
Pacific Journal of
Mathematics

UNIQUE FACTORIZATION OF RATIONAL HOMOTOPY TYPES

RICHARD BODY AND ROY RENE DOUGLAS

Vol. 90, No. 1 September 1980



PACIFIC JOURNAL OF MATHEMATICS
Vol. 90, No. 1, 1980

UNIQUE FACTORIZATION OF RATIONAL
HOMOTOPY TYPES

RICHARD BODY AND ROY DOUGLAS

A nontrivial, simply connected, rational homotopy type is
called irreducible, unless it is the product of two nontrivial
rational homotopy types. In this paper previous results are
extended by proving that every finitary, simply connected
rational homotopy type having positive weights is represent-
able as the product of a unique set of irreducible types. On
the way to this unique factorization result, it is proven that
(in the rational homotopy category) retracts of positive weight
types again have positive weights.

In contrast to the (above) uniqueness result for the rational
homotopy category, unique factorization fails simultaneously (i.e.,
with a single example) in three finer geometric contexts: the differenti-
able, topological and (integral) homotopy categories. This well-known
noncancellation example is discussed in the introduction of [1].

The results in this paper were announced in [9].
Let &J?~ denote the set of all finitary, simply connected

rational homotopy types having positive weights. The term "finitary"
means that either the rational homotopy or the rational cohomology
is a finite dimensional vector space over Q, the field of rational
numbers. The term "positive weight" is defined in the next section.

&^~ contains the types of many interesting spaces (cf. [3], [6],
[10], [12], [14]), including all simply connected, formal, finitary
types. In fact, it is not an entirely trivial task to construct an
example of a space which does not have positive weights. One of
the earliest and simplest examples of such a space was constructed
by Mimura and Toda [13] as the cofibre of a certain element of
τrn(S3 V CP(2)).

Throughout this paper, a rational homotopy type will be identifi-
ed by its "minimal algebra" (or "minimal model" d:M—>M denoted
simply as M), where M is a free, simply-connected, graded-commuta-
tive Q-algebra and d is a decomposable, graded-derivation of degree
1, which is a differential on M. A self-contained introduction to this
view of rational homotopy theory may be found in [5], [7] or [11];
a demonstration of the usefulness of this view may be found in
[15].

1* Rational homotopy types having positive weights^ This
section describes several equivalent characterizations of the set of
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rational homotopy types having "positive weights".

DEFINITION. If each degree component of a minimal algebra
M — φfc;>o Mk decomposes as a direct sum,

Mk = φ nM
k, k ^ 0 (Z = integers) ,

neZ

such that
( i ) d(nM

k) c Jkf *+1 and
(ii) nM

kΛmMιczm+nM
k+\

then this will be referred to as a weight decomposition, and the
nonzero elements of nM = φ^o »Λf * will be said to have weight n.

The trivial weight decomposition is obtained by setting QMk = M*
and Jkffc = 0, for all n e Z, w Φ 0, and A ̂  0.

In [1] (Lemma 6, (4)) we observe that formal rational homotopy
types possess a weight decomposition satisfying

nM
k = 0 , if n <k .

Therefore, the augmentation ideal M+ = φ ^ Λf * may be assigned
strictly positive weights whenever M is formal.

DEFINITION OF POSITIVE WEIGHT. . A rational homotopy type M
has positive weights, if M possesses a weight decomposition satisfy-
ing

nM
k = 0 , if k ^ 1 and n ^ 0 .

(Of course, Af° = oitf° ^ Q.)
A useful property of positive weight rational homotopy types

may be illustrated by considering an example of a rational homotopy
type in &&~ which is not formal. Let M be the free, graded-
commutative Q-algebra generated by {α, 6, x, y], where degree (α) =
degree (6) = 2, and degree (x) = degree (y) = 5; let d: M-> ikί be the
degree 1, graded derivation defined by d(a) — d(b) = 0, d(x) — a2b,
and d(y) = αδ2. ili is not formal, as there are nonvanishing Massey
products in H*(M) (e.g., xb — #α is a cocycle representing such a
Massey product). However, Λf is in &^\ we can assign weight 2
to both a and 6; from this it follows that both x and y have weight
6, thereby generating a positive weight decomposition of M. Let
αέ: M —> Λf be defined by αt(z) = **.«, where n = weight (2) and ί
is any nonzero rational number. Then a: Q* -^ Aut (M) (t —> αt) is
a one-parameter (multiplicative) subgroup of the algebraic group
Aut (Λf), and a converges in the Zariski topology on End (Λf) to the
basepoint endomorphism (cf. [1]). The following theorem shows
that this example is typical for positive weight types.
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THEOREM 1. If X is a space with rational homotopy type M,
then the following are equivalent.

(A) M has positive weights.
(B) There exists a one-parameter subgroup λ: Q* —> Aut (M) (in

the algebraic group of automorphisms of M) which converges to the
basepoint endomorphism OM in End (M) (with the Zariski topology),
(cf. [1]).

(C) The Zariski closure of Aut (M) in End (M) contains the
basepoint endomorphism.

Of course, strictly speaking, End(M) (resp., Aut(Λf)) is the set
of Q-rational points in a variety (resp., linear algebraic group),
which is defined over Q. By an abuse of language, we will speak
only of the Q-rational points; however, such considerations become
more subtle in another context ([2], [8]) and there the discussion is
not abbreviated by this abuse.

The proof that (A) implies (B) follows easily by the construction
of a one-parameter subgroup using the positive weight decomposi-
tion, precisely as illustrated in the example preceding Theorem 1.

Of course, (B) implies (G) is an obvious remark.
To see that (C) implies (B) requires the following observations.
(1) Without loss of generality, assume OM is in the closure of

the connected component of the unit element 1M e Aut (M).
(2) OM is in the closure of a connected algebraic group implies

OM is in the closure of a maximal Q-split torus.
(3) Analysis of the action of the torus on its closure, where

OM is a fixed point, implies (B).
Finally, (B) implies (A), because we can diagonalize any (non-

unit) element of the one-parameter subgroup of automorphisms and
use its eigenspaces to give the weight decomposition required in (A).

This completes our outline of the proof of Theorem 1.

REMARK. If X is a finitary nilpotent CW complex, then X
"telescopes" to a ^-localization (for at least one prime, and therefore
all primes, p), if and only if M has positive weights, (cf. [3]). If
X is a simply-connected, finite complex, then X is ^-universal (for
at least one prime, p, and therefore all primes, p), if and only if
M has positive weights, (cf. [3] and [13]).

In the remainder of this paper we will use only conditions (B)
and (C). For the details of the proofs for Theorem 1 and the above
remark, see [3].

Recall that the categorical coproduct is the tensor product of
minimal algebras (x), which may be viewed as the product space
construction. Thus, nontrivial minimal algebras are called irreduci-
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ble, if they are not the tensor product of two nontrivial minimal
algebras.

PROPOSITION 2. Suppose M and N are minimal algebras. Then
M® N has positive weights if and only if both M and N have
positive weights.

Proof. If M and N have positive weights, then it is easy to
show that ikί (x) N has positive weights (using condition (B) in
Theorem 1).

Conversely, suppose M (R) N satisfies condition (B); it suffices to
show that M satisfies condition (C). In fact, this argument is valid
for arbitrary "retracts", and the following lemma completes the
proof of Proposition 2.

LEMMA 3. Suppose p:M-^N and i:N-^M are D.G.A. mor-
phisms of minimal models such that (p°i)eAut(N). If M has
positive weights, then N must also have positive weights.

Proof of lemma. Without loss of generality, assume p°i = 1N.
Let Ψ: End (M) -> End (JV) be defined by Ψ(f) = pofoi, ψ is con-
tinuous and by (B), there exists a 1-parameter subgroup λ:Q*->
Aut (Λf) which converges to OM e End (M). Let L = λ(Q*) c Aut (M)
and let L be the Zariski closure of L in End(ikf). Since L is a
connected algebraic subgroup of Aut (Jlί), L is an irreducible variety
(not the union of two proper closed subsets). An elementary argu-
ment shows that L is a irreducible subvariety of End (ikf) and S =
Ψ(L) is an irreducible subspace of End(JW).

1^ € Aut (N) Π S = D Φ 0 .

Thus, D is a nonempty, open subset of S. It is easy to show
that SaD, because S is irreducible (D is the Zariski closure of D
in End(iSΓ)). Finally, we observe that

ON e Ψ(L) = SdD cAut(iV)c End (N) ,

which gives condition (C) for N.

2* Unique factorizaton for &ί^Z Consider the minimal sub-
algebra, M(k) c M generated by the generators of M of degree ^ k.
M(k) is the minimal algebra corresponding to the kth Postnikov
section of M.

Of course, if M(Jc) is irreducible for some k and HP(M) = 0 for
p > k, then M(l), I ̂  fc, and M are irreducible. The following
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lemma supplies a partial converse.

LEMMA 4. If M is irreducible and H\M) = 0 for i > k, then
M(2k — 1) is irreducible.

Proof. Suppose M(2k — 1) is not irreducible. Then M(2k — 1) ~
M' (x) M" (with M' and M" nontrivial) and J3P(Λf') = 0 = H'{M") for
k < j < 2k + 1. Observe that if N and N' are minimal algebras, with
N(m) ~ N'(m), and H'(N) = ί W ) - 0 for j > m, then iV - i\Γ.
Thus, there exist unique minimal algebras N and L with
N{2k - 1) - JT, L(2fc - 1) - M", and H*(N) = Hj(L) - 0 for j > k.

The inclusion of N(2k — 1) into M extends to a D.G.A. map
N-+M. Similarly, the inclusion of L(2k — 1) into M extends to a
D.G.A. map L —> M, and this gives a D.G.A. map N<g> L —> M which
induces an epimorphism on cohomology.

Because H*(N(x)L) ^ H*(M)9 the induced epimorphism fl"*(JV(g)
L) -* H*{M) is an isomorphism (each gradation is finite dimensional),
and as such is induced by an isomorphism of minimal algebras,
iV(x)L->M ([7], Corollary 2.7). Thus, M is not irreducible.

REMARK. Lemma 4 can also be seen as an elementary fact about
Postnikov towers. The one-point-union of two fc-spheres Sk V Sk

shows that Lemma 4 cannot be strengthened in the obvious way.

The main result in this paper can be stated precisely as:

THEOREM 5. Every minimal algebra in ^ ^ is the tensor
product of a unique set of irreducible minimal algebras.

Proof. The proof of Proposition 7 in [1], taken together with
Proposition 2 (above), actually proves that finitely generated minimal
algebras having positive weights are "flexible" (cf. [1]). Then an
appeal to Theorem 2 in [1] completes this proof for the finitely
generated minimal algebras of ̂ *^7

Now suppose M has positive weights and finite dimensional
cohomology; say H\H) = 0, for i > k. It is easy to show that
Postnikov sections of M also have positive weights (by using con-
dition (B) of Theorem 1). Thus, M(l) has positive weights, for each
l>0.

If M ~ ®*=1 Mj and each Mά is irreducible, then for each I > 0

3=1

and each of the Mά(l) have positive weights (by Proposition 2).
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Moreover, each M5(l) is irreducible for I ^ 2k — 1 (by Lemma 4).
Unique factorization for M(l) follows from the first part of the

proof of Theorem 5. However, by the above observations, the set
of irreducible tensor product factors of M and M(l) correspond
bijectively, if I ^ 2k — 1. Thus, the unique factorization of M(ΐ),
for each (or any) I ;> 2k — 1, implies unique factorization for M.
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