; Q) and A the subspace
spanned by =z, ---,%,. Then A® H**(N;Q) is a subkernel of
H**(M; Q) Q H*(N; @), and @un H'(M; Q) ® H**(N;Q) (k=
I 4+ k) is split by the argument above. Therefore H*(M X N; Q) is
split and the result holds as before.

Together with Corollary 3.9, this implies

COROLLARY 3.12. If 1 M — X 1s a degree n normal map and
N a compact manifold, then
a(f X 1y) = a(fla(N)
a,(f X 1y) = a,(a,(N) + B,(f)BN) (p # 2)
Bp(f X 1N) = Bp(f)ap(N) =+ ap(f)Bp(N) .

By Lemma 3.6, we have
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COROLLARY 3.13. If fi M — X is a degree n normal map and
N a closed manifold, then

C(p(f X 1y) = ap(f)o(N)
Bo(f X 1y) = B,(f)o(N) .

In order to apply the results of [18], we must extend Corollary
3.13 to Z/m-manifolds. For a Z/m-manifold M, we let M denote
the manifold M is obtained from by identifying the m isomorphic
copies of dMcoM (cf. [16] or [18]).

Let M*, N* be Z/m-manifolds, z,(N) = 7,(6N) =0, and f: M—> N
a normal map of degree 7 e 4™.

THEOREM 3.14. Let n = 6. Then f is normally cobordant to a
A-homology equivalence if and only if an obstruction s(f) in

(tor W(4))  Z/m n =1 mod(4)
(Z/2) @ (Zm) R A n = 2, 3mod(4)
W) Q Z/m n = 0 mod(4)

vanishes.

Proof. (i) m =1mod(4): By Theorem 3.1 and Corollary 8.9,
the obstructions to completing surgery on f|6M: 6M — 6N are o(6 M) —
G(ON) and B,(6M) — (e,(r))B,(6N) (v,(r) = 0 mod(2)), B,(5M) — {e,(r))
a,(0N) (v,(r) = 1 mod (2)). Since moM, moN are boundaries, o(6M)=
o(ON) = 0, mB,(6M) = mB,(0N) = ma,0N) = 0, and so the obstrue-
tion lies in (tor W(4)) ® Z/m. By Theorem 3.1, there are no further
obstructions.

(ii) =» = 2,3 mod(4): The arguments are identical to Theorem
3.4 of [16].

(iii) » = 0mod(4): By Theorem 3.1, we may assume that f|oM
is a 4-homology equivalence. By Theorem 3.2 and Proposition 3.7,
the surgery obstruction of f: M — N may be changed by any element
of mW(4) and the result follows.

To compute the obstruction in dimensions 0 mod(4), we introduce
a generalization of Milgram’s semi-index [16]. Let K be a set of
odd primes and define I*: W(Q) — Z/8 by

I5Q) = 0(@) + 3, (~1"728,@) + 3, 4m8,0) + 3, 47.8,(0) -
p—3(4) P15(8) P18

LEMMA 3.15. I* defines an isomorphism of Im(W(Z)— W(Q)/
W(A)) with Z[8.

The proof is immediate from the proof of Proposition 3.3.
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Let g: P— @ be a degree r¢ A+ normal map between closed,
simply connected (4n — 1)-manifolds. Let G: W— @ X I be a normal
cobordism from g to a A-homology equivalence. Assume G is (2n)-
connected, and let ¢, denote the intersection pairing on K,.(W; Q).
Define the K-index of g by I*(g) = I*(q;) € Z/8. Note that I%(g) =
0(qs) mod(ax).

LeMmA 3.16. I%(g) is independent of G.

Proof. Let G’ be another such normal cobordism. Then G + G':
WU, W' — Q x I is a degree » normal map which is a 4-homology
equivalence when restricted to the boundary. Thus qgie) =qs — Qo
is an even quadratic form over 4 and so

0 = I(q+en) = I%(qe) — I*(qe)

by Lemma 3.15.
Let /1 M — N be a map as in Theorem 3.14 with n = 0 mod(4).
Define 0..(f) = (Lax)a(s(f)) € Z|m, 0,(f) = B,(s(f)) € W(F,) ® Z/m.

PROPOSITION 3.17. 0..(f)=1/ax(c(M)—o(N)+mI*(f|6M)), o,(f)=
Bx(f)-

Proof. Clear from the proof of Theorem 4.14.

Let M, N be Z/m-manifolds. Define M Q@ N to be the Z/m-
manifold obtained from (M x N — (6M x é(m) U 6N X é(m))) U 8M X
0N x W, where W is a Z/m-manifold with 6W = m+m. By [18],
& is well-defined and associative up to cobordism.

Define o(M) = o(M), B,(M) = B,(M). By the proof of Lemma
3.5, 0 and B, are cobordism invariant mod(m).

PROPOSITION 3.18. ¢(M X N) = o(M)o(N), B,(MQ N) = B,(M)
a,(N) + By(N)a,(M) (mod(m)).

Proof. Choose W above so that H (W,oW; Q) = 0. By Mayer-
Vietoris, H*(M ® N; Q) = H*(M; Q) ® H*(N; Q). By the usual argu-
ment (e.g., [23]), the equations above hold for this choice of W, and
hence any choice since we are working mod(m).

THEOREM 3.19. Let m = 2* and N a closed oriented smooth
Zjm-manifold. Then o,(f X 1ly) = o,(fYo(N) for v=2,8,5, -+, .

Proof. The v = oo case follows exactly as in [18] (and does not
require N to be smooth). Assume v is a finite prime pe 4. By
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Propositions 3.13 and 3.18, we need only show that g,: 2{°(Z/m) —
W(F,) ® Z/m is 0.

First assume k¥ = 3. By [18], there is an exact sequence

Q30 X2 s Tmy 080 Zjm) 2> 250, -+ .
By Lemma 3.6, 8, vanishes on Im(r,). Let[V]e2{?(Z/m). By|[29],
0V +0V = oW for some smooth manifold W. Then 6(%,.WU(—V))=
0, so that [%,.WU(—=V)] = r,[U] for some [U] e 257

. Therefore
0= B,(r. U]

= R,(# W) — ,(V) by Proposition 4.7
= (m/2)B,(W) — B,(V)

—B,(V) since m/2 = 0 mod(4) .
For m = 2 or 4,

we have a commutative ladder

0

e R

]
QS‘HXZ"'

Qi’) Tom Qi/)(Z/zm) 62m .Qio_l ..

oy XM 7, Om
— Q30— Q3 5 Q3°(Z)m) —— Q%

and so B, vanishes on §,'(25°,) by the argument above and [29].

4. The homotopy type of G(K)/H(K). In this section, we
use the methods of Sullivan [24] to compute the homotopy type of
G(K)[H(K).

LEMMA 4.1. G(K)/H(K) ~ A"+ x SG(K)/SH(K).

Proof. We have the following homotopy commutative diagram
of fibrations

BSG(K) —> BG(K) — K(A', 1)
BSH(K) —> BH(K) — K({1}, 1)

by [25] and Proposition 2.6. Since the fiber of K({*1}, 1) — K(4', 1)
is K(A4'/{x1},0) = 4"+, G(K)/H(K) is given as stated.

LemMmA 4.2. SG(K)/SH(K) s K-local.

Proof. Both BSG(K) and BSH(K) are K-local by [25] and
Corollary 2.11.
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In order to construct odd primary characteristic classes for
SG(K)/SH(K), we must introduce variants of the homomorphisms
o, defined in §3.

Assume 2¢ K and let M* be a smooth, closed, oriented mani-
fold, ¢: M — SG(K)/SH(K). By Theorem 2.10, ¢ determines a Q(K)-
bundle & over M that is fiber 4-homotopy equivalent to vi. It fol-
lows that T(¢), and T(v,)r are homotopy equivalent. Let ac
H,,.,(T(v,)) correspond to the natural collapse S**+!— T(v,); a de-
termines an element «' e H,,,,(T(&); 4), and there exists a keA'tNZ
so that ka' is represented by f: S*"+!— T(£). Making f transverse
to M, we get a normal map f: N— M (of degree k). Define

5.9) = (- o(N) — o(M)) e A @ Z11/2] ,
ax\k

K

5,(8) = —%BP(N) — (M) e W(F,) .

PROPOSITION 4.3. The imvariants 0., 0, determine homomor-
phisms

0o Q5(SG(K)[SH(K)) — A, 6,: 2F(SG(K)/SH(K)) — W(F,) .

Proof. We verify this for 4.; the proof for 4, is similar. Since
o is a cobordism invariant, we need only show that &.(¢) is inde-
pendent of % and has odd denominator (i.e., 1/k o(IN) — (M) =0
mod(ag)).

Suppose fi, fo: S+t — T(5) represent k', k.a' respectfully. It
follows easily that k,N, (the disjoint union of %, copies of N,) is
cobordant to k,.N,, so that k,0(N,) = k,0(N,).

To see that 1/ko(N) — (M) = 0 mod(ax), notice that o(N)—
o(M) = 0 mod(ag), since this is the signature invariant of the
normal map f. We have

1 _ 1 .
~ 6(N) = o(M) = —((N) — o(D) + (2 )o(a1)

1—k%
k
and need to consider 3 cases: (i) ax = 8: K = ¢, so that k = 1; (i)
ax = 4: Then all primes in K are 1 mod(4) and so k¥ = 1 mod(4); (iii)
oy =2:2¢ K, sok is odd. In all cases, 1 — k = 0 mod(a,) and the

result follows.

PROPOSITION 4.4. 4., 0, are multiplicative with respect to the
stgnature.

Proof. This is clear for 4., and if [P]e 2}°,
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G (7oft M X P—— SG(K)/SH(K)) = = B,(N X P) — B,(M x P)

1
5P
_11;5,,<N)0(P> B,(M)a(P)
s

by the methods of §3.

We may similarly define 67 Q$2(SG(K)/SH(K); Z/2™) —» Z|2™,
03 28(SG(K)/SH(K); Z[2m) — W(F,) @ Z[2" by

526) = = (L (0(N) + 2 TH(FONY) — 0(aD))
ax \k

K

@@:%mm—mm>

(with notation as above and in §3). Again by the methods of §3,
we have

PrOPOSITION 4.5. 47, 07 are multiplicative with respect to the
stgnature.

THEOREM 4.6. Let 2¢ K. Then there exist unique classes &, €
H*(SG(K)/SH(K); Z), 85 € H*(SG(K)/SH(K); W(F,)) so that if
[6, M]e2%°(SG(K)/SH(K)) or 25°(SG(K)/SH(K); Z/2™), then

0.(9) = (K U 6", [M])
0,(9) = (L U g™ By, [M]) .

Proof. The existence and uniqueness of &<, follows exactly as
in [18]. For @;, let T, be the Moore space M(Z/b,, 1) where b, = 4(2)
if » = 3 mod(4) (p = 1mod(4)). Let X = SG(K)/SH(K), and define
0" QR (X+NT, Zy) to be 0 and o, 272, (X+ A T,; Z2™) — Z[2™ to
be the comp051t10n

Q520X+ N Ty Z2m) = Q30.(X+ A T, A M(Zj2", 1))
—— 350 (Xt N M(Zb,,2) (m=2if b, = 4)
— Q3(X; Z/[b,)
— Zb, C Z]2™
where the final map is 67 is b, = 4 and one of 7,67 if b, = 2. If
m =1, b, = 4, define 7, similarly, replacing Z/b, with Z/2, and o7
with 267. It is easily checked that ¢’, o, are compatible, so by

Corollary 4.3 of [18] (and the remarks following), there exist uni-
que classes By e H**W(X+ A T,;Z,) = H*(X; Z/4) (p =3 mod(4)),
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By € H* WX+ N T,; Z,) = H*(X; Z/2) (p = 1mod(4)) so that (let-
ting 8y = (m.85, mBs) € H*(X; Z|2 D Z[2)), 63(9) = {Z U ¢*B5, [M])
for [¢, M]e Q5°(X; Z/2™).

We may similarly define 4;: 2{2(SG(K)/SH(K)) — W(F,) by
05(¢) = Lka,(N) — a,(M) (notation as before). It follows from the
proofs of Lemma 3.6 and Proposition 3.17 that ¢, is multiplicative
with respect to the signature, and so we may construct a class
aye H*(SG(K)/SH(K); W(F,) as before.

There is also a Kervaire class «, € H***(SG(K)/SH(K); Z/2), as
in [18] or [20], classifying the homorphism é: 25.,,(SG(K)/SH(K)) —
Z|2, ¢lp, M] = the Kervaire invariant of the normal map determined
by ¢.

The classes &, k., BF, af satisfy the following product formu-
las: Let m be the H-multiplication on SG(K)/SH(K) defined by
Whitney sum. Then

(i) ML) =L R1L+1Q L + ax( L R F)

(i) m*(ky) = £, QL+ 1R £,

i) m*(B) =8 R1+1R8 +a; QBr + B Va;

iv) m*(@a;) =y R®L+1Qa; + a; Qay + B; ® B3
The proofs of (i), (ii) follow as in [18],[20]. For (iii), let [¢, M],
[y, N1e€2i°(SG(K)/SH(K)). Then

G, (mo(¢ X ) = G,(p)03(y) + Gu(@)0,(4) + G,(9)0(N) + G,(y)a(M)
and so
(mo( X P)*BE U Lyun, [IM X NI
= &p<’m’°(¢ X "l"))
={¢*"Br QL+ 1RQ¥*By + ¢*Br QK v*a;
+ ¢*ar @ ¥*Br U Ly, [M X NJ) .

A similar formula holds for Z/2™-manifolds and the result follows
by uniqueness; (iv) is similar.

THEOREM 4.7.

0 7 odd

Z2® A = 2 mod(4)
WHR@A4 n=0mod(4),n > 4
AP JER A n=4.

T(SG(K)/SH(K)) =

Proof. Consider the long exact homotopy sequence of the fibra-
tion

(SH(K)/SPL); — (SG(K)/SPAI;)K — SG(K)/SH(K) .
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By Theorem 2.5, 7r,,(SH(K)/SP~L)K = xn(H(K)/PAI:) RA=y5® 4, and
by [1], 7.(SG(K)/SPL)x = 7,(G/PL)® 4. Since vX® 4 =0 for n
even and 7r,,(G/PT.)®/1 =0 for n odd, the homotopy sequence of
the fibration above reduces to short exact sequences

0 — 7,(G/PL) ® 4 — 7, (SG(K)/SH(K)) — 5, @ A——0 .

The cases when # is odd or 2mod(4) are now immediate.

Define oy 7. (SG(K)/SH(K)) — W(A) ® A = A tor(W(4) @ 4 by
Propositions 3.3 and 4.8. (Note that . is defined even when 2¢ K.)
We have the following diagram, for k& > 1,

0 — 74 (G/PL) ® A~ 2, (SGUK)SH(K ) —> 4, @ A —— 0

bl f

0__>/1—;» WA R 4 — WA, Z)RQA4—0

with exact rows, and gx o1, = j(d/8) by construction. (s is the iso-
morphism of §2.) Since ¢ is also an isomorphism, o, is an iso-
morphism by the 5-lemma provided the right square above com-
mutes.

Let a e, (SG(K)/SH(K)) and choose x € W(4) so that z(x ® 1)=
sod(a). Let a, em, (SG(K)/SH(K)) be the element corresponding to
the normal map f of Theorem 3.2 with s(f) = z. By [3], scd(a,)=
7(x), and so d(ca-a;') = 1. It follows that moog(a-a;*) =1, and so
sod(a) = (xR 1) = woog(a,) = woox(a).

For k =1, we have

N

s FE®A—0

l

0 — 7,(G/PL) ® 4 — m,(SG(K)/SH(K)) — 4¥ @ 4 — 0

| l

0 —_—

0 4 (><16/a;\ 4 Z|/(16/ax) ® 4—0
.
0 0 0

where A = ker(6.). By the argument above, 4, is onto and both
squares commute. Therefore, the dotted arrow above may be filled
in, and 7, (SG(K)/SH(K)) is given as stated.



264 GERALD A. ANDERSON

Let K, = KU {2}, K..a = K U {odd primes}.

THEOREM 4.8. G(K)/H(K) = A+ X K(34: R A, 4) X Y, where Y
is given by the fiber diagram

Y— H K(Lz(lr A)r i)Kodd
|
BOx, — I K(Q; 4) .

Here p denotes the Pontrjagin class.

Proof. By Lemma 4.1, it suffices to compute the homotopy type
of SG(K)/SH(K). First consider (SG(K)/SH(K));. By Theorem 4.7,

0 n # 4k
. (SG(K)/SH(K)), =4{Zx, n =4k > 4
Zy, DV RQZy, n=4,

so there is a map ¢,: (SG(K)/SH(K)), = K(¥5 @ Zx,, 4) inducing the
projection on =,.

Write SG(K)/SH(K) = lim X;, the direct limit of its finite sub-
complexes. Since X;CSG(K)/SH(K), there are compatible signature
homomorphisms, as in § 3,

2.(X; @) — @

|

2.(X;Q/Z) — Q7

which determine an orientation eclass 4;e¢ KO(X;)® Z, by [25],
Theorem 6.3. Represent the K,-localization of 4; by a map
4;: (X)k, — (BO)g,. By naturality, the 4js induce a map 4: (SGH(K)/
SH(K)), — (BO)g,.

By construction, 4|/(SG/SPL)x,= 45, where 45: (SG/SPT‘)K2 — (BO)g,
is the localization of the orientation class of [25]. By the proof of
Theorem 4.7, (SG/SPAI;)KZC(SG(K)/SH(K))2 induces an isomorphism
on 7,, n # 4, and the direct summand inclusion Zx, — Z5 D Vi ® Z,
if n = 4. Therefore,

(62, 4): (SG(K)[SH(K)), — K(¥5 @ Z,, 4) X (BO)x,

is a homotopy equivalence.
Let ke HY(K(Z/2, 2), Zxy. D Jer R Zx,qa) be the first k-invariant
of (SG(K)/SH(K))w. If f:(SG/SPL)ge. C (SG(K)/SH(K)), then by
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[11] and [24], k, = f.(0S¢*), where f, is induced by the map on =,
since f is 3-connected. But 6S¢* is of order 2, and f, is multiplica-
tion by 16/a; = 0 mod(2), so k, = 0. Therefore there are maps ¢.:
(SG(K)[SH(K))w — K(Z]2R 4, 2), ¢o: (SG(K)[SH(K)) ey — K(Zx 00D
Vi R Ly 40 4) inducing isomorphisms on =, 7, respectfully:

If 2¢ K, then by the remarks following Theorem 4.6, there is
a class k... (SG(K)/SH(K))? — K(Z/2, 41 + 2),17 =1, and by Pro-

position 3.3 and Theorem 4.6, there is a class o,: (SG(K)/SH(K))y—
KW ® Z, 41), i > 1, inducing isomorphisms on 7., 7, respec-
tively. (For 2e K, (SG(K) SH(K)), = (SG(K)/SH(K)), so none of
this is necessary.) Again,

(82 04 11 &4, 11 04): (SG(K)/SH(K)) o) — K(¥5 & Zigggr 4)
X 11 K(Z2@ 4, 41 + 2) % H1 K(W(A) @ Zxgoga, 47)

is a homotopy equivalence.

5. The bhomotopy type of H(K)/P~L. In this section, we use
the results of §4 to compute the homotopy type of the classifying
space H(K )/I?L of Hy-reductions of PL-block bundles. Let (BS?L)”“
denote the fiber of BSPL — (BSPI’:)K.

THEOREM 5.1. H(K)/PL = (BSPL)*® X [l.s0o K(4¥ ® 4, 7).

Proof. We first compute (H(K)/PvL)K. By [24] and Theorem
4.8, .Q"’(SG/SPAI’J)KO(M and 2%(SG(K)/SH(K))g,,, have no nonzero k-in-
variants, so all k-invariants of Q(SH(K)/SPL)x,,, = Q(H(K)/PL)x,p=
.QI(I-I(K)/ITL)K vanish. Since the first (possibly) nonzero homotopy
group of H(K)/I;L occurs in dimension 3 and the next in dimension

7, (H(K)[PL)x = Lo KOpF ® 4, 9).
For the localization at K, consider the diagram

(SG(K)/SPL) x, — (SG(K)/SH(K)) x,

¢l lv/f

(BSPL) oo K@i ® Q, 4) X I;I0 K(Q, 47)
where: ¢ is induced from SG(K)/SPL — BSPL — BSG(K),  is the
Q-localization, ¢ is the constant map and p is the Pontrjagin class.

Since SG(K)/SH(K) is K-local, 4 is a homotopy equivalence by
Theorem 4.8, and the diagram commutes up to homotopy by the
proof of that theorem. We have BSG(K)yx = *, so that ¢ is a
homotopy equivalence. Therefore,
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(H(K)[PL)ux, = fiber of (c, p)
=~ (BSPL)"® x K(y5 ® @, 3)

since p is the Q-localization, and (BSFL)‘K’ =~ fiber of (BSI;L)(K) —

(BSPL),. -
Therefore we have a fiber diagram

H(K)/PL — Ky @ 4) x T K @ 4)

l l

K@ ®Q, 8) x (BSPL)® — K(y¥ ® Q, 3)

and the result follows.

6. Application to A-homology cobordism bundles. In this
section, we use the results of §§4 and 5 to study the space BH(K).
We first commute its homotopy groups.

THEOREM 6.1. The homotopy groups of BH(K) are given as
follows:

7(BPL) ® 4 i % 0 mod(4)
T BH(K)) = {n(BPLYQ A@tor WA R A i=45,5>1
4Dy ® 4 i=4.

Proof. We have a homotopy commutative diagram

A+ % (G/PL)x — BPLy — BG(K)

1 |

G(K)/H(K) — BH(K) — BG(K)
of fibrations, which yields a commutative ladder

> 2(BAE) > L) ® A —  7(BPLg) — 7 BHEK)) = Liyf() @ A -+

N

-+ = m(BG(K)) = n(G(K)/H(K)) = z( BH(K)) — 7(BG(K)) = 7-1(G(K)H(K))—> - - -

with exact rows, ¢ > 0.

Case 1. 1 = 0 mod(4).

In this case, ¢, is an isomorphism by the results of §4, and
since ¢,: W(Z)Q@A—> WA R4, §>1,4: 4> AP FEFR A are also
injective, +; is an isomorphism by the 5-lemma.
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Case 2. 1=4j,7 > 1.

Again, ¢, is injective and ¢, , is an isomorphism, so «, is injec-
tive with coker(y,) = coker(¢,) = W(4, Z) Q@ 4. By Theorem 4.6,
there is a map K(tor W(4) ® 4, 1) — G(K)/H(K) — BH(K). This de-
fines a section of 7,(BH(K)) — W) Q@ A tor(W(4, Z)) R 4, and so
tor(W(4) ® 4) is a direct summand of =,(BH(K)). Since both
ﬂi(BPT‘)®A and 7,(BH(K)) are rank 1 A-modules, z,(BH(K)) =
7 (BPL) @ A @ tor(W(A) & A).

Case 3. 1 = 4:
Consider the following diagram

TsBG(K)

2 (GIPLY ————— TG HE)

7r4(HK/FL)K\ /xs(H(K)/PL) %

2 (BPL) g — = TBHE)

7,BG(K)

TG(K)/H(K) 7y(G{PL)g

in which only #,BH(K) is unknown. (Compare [21].) Since z BH(K)
has rank at least 1, we may write n, BH(K)= A A, and the

diagram becomes
0

| /< 16/ax) AR ;Vé{@ A

f
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Let fl|4, g|4: 4 — 4 be multiplication by a, b respectfully. By com-
mutativity of the square above, 24a = (16/ax)b and by multiplication
by a suitable unit in 4, we may assume a,becZ;,. We also have
a-u = 1 mod(24) for some we A and b-v divides 24 for some ve 4.
We consider 4 cases:

(1) 2,3¢ K: Then we have 24a = (16/ax)b, b divides 24 and
o =1mod(24). The first two of these imply that b =38, 6, 12 or 24 and
a=1240r 8 Therefore a=1and b=3 if ar=2,6 if ax = 4
and 12 if a, = 8.

(2) 8eK,2¢ K: We have ay = 2,24a = 8b, bv divides 8 and
au = 1 mod(8). As above a = u™%, b = 3u™".

(8) 2eK,3¢K: Asin 2),a=u""b=3u""/2.

(4) 2eK,3cK: In this case,be 4 and o = 2b/83¢c 4.
In all cases, ae 4, and a diagram chase shows that A = f® 4.

COROLLARY 6.2. BH(K), = K(4¥ ® 4, 4), X BPLy,.

Proof. Define ¢: BPTJKz — BH(K), to be the natural map, and
to be the composition Ky ® 4, 4), = K@4F Q 4, 4), — (G(K)/H(K)),~—
BH(K),, where the middle map is a splitting of the first factor of
(G(K)/H(K)),. Let m:BH(K),xXx BH(K),— BH(K), be the H-multiplica-
tian induced by Whitney sum. Then mo (v, ¢): K(vE ® 4, 4), X BPL K=
BH(K), is a homotopy equivalence by the proof of the theorem.

For 2 ¢ K, this gives the homotopy type of BH(K).

COROLLARY 6.3. If 2€ K, BH(K) ~ K(¥ ® 4, 4) X BPL,.

Consider the diagram

BPL; — BTOP,

(*) |

BH(K)

where all maps are the natural ones. Galewski and Stern [8] and
Matumoto [14] have independently shown that when K = ¢, there is

a map BH(K) -»BTONPK making this diagram commute up to
homotopy.

THEOREM 6.6. If K+¢ and 2¢ K, then there is mo map
BH(K) — BTOP; making (*) commute.

Proof. Such a map induces a homotopy commutative diagram
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(G/PL)x — (G/TOP)
l /!
/
G(K)/H(K)

and, applying =, we have
4122, 4
4Dy R 4.

The map f is then multiplication by c¢e4 on 4, and (16/az)c = 2.
Therefore 2€ K or a, = 8, i.e.,, K = ¢.

Galewski and Stern [9] have shown that BH = BTOP x K., 4)
provided «; = Z/2@ ¥,. Quinn [19] has conjectured a similar formula
for BH(K) in general, which we now show to be false if 2¢ K and
K +# ¢.

THEOREM 6.5. If 2¢ K and K ++ ¢, then there is no homotopy
equivalence

BH(K) —> BTOP x K(¥X ® 4, 4) x 11 K(tor W(4) ® 4, 4) -

Proof. Assume ¢ is such a homotopy equivalence, and let

¢'s BH(K) —>BT6PK be ¢ followed by projection. By the proof of
Theorem 6.1,

BPL; — BTOP,

| A
BH(K)

induces commutative diagrams after =z, is applied, and by the same
argument as in Theorem 6.4, 2¢ K or K = ¢.
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