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Let P, be the permutation matrix such that (P,),, =1 if
j =1+ 1(mod n). Minc [2] proved that the minimum of the
permanent on the collection of 7 X n doubly stochastic
circulants ol, + P, +7P? is in (1/2",1/2*], and if n=5
then the minimum is not achieved at (1/3)I, + (1/3)P, + (1/3) P_.
This paper proves that if n = 3 then the minimum of such
permanents is less than 1/2*!, and if n<{3,4} then this
minimum is uniquely achieved at (1/3)I, + (1/8)P, + (1/3)P2.

Introduction. Let n be a positive integer, let I, denote the
n X n identity matrix, and let P, denote the full cycle permutation
matrix such that (P,),; =1 if j =1 + 1(modn). Mine [2] studied
the permanent of circulants al, + 8P, 4+ vP? and proved the follow-
ing three theorems:

THEOREM 1. If n = 3 then

B+V B3+ 4a7>”
2

+<B_‘/§2+4“7)"+a"+7“.

per (al, + BP, + vP2) = <

THEOREM 2. If a, B, v are monnegative then

1 < min per(al, + 8P, + 7P} < 1

2" atptr=1 on—1 °

THEOREM 3. If a, B, v are nonnegative, n = 5, then

min per (al, + BP, + 7P} < per <—;—In —+ %P“ + %Pi) .

a+p+r=1

MAIN RESULTS. Let S ={(a, V|0, 0= v, @ + v £ 1}, and let
f. denote the function on S such that

Sfula, v) =per(al, + 1 —a — )P, + vP;).

THEOREM 4. Ifn = 3 then f, is not minimum on the boundary
of S.

LEMMA TO THEOREM 4. The minimum of f, on the boundary of
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S is 12 If n is even this minimum s achieved only on
{(1/2,0), (0,1/2)}, and if n>1 and n is odd this minimum s
achieved only on {(1/2, 0), (1/2, 1/2), (0, 1/2)}."

Proof. The lemma is clearly true is case ne€{l, 2}. Suppose
n = 3. Since

fa(1/2, 0) = f,(0, 1/2) = % <1 =711, 0) = 7£(0, 0.0, 1),

then it is sufficient to consider only points belonging to the interior
of the boundary of S. The only real number «a satisfying
D,f (e, 0) =0 is 1/2. Therefore, since f,(a, v) = f.(v, @), then the
minimum of f, on {(a, v)|ay = 0} is 1/2"'. Let g(a) = f.(a, 1 — a).
If n is even, put k& = n/2 and observe that gla) = (a* + 1 — a)*)*
If » is odd then g(a) = a® + (1 — a)*. In either case, 1/2 is the only
real number « such that ¢'(a) = 0. If n is even then f,(1/2, 1/2) =
1/2*-* > 1/2"*, and if » is odd then f£,(1/2, 1/2) = 1/2".

Proof of Theorem 4. By the lemma it is sufficient to show
there is a point ¢ of S so that f.(¢) < f.(1/2,0). Observe that
D, f.(a, ) is

%(1—a—7+1/(12—a—v)2+4a7 )ﬂ—l<_1+1/(1:1at0;;—ila7 )
n %<1 —o—7— 1/(12— a— )+ day )n—1<-1 _V(l—_lla—l——cz;f;/a7>

+ na" .

Thus D,f,(1/2, 0) = 0 and therefore, since D, f,(a, v) = D,f.(7, a), then
(1/2, 0) is a critical point for f,. Now observe that D, («, v) is

%[(n;l)( 1—a-7+1/(12—a—7)2+4a7>””2<_1+1/(1—_16:r_a7-)l;i74a7>2
+< 1~a—’7+1/(12—oz—“/)2+4a“/ )"‘1<(1—a?(z):—;4_a:)2—+( 4—;:)—3/(:—!-37)2):'
+_g_[(n;1)(1—a—7—1/(12—a~7)“’+4a7>““2<_1_V(lilcztcjcy—):ilav)2
+(1—a—7—1/(12—a—7)2+4a~/>n—1<_(1~a(a'7—)2a+—ilfyz;ii;’:)j/;a+37)2>]

+n(n—1)a™2.

Thus D,,f.(1/2, 0) = n(n — 1)/2*~%, and since D,.f.(a, ) = D,(7, @)
then D,,f,(1/2, 0) = 0. Finally, observe that D, ,f.(a, 7) is
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wf(n—1)/1-a—v+V({Q—a—7)’+4ay\** _ —14+3a+7y
2[ 2 \ 2 > ( 1+1/(1——a—7)2+4a~/)
_ —14+a+38y l—a—v+V([Q1—a—y)>2+4ay\**
><< 1+1/(1—~a—-'7)2+4a7>+( 2 )
X<3((1—a——7)2+4a7)—(——1+a+37)(—1+3a+7))]

(l—a— vy +4ay)**
a[(m—D(l—a—y—V({1—a—7)+4av\*?* _;  —1+3a+v
+2[ 2 \ 2 ) ( 1 V(l—a—7)2+4a7>
4 —l4a+38y l—a—vy—V({1—a—7)+4ay \**

X< 1 l/(l—a—'y)2+4a7>+< 2 >
X<—3((1~a—7)2+4a7)~|—(—1+a+37)(—1+3a+7)):'
(Q—a—7)+4ar)* ‘

Thus D, ,f.(1/2, 0) = n/2"* = D,,f,(1/2, 0).
Let H denote the Hessian matrix for f, at (1/2,0). H has
characteristic values

N = %(n —1+Vm—=1F+4)
and
M:_z%(n—l—wn—l)wal).

Since A, < 0 < A, then (1/2, 0) is a saddle point for f,. Let 2 = (\,, 1)
and put |z| = VA + 1. By Taylor’s theorem there is a positive
number 6 so that if |x| < 6 then there is a number R(x) so that
£((1/2, 0) + ) is

1 18 13

0—,fn(1/2, 0) + 1—';.1 (@)D fu(1/2, 0) + 2—'1221 (€):(%);D,,;£.(1/2, 0) + R()
and therefore, since (1/2,0) is a critical point for f,, and since
Hx" = a\a", then

£(@/2,0) + @) = f,(1/2, 0) + No| 2" + E() .

Since M, < 0 then there is a positive number ® < 6 such that if
[2] < w then \, |z |* + R(x) <0, and therefore f,((1/2, 0) + x) < f,(1/2, 0).
Let ¢ = (1/2, 0) + @|x|x, observe that g € S and that £,(q) < £,(1/2, 0).

v THEOREM 5. If ne{8,4} then f, is minimum, uniquely, at
(1/8, 1/3).

Proof. In[1] Marcus and Newman proved the van der Waerden



216 GERALD E. SUCHAN

conjecture true in case n = 3, and hence this theorem is also true
in this case. Let (a, ) be a point of S at which f, is minimum.
Observe that f,(a, 7) is

at — 4a® + 6 — 4o + 27t 4+ 67 — 4y — 2077
+ 8ay® + 16a’y® + 8a*y — 20a*y + 16ay + 1,

that D,f(«a, ) is

8a® — 120 + 1200 — 4 — 207* + 87 + 32a* + 24a’y — 40y + 167,
and that D,f(a, v) is

87 — 12v* + 127 — 4 — 40y + 24av* + 32a*y + 8a® — 20a* + 16« .

By Theorem 4, (a, ) is not on the boundary of S and so D, fi«a, v) =
0 = D,f(a, 7). Thus D f(a,v) — D.f(a,v) = 0 and therefore

(1) (a —72a+v)—1—-2av)=0.
Since D, f(a, a) = (@ — 1/3)(18a* — 12« + 3) then the only critical
point on the diagonal of S is (1/3,1/3). Suppose
11
(2) fla, D < f(5 %)

and observe from (1) that
(3) 2@ +7v)—1—2ay=0.
Let 3=1—a —v. It follows from (3) that 8* = a’* + 7v* and from
(2) and (3) that
fle, v) = B + 28°@a) + (a + v = 26°1L — B) < % .

Hence B(1 — 8) < 1/31/ 2 and therefore

Jl_m/z 1+J1_m/2
(4) either ,8< 2 3 or 8>

It also follows from (3) that 2v* — 21 — B)y + 1 — 28 = 0 and there-
fore, since v is a real number, then

(5) B=V2 —1.

Finally, (8) implies that 1 — 28 — 2ay =0, and therefore since
ay = 0, then

(6) 3=1/2.
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Inequalities (4), (5) and (6) constitute a contradiction.

I would like to thank Professor Sinkhorn for his assistance and
suggestions in the preparation of this paper.
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