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Given points «, %, --+, 2, of the real line which satisfy =z, <
x < -+ <z, put

wu) = (U — o)+ (u—2x,).

If function values f(x,), ---, f(x,) are given, the divided difference
of f with respect to x,, ---, z, may be defined by

(L) F@y -, w) = L@
=0 w'(ae)

If we put

(2) @ =7 §=0, - m

w'(x,)’

we call q,, -, a, the weights of the divided difference. Qur problem
is to characterize the vectors a:(a, ---, a,) which satisfy (2) for
some x: (%, ---, ,) and to show that such a correspond to an es-
sentially unique x.

Note that

(3) w(@) = (@ — ) »++ (@ — Ty )@ — Tigy) -0 (X — X))
1=0,:-,n,

so that translating the point x leaves ¢ unchanged. Therefore we
add the further (normalizing) assumption that z, = 0. We can now
state our result.

THEOREM. If n >0 (2) holds for umnique %, ---, %, satisfying
D=a, <2<+ <2, ¢f, and only if,

(i) (-D*%;>0,1=0,---,n

(ii) Zz;oai =0
and

(iif) (=" 3%;a,>0, =1, ---, n.

Note that this theorem may be viewed as characterizing the
slopes at its zeros of a polynomial w(w) = u(u — x,) -+ - (u — x,).

Proof. (a) Suppose x, ---, &, satisfying 0=z, <2, < --- < 2,
are given. (i) follows immediately from (3). Since f(x,, ---, #,) = 0 if
f is a polynomial of degree < n, taking f =1 in (1) yields (ii). As
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for (iii) consider the fundamental polynomials of Lagrangian inter-
polation in %, --., x,

_ w(x) P ...
W) = ey T

Put
pg(x)=i§)lz(x), j=0,"',7’l/"—'1.

Then pix;) =1, 1 =0, ---, 7, p;(x) =0, i=35+1,---,n and so p;
is of positive degree. If ¢; is the coefficient of 2" in p; then

J
Cj = 'Sol a; .
=

Now p} is of degree at mast » — 1 and by Rolle’s theorem has j
zeros in (@, 2,) and » — 1 — j zeros in (&;4,, *,) Which accounts for
all its zeros. Thus ¢; = 0 and, since the behavior of p;(x) at <
determines the sign of ¢;, this sign is that of pj(z,). We proceed
to determine that sign. To this end note that p}(x;) = 0. If pj(x;) >0
then since p;(x;) =1 and p;(x;+,) =0, pi(x) has a zero in (x; ;+.),
implying that p; = 0, and contradicting the fact that p; is of posi-
tive degree. Thus pj(x;) < 0 which implies that pj(x,;;,) <0 and
hence that pj(x,) has the sign (—1)*7. We have shown that

(—D)"a, >0, =0 -n—1,
and hence for =0, ---,n — 1
(=1 3 ao= (~D(Sa—Fa) <0
i=j+1 i=o =0

in view of (ii), from which (iii) follows.

(b) We prove next that for each o satisfying (i), (ii), (iii) there
exist unique =, ---, z, satisfying 0=2,< --- <z, such that (2)
holds.

Let K denote the convex set in R" defined by the inequalities

(4) (=1, >0, 1=1 -, n,
and

(5) (D= 36>0, j=1-m.

In view of (i) and (iii) K is not empty. Let S be the convex set of
all (z, -++,x,)eR™ such that 0 <o, <2, < -+ < 2,. Let ¢ be the
continuous mapping of S into K defined by
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¢: (xl! Tty wn)—_') (a’ls Tty aﬂ)

where the a, are as defined in (2) with x, = 0. We intend to show
that ¢ is a grobal homeomorphism of S onto K. If this were so
then given a,, ---, a, satisfying (i), (ii) and (ii), (a, ---, @,) is in K

and its unique preimage (z, ---, x,) satisfies O =2, <@, < --- < w,
and a;, = (w'(x,))™, i =1, ---, n. But then in view of (ii)
n n 1 1
A, = — ai = — = N
= & 2 @) w' (@)

and the proof of the theorem would be complete. It remains, there-
fore, to show that ¢ is a homeomorphism of S onto K.

We begin by showing that the Jacobian matrix of ¢, J(¢) is
nonsingular in §S. Given 0 = 2, < 2, < --- < x, the divided difference
fx -+, 2,) = 0if fis a polynominal of degree at most » — 1 while
it f=2a" flw, ---,2,) =1. If we take f to be =z, &% ---, ™ succes-
sively we thus obtain

g{aixfzo, i=1 -, n-1,

Partial differentiation with respect to x; gives

\ 1

L, Xy X, %

P 0%, 2,

T " +| 322 |a;=0

n n v i‘h‘_ :
X Xy Xh axz ’n.’lf'?—l
so that,
al .o a”
L, Ly X,
. 2a.% 2a,%,
AJ(g) + B: = | - Jg)+ | ! =0.

TLAT e T ot et
VO X N,

Since A and B are nonzero multiplies of the Vandermonde matrix
they are nonsingular and so, therefore, is J(¢).

Next we show that ¢ maps the boundary of S (which includes
the point at infinity) into the boundary of K (which includes the
point at infinity) in the sense that if a sequence of points of S has
a limit point in 0S then the image sequence under ¢ has its limit
points in 0K. The boundary points of S arise either from coalescence
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of coordinates or coordinates tending to zero or infinity, or combina-
tions of these. (8) reveals that if 2 or more coordinates coalesce
with #; and stay bounded away from 0 and o then w'(x,) — 0 and
hence a; — . If 2, —0 and w'(x,) — 0, or z, — o and w'(x,) — oo,
boundary goes to boundary. The only remaining possibility is that
2, — 0 and x, — o in such a way that {{w'(z,){}, 1 =1, ---, n stays
bounded away from 0 and . This can only happen if for some j
satisfying 2 < j<mn —1 we have z,_, —> 0 and z; — o. But in this
case put p(x) =2(x —2,) --- (@ — ;) and qx) = (& — ;) - -+ (¢ — ,).
Then on the one hand eventually

1 dz & 1
o Slzl=1 p(2)q(z) Z‘) w'(x,)

by the calculus of residues, while on the other the integral tends
to zero since {q| — . Thus

-1 n
lim 3 a, =1lim>,a, =0,
i=0 i=j

so that the image sequence again tends to the boundary of K.

We are now in a position to show that ¢ maps S onto K. Since
J(¢) is nonsingular, ¢(S) is open in K. Let weg(S)°N K, we claim
that some neighborhood of w lies in ¢(S)°N K. Otherwise there is
a sequence w; = ¢(z;) with w, — w. If the 2z, went to the boundary,
0S, then the ¢(z,)(=w, would converge to the boundary 0K and we
would have we oK. This contradicts our assumption and we conclude,
indeed, that 4(S)° N K is open. Thus K = (¢(S)°N K) U (¢(S) N K) is
the union of two disjoint open sets. K, being convex, is certainly
connected, however, and so we are forced to the conclusion that
sS)YNK =K or ¢S) = K.

Thus, to sum up, we have shown that ¢ is a continuous map of
convex S onto convex K which is locally one-to-one and takes the
boundary of S into the boundary of K.

Next we show, following Favard (Cf. J. Favard, Cours d’Analyse
de I’Ecole Polytechnique, Vol. I, Paris, 1960, pp. 295-296.) that there
is a fixed integer k =1 such that each point of K has exactly k&
preimages in S.

First we observe that if te K then ¢t = ¢(x) cannot hold for
infinitely many xe€S. For if ¢t = ¢(x) for infinitely many x€ S then
the set of such x cannot have a boundary point of S as limit point
since te K and ¢ takes oS into 0K. Thus the set of solutions {x}
has a limit point in S contradicting the fact that ¢ is a local
homeomorphism.

Suppose that e K and 2¥(%), ---, (f) are its preimages. The
inverse functions x =¥,(t), ---, x = ¥,(t) are homeomorphisms of
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some neighborhood of %, and these neighborhoods have a nonempty
intersection. Let 7(Z) be the radius of the largest ball centered at
t in which 7, --., ¥, are homeomorphisms. It is easy to see that
[r@E") — r(E®)] < ||t — ¢ ]|, hence 7(f) is continuous in K and has
a positive lower bound on every compact subset of K. Now every
point ¢ contained in the largest ball of homeomorphy centered at ¢
has at least as many preimages as does t, i.e., s(t’) = s(t). On the
other hand in the closed ball ||t — ¢ || < »(£)/2, (') has a positive
lower bound, b, and if we further restrict ¢’ so that [t —¢'| <b
then the largest ball of homeomorphy centered at ¢’ contains ¢ so
that s(t) = s(t’), hence s(t) = s(¢') and s(t) is a continuous integer-
valued function of ¢ in the convex set K, hence a constant, & = 1.

We next conclude the proof of our theorem by exhibiting an
explicit ¢ which has a unique pre-image. To this end consider the
points

N; = cosﬂ i=0 - n,
n

the extrema of the Chebyshev polynomial of the first kind of degree
n. An elementary computation yields

@y o) = (—1E UWW+2<1wmn+(1>ﬂm0
= (0 E S (- 1f)
and taking f(u) to be u, w2, ---, ™" sucessively yields
(6) (- =0, i=1--,n—1.

Suppose y, < ¥, < --+ < y, has the property that,

2%——1 .

’ 1=0,
2n

(1) LG By =1 w1,
W V)

—(-1y;  i=n

where V(w) = —7) -+ (w —7,), Wu)=(w—y,) -+ (w—y,) and
we may assume, with no loss of generality, that y, = —y,. Then
we have

SV (—1yi=0, =1 --,n—1,
§=0
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and if we put

then

(8) SV (—1)ri =0, i=1,--,m—1,
=0

and 2z, < 2, < -+ < 2,.
Equating the left-hand sides in (6) to the corresponding ones in

(8) yields the systems

(a) i+t =mtat s+, =10, —1;
7 even or

Ob) a4+ FR =i bah, d=1, -, m —1;

n odd. We claim that (9a) or (9b) implies that », ==z, 1 =1, ---,
n — 1. To establish this we use the following lemma.

LemMma. If
k . k . .
b= > ck, 1=1 ---, k
g=1 i=1
and by < - <by; e, < - <c,themb;=¢; 7=1, - -, k.
Proof. Let

k
Sb) =2, =1, k.

We assume S;(b) = Si(¢), t =1, ---, k. The elementary symmetric
functions o,(b), .-, 0,(b) are uniquely determined by S,(), ---, S.(b)
hence ¢,(0) = 0,(¢c), © =1, ---, k. Thus (¢, ---, ¢,) and (b, ---, b,) are
the complete set of zeros of the same polynomial. Since they are
ordered by hypothesis, the lemma follows.

The lemma applied to (9a), say, implies that «, %, ---, %,_, is a
rearrangement of 7, «,, ---, ,_,. Thus in the sequence 7, ---, 7,_y
%, -+, %, each of 9, ---, 7,_, appears twice. But then the monotoni-
city of the vectors 7 and x implies that 2, =%;, =1, ---,n — 1.
The same argument prevails if (9b) holds. Thus we have shown that

yo=Ti =0, .
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But, in view of the analogue of (3), (7) implies that C = 1.
We have established that the weight vector

(—1)"‘—2—;:%, 1, 1, e, (= 1) L—ZL)

corresponds uniquely to the (normalized) points
1+779" j:()r""n

and so we may conclude that (1 + %), ---, X + %,)) is the unique
element of S whose image under ¢ is

el oo (=1 (=D
—rZ(-11, -, (1 A28,
This completes the proof of the theorem.

Postseript. 1. J. Schoenberg reports (Cardinal Spline Interpola-
tion, Vol. 12, Regional Conference Series in Applied Mathematics,
Philadelphia, 1973, p. 9) that S. Karlin told him that he had solved
the problem of characterizing the weights in a divided difference.
Professor Karlin has confirmed this in a phone conversation with
one of us, but not wishing to publish his solution suggested that
we present ours.

Received June 13, 1979.

TEMPLE UNIVERSITY
PHILADELPHIA, PA 19122

AND

IBM

Box 218

YorkToOWN HEIGHTS, NY 10598






PACIFIC JOURNAL OF MATHEMATICS

EDITORS
DONALD BABBITT (Managing Editor) J. DUGUNDJI
University of California Department of Mathematics
Los Angeles, CA 90024 University of Southern California
HUGO RoSSI Los Angeles, CA 90007
University of Utah R. FINN and J. MILGRAM
Salt Lake City, UT 84112 Stanford University
C. C. MOORE and ANDREW OGG Stanford, CA 94305

University of California
Berkeley, CA 94720

ASSOCIATE EDITORS

R. ARENS E. F. BECKENBACH B. H. NEUMANN F. WoLr K. YosHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF ARIZONA UNIVERSITY OF OREGON

UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFORNIA
CALIFORNIA INSTITUTE OF TECHNOLOGY STANFORD UNIVERSITY

UNIVERSITY OF CALIFORNIA UNIVERSITY OF HAWAII

MONTANA STATE UNIVERSITY UNIVERSITY OF TOKYO

UNIVERSITY OF NEVADA, RENO UNIVERSITY OF UTAH

NEW MEXICO STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
OREGON STATE UNIVERSITY UNIVERSITY OF WASHINGTON

The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Please
do not use built up fractions in the text of the manuscript. However, you may use them in the
displayed equations. Underline Greek letters in red, German in green, and script in blue. The
first paragraph or two must be capable of being used separately as a synopsis of the entire paper.
Please propose a heading for the odd numbered pages of less than 35 characters. Manuscripts, in
triplicate, may be sent to any one of the editors. Please classify according to the scheme of Math.
Reviews, Index to Vol. 39. Supply name and address of author to whom proofs should be sent.
All other communications should be addressed to the managing editor, or Elaine Barth, University
of California, Los Angeles, California, 90024.

50 reprints to each author are provided free for each article, only if page charges have been
substantially paid. Additional copies may be obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular sub-
scription rate: $102.00 a year (6 Vols., 12 issues). Special rate: $51.00 a year to individual
members of supporting institutions.

Subscriptions, orders for numbers issued in the last three calendar years, and changes of address
shoud be sent to Pacific Journal of Mathematics, P.0. Box 969, Carmel Valley, CA 93924, U.S.A
Old back numbers obtainable from Kraus Periodicals Co., Route 100, Millwood, NY 10546.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.).
8-8, 3-chome, Takadanobaba, Shinjuku-ku, Tokyo 160, Japan.

Copyright © 1981 by Pacific Jounal of Mathematics
Manufactured and first issued in Japan



Pacific Journal of Mathematics

Vol. 93, No. 2 April, 1981

Ilya Eugene Blum and Srinivasa Swaminathan, Continuous selections and

realCOMPACINESS . ... v vttt ettt e 251
Lawrence James Brenton, Differentiably k-normal analytic spaces and

extensions of holomorphic differential forms ......................... 261
Jo-Ann Deborah Cohen, Topologies on the ring of integers of a global

feld 269
Robert Jay Daverman, Detecting the disjoint disks property .............. 277
Edmund H. Feller, Rings where the annihilators of «-critical modules are

prime ideals . ... e 299
Richard Elam Heisey and Henryk Torunczyk, On the topology of direct

limits of ANRS ... o 307
Gerald William Johnson and David Lee Skoug, Notes on the Feynman

integral. I ... . 313
Michael S. Keane and Stuart Jay Sidney, Distinguishing a plane curve

from other curves similar toit ......... ... i 325
Leonid A. Luxemburg, On compact metric spaces with noncoinciding

transfinite dimensions ..............oeiiiiiiii i 339
Chun Ming Ma, A uniqueness theorem for Navier-Stokes equations ........ 387

Donald J. Newman and Theodore Joseph Rivlin, A characterization of the
weights in a divided difference ....................
Marec Aristide Rieffel, C*-algebras associated with irrati
Kichi-Suke Saito, Invariant subspaces for finite maximal
algebras ...
Frederic W. Shultz, Dual maps of Jordan homomorphis
*-homomorphisms between C*-algebras ...........
Vsevolod Alekseevich Solonnikov, On the solvability of
initial-boundary value problems for the Navier-Stoke
domains with noncompact boundaries ..............
Tavan Thomas Trent, New conditions for subnormality .
L. E. Ward, Extending Whitney maps .................
Leslie Wilson, Jets with regular zeros ..................
Sergio Eduardo Zarantonello, The sheaf of H”-functio
domains ........... i



http://dx.doi.org/10.2140/pjm.1981.93.251
http://dx.doi.org/10.2140/pjm.1981.93.251
http://dx.doi.org/10.2140/pjm.1981.93.261
http://dx.doi.org/10.2140/pjm.1981.93.261
http://dx.doi.org/10.2140/pjm.1981.93.269
http://dx.doi.org/10.2140/pjm.1981.93.269
http://dx.doi.org/10.2140/pjm.1981.93.277
http://dx.doi.org/10.2140/pjm.1981.93.299
http://dx.doi.org/10.2140/pjm.1981.93.299
http://dx.doi.org/10.2140/pjm.1981.93.307
http://dx.doi.org/10.2140/pjm.1981.93.307
http://dx.doi.org/10.2140/pjm.1981.93.313
http://dx.doi.org/10.2140/pjm.1981.93.313
http://dx.doi.org/10.2140/pjm.1981.93.325
http://dx.doi.org/10.2140/pjm.1981.93.325
http://dx.doi.org/10.2140/pjm.1981.93.339
http://dx.doi.org/10.2140/pjm.1981.93.339
http://dx.doi.org/10.2140/pjm.1981.93.387
http://dx.doi.org/10.2140/pjm.1981.93.415
http://dx.doi.org/10.2140/pjm.1981.93.431
http://dx.doi.org/10.2140/pjm.1981.93.431
http://dx.doi.org/10.2140/pjm.1981.93.435
http://dx.doi.org/10.2140/pjm.1981.93.435
http://dx.doi.org/10.2140/pjm.1981.93.443
http://dx.doi.org/10.2140/pjm.1981.93.443
http://dx.doi.org/10.2140/pjm.1981.93.443
http://dx.doi.org/10.2140/pjm.1981.93.459
http://dx.doi.org/10.2140/pjm.1981.93.465
http://dx.doi.org/10.2140/pjm.1981.93.471
http://dx.doi.org/10.2140/pjm.1981.93.479
http://dx.doi.org/10.2140/pjm.1981.93.479

	
	
	

