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In this article we prove, for a differentiable vector field or
a diffeomorphism on a smooth manifold, that the set of points
such that the semitrajectories issuing from them approach
a particular semitrajectory at a given exponential rate,
constitute a differentiable submanif old, provided the differen-
tial of the flow has a certain similar behavior on that
trajectory. (See Theorem 1 below, for a precise statement).
In particular, the stable manifold theorem for hyperbolic
sets ([3], [6, XI]) follows as a corollary.

Although we only consider the Crease, the same methods,
which are essentially classical ([2, Ch. XIII]), could be applied
to obtain higher differentiability properties.

Since I have not seen in the literature this type of
results for points which are neither equilibrium nor periodic
points, and on account of [6, XI-8], I thought that their
publication might not be entirely devoid of interest.

1* Terminology and notation are standard. If X is a differen-

tiable vector field on a smooth manifold M, <f> will always denote the

corresponding flow, and φt the diffeomorphism x —> φ(x, t), xeM, te R.

For brevity, we shall sometimes write x(t) or y(t) instead of φ(x, t)

or φ(y, t) respectively.

THEOREM 1. Let M be compact smooth (C°°) Riemannian mani-

fold and X a ^-vector field. Assume that for some x e M, there are

subspaces E, I; E 0 / = TXM, such that for some positive mumbers

K, λ, μ, μ < λ, we have

(1) \\φf

s{x(t))et\\<Ke-λs\\et\\ for et e φ't(x)E, s, t > 0 ,

and

( 2 ) || φ_s(x(t))ίt || < Ke"s || it\\ for it e φ't(x)I, 0 < s < t .

Then, Wλ{x) = {y e M/ϊϊm (1/t) log d i s t i l , t), φ(x, t)) < -λ} is a
Cι-submanifold of M, such that TxWλ(x) = E.

Condition (1) means that φ\ strongly contracts the bundle

\Jt>oΦt(%)E, while (2), which is equivalent to

(2') \\φ'Mt))it\\^He-^\\it\\ , t,s>0

for some H > 0, only says that φ't does not contract as strongly on
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The following theorem may be proved applying Theorem 1 to
the suspension of ikf. (See [1], Ch. 1.)

THEOREM 2. Let M be a compact Riemannian smooth manifold
and f a Cι-diffeomorphism of M. Assume that there exists a point
xeM and subspaces Ex, Ix, Ex® Ix — TXM such that for some positive
numbers K, p, q, p < q < 1, we have

( 1 ) II fm'(P(x))en || < Kp* || en \\ , for en e fn\x)Ex , m, n > 0 .

( 2 ) || f-mXfn(x))in || < Kq-m \\in\\, for ine fn\x)Ix , 0<m<n.

Then Wp(x) = {y e M/Km^ (1/n) log dist(/%), f\x)) < -log p) is
a C^submanifold of M, such that Tx{Wp{x)) — Ex.

Proof that Theorem 1 implies Theorem 2: Consider the suspension
M of M, equipped with some Riemannian metric, and the corresponding
vector field X. (We shall identify M and π(M x {0}), π being the
canonical projection of M x R onto M).

Since X Φ 0 on M, Theorem 1 may be applied to the semitrajec-
tory φ(x, t), t > 0, taking Ex as E, the subspace spanned by /,. and
X{x) as J, and letting —log p, — logq play, respectively, the roles of
λ and μ. In this way, we get a C^-submanifold Wλ(x) of M; but if
y = π(yf a), and s is not an integer, dist(φ(y, ί), φ(x, t)) is bounded
away from zero for t > 0. Thus, Wλ{x) c ikf, and this clearly implies
Wλ(x) = Wp(x). Since TxWλ(x) = Ex, this completes the proof.

If x lies on a hyperbolic set ([3], [6]), its stable and unstable
manifold may be obtained by a direct application of Theorem 2
(Theorem 1, if we were dealing with a vector field) to the diffeo-
morphisms / and /-1.

2* The results of this section will enable us to replace the mani-
fold M by an open subset of Euclidean space.

Let M be a compact connected smooth submanifold of RN and
let r be the retraction x-*r(x), where r(x) is a point of M with the
property

|| x - r(x)\\ = dist(α, M) .

If the domain of r is restricted to a suitable neighborhood Ω of
M, then r becomes a well defined smooth function (see [3]), such
that r{x) — x is orthogonal to M for each xeΩ. Since for x e ΰ ,
r'(as): RN —> RN is of maximal rank w = dimikf, and r ' ( ίφ = 0 if v is
orthogonal to Tr{x)M, we have that for each u e Tr{x)M there is exactly
one vector v e Tr{x)M such that r'(x)v — u.
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If X is a vector field on M we may define a vector field Y on Ω
by letting Y(x) be the unique vector of Tr{x)M such that r\x)Y{x) =
X(r{x)). If XeC, r > 1, then, clearly, YeCr; also Y/M = X.

LEMMA 3. Let a be a real number and Za the vector field defined
on Ω,

Za = a{r{x) - x) + Y .

Then, the normal bundle N(M) of M is invariant under the
flow φa determined by Za and

\\φΐ(x)v\\ = e-at\\v\\

for every xeM and veNx{M).

Proof. The invariance of N(M) follows from the following
relation:

r\x)Z\x) = r\x)Y{x) - X(r(x)) = Za(r(x)) ,

which clearly implies that r(φf(x)) = φa

t(r(x)) for x e Ω.
The assertion concerning the norm of φf is a consequence of the

following equalities, where we have written ( , ) for the inner product
in RN:

Z\\\r{x) - x\\') = 2((r(s) - x), {r\x)Z\x) - Z\x)))

= 2((r(α?) - x), {Z\r{x)) - Zβ(α?)))

= 2((r(αO - a?), X(r(a?)) - Γ(«) - α(r(a?) - x)) .

Since ((r(aj)-a?), X(r(x)) - Y(x)) = 0, we have that Zα(|| r(x) - x ||2) =
— 2α||r(ίc) — x\\2. Therefore,

\\φ\x, t) - φ \ r ( x ) , t ) \ \ = e ~ a t \ \ x - r(fl?)ll ,

which clearly implies the thesis.

Consider now a (^-vector field X on an open connected subset
Ω of Rn, and a semitrajectory {φ(x, t), t > 0} of X, whose closure is
compact and contained in Ω. Theorem 1 is a consequence of the
following proposition.

PROPOSITION 4. Assume that there are subspaces Eo, Jo, Eo(& IQ =
Rn, such that, writing Et(It) for φ't(x)E0 (resp. Φ't(x)IQ), we have

(1) \\φ's(x(t))et\\<Ke-λs\\et\\ , for et e Et, t > 0, s > 0 ,

(2) \\Φ-S(x(t))it\\ < K e ^ s | | i t | | , f o r i t e l t , 0 < s < t ,
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for some positive numbers, K, λ, μ, μ < λ.
Then Wλ(x) = {y e Ω/Umt_>O0 (1/ί) log\\φ(y, t) - φ(x, t)\\ < -λ} is a

Cι-submanifold of Rn tangent to Eo at x.

Proof that Proposition 4 implies Theorem 1. We may assume
that M is embedded in, say, Rn. Extend the vector field X to a
neighborhood Ω of M as in the previous lemma, choosing a > λ.
Let Eo be the subspace spanned by E and NX{M) and take Io = /;
we may now apply Proposition 4 to get a C^-submanifold W[(x) of
i2\ Then, Wλ{x) = r{W[{x)), is a manifold (see [4], Lemma 3) and
since r\x)E0 = i?, the proof is complete.

3* In this section we prove two preliminary results.
Consider, as before, a C^-vector field X on an open connected

subset ΩaR%, and a semitrajectory {φ(x, t), t > 0} whose compact
closure is included in Ω. Let Et, It, t > 0 be as in Proposition 4,
and call Pt(Qt) the projection of JB% onto Et(It) along J^resp. 2^).

LEMMA 5. There is a positive number M, such that \\Pt\\ < M,
\\Qt\\ <M,t>0.

Proof. Suppose that | | P t | | is not bounded for t > 0. Then we
may find a sequence tn —> °o and vectors etn e Etn, itn € Itn, n = 1, 2,
such that ||βίw[| —• oo and \\etn + itn\\ = 1. Moreover, we may assume
that 0(sc, O converges to y e Ω, and that (etj\\etn\\) converges to some
unit vector ueRn. Since ( — itj\\hn\\) must also converge to u, we
have that for t > 0, \\Φ't(y)u\\ < Ke~xt and \\φr

t(y)u\\ > fle-'1* (see 2') in
§2) which is absurd. Inasmuch as Pt + Qt = /d, ί > 0, this completes
the proof.

The following technical lemma will be useful.

LEMMA 6. Assume that Φ(yft) is defined in |0, b). Then, for
0 < t < 6, we

r

/, t) — φ(x, t) = φt(x)\V — x) + \
J

where J(x, y) = X(?/) — X(α?) — J(x)(y — x).

Proof. From

—(Φ(y, t) - φ(x, t)) - -3Γ(0(2/, ί)) - X(Φ(x, t))

= J(x(jt))(y(jt) -
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we get

-£r(y(t) - χ(t)) - Φ'-Mt))J(χ(t))(y(t) - χ(t))
at

= φlt(x(t)Mx(t), y{t)),

which implies

JL(φ'_t(χ(t))(y(t) - x(t))) = φ'_t{x{t))Δ{x{t), y(t))

since φlt{x(t)) φ't{x) = Id and (d/dt)φ't(x) = J(x(t))φ't(x) ([2], Ch. I). By
integration we find

φUx(t)){y(ί) - x(t)) = (y-χ) + \'φL.(x(8))/l(x(8), y(s))ds
JO

and applying φ[{x) on the left we obtain the thesis of the lemma.

4. LEMMA 7. Assume that y{t), t > 0, is a semitrajectory of X
such that \\y(t) — x(t)\\ < ae~r\ where a > 0 and μ < y < λ. Then
y(t) satisfies the integral equation

V(t) = x{t) + φl(x)P0(y -x) + [φLJPAΦ), (s))ds
Jo

), v(s))ds .

Proof. From Lemma 6 we get

y(t) - x(t) - φ't(x)P0(y -x) + \^'t-Ms))Ps4(x(s\ y(s))ds
Jo

+ Φ't(χ)(Qo(y -χ) + [ΦLM8))QAX(S), y(s))ds .
Jo

Since for large s,

X(y(s)) - X(x(s)) = Γj((l - u)x(s) + uy(s))du(y(s) - x(s)) ,
J

we have that || A(x(s), y(s))\\ < c\\y(s) — x(s)\\ for some c > 0; if c is
taken large enough, the same inequality holds for all s > 0. Then,
from the above formula we obtain, on account of (1), that

<a + KMe~a-^\\y - x\\ + KMcae r t

o

which is bounded for t > 0. By (2') this implies the boundedness,
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for t > 0, of

Thus, Q0(y — x) = - 1 ψ'_s(x(s))QJ(x(s), y(s))ds as we had to show.
Jo

On the other hand it is important to notice that if y(t)9 t ^ 0 is
a continuous function with values in Ω that satisfies the integral
equation

y(t) = xit) + φl(x)eQ + Γ$-.(a(«))i^(&(*), y(s))ds
Jo

eQ e E09 then y(t) is also a trajectory of X with P0(y(0) — x) = eQ. In
fact, since the differentiability of y(t) follows by inspection of the
right hand side of the equation, we may differentiate both sides to
get

y(t) = x(t) + J{x{t)){y{t) - x(t)) + J(x(t), y(t)) = X{y(t)).

5* For each a > 0, and 7, μ < 7 < λ, let 2/β(τ) be the space of
continuous functions t -> y(ί), y(ί) eRn,t^ 0, such that || #(£) — a?(ί) || <
ae~rt. If 7/, zeya(y), let

it is not difficult to check, that with d as the distance, ya(i) becomes
a complete metric space.

Now for e0 e Eo, consider the operator Γeo: y -+z, where y e ya(i)
and z:\0, 00) ->Rn is given by

Z(t) = χ(t) + φl(x)e0 + \^L.(x(8))PAx(s)9 y(s))ds

\ y(s))ds

the fact that 7 > μ ensures the convergence of the improper integral.
Since for y close to x

Δ(x, y) = ( j V ( l - u)x + uy) - J(x)dv)j(y - x) ,

the continuity of J implies that for each ε > 0, it is possible to choose
a = α(ε) > 0, such that if \\y — x\\ < a,

\\4(x,y)\\ < e\\y - x\\ .
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For a given 7, μ < 7 < λ, choose ε = ε(τ) such that εKM((X — 7)"1 +
(7 — μ)~ι) = 1/2, and let a(y) or simply α, be the corresponding

LEMMA 8. For each eoeEo with | | ^ 0 | | < O:/(2JK"), T e o is a con-

traction of ya(y).

Proof, We first show that for those e0, Teo: ya(y) -^ya(y).
Let t-+y(t) belong to 2/β(τ), and let z — TeQ(y); then, by (1) and

(2), we have, for t > 0,

1 ! ^ γ(+\ \ pjt <- ΊΓp-u-r)t II ̂  ii

ίe-a-r)t \ e«-r) d s

Jo

+
Vx - 7 μ~ y

On the other hand, if y, yeya(y) and « = Tβ0(y), z = Γβ0(^), we
have that

- z(t)\\ert ^
Jo

Γ , y)e(μ~r)sds ,

for ί > 0, and consequently, d(z, z) < (l/2)d(y, y). This completes the
proof.

Thus, if e0 is small enough, there is one and only one fixed point
y(t, e0) of Teo in ya(y), and on account of previous remarks, this fixed
point is the unique semitrajectory of the vector field X, satisfying
-Po(2/(O, β0) - x) = e0 that belongs to ya(y).

Since the continuity in e0 of y(t, eQ) is an easy consequence of
uniqueness, and y(0, eQ) = y(0, e'o) implies readily e0 = e'Q, we may state,
letting / = i/(0, e0):

COROLLARY 9. Let Ba = {eoeEo/\\eo\\ < a/2K}. There is a con-
tinuous injective function f: Ba —• Rn with the following property:
a semitrajectory of X, φ(y, ί), t ^ 0, satisfies

II Φ(y, t) - x(t) || < ae~r\ t ^ 0 , αwd Po(2/ - ») = e0 e Ba ,

if and only if, y — f(e0).

6. Now we study the differentiability properties of f(e0) or
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y(t, e0). If the derivative of y(t, e0) in the direction of the unit vector
ue Eo exists at e0, and if we could differentiate under the integral sign,
we would have that this derivative, zu(t, e0), \\eo\\ < a/(2K)9 satisfies:

= Φl(x)u + (V-.(α(β))P.(«%(β, e0)) - J(x(s)))zM(s, eo)ds
J

s, e0)) - J(x(s)))zu(s, eo)ds .

Let V be the space of continuous f unctions(£, e0) —> z(t, e0), t > 0,
| | β o | | < aβK, z(t, eo)eRn, such t h a t \\z(t, eo)\\ < 2Ke~rt. With t h e dis-

tance d,

d(z, z) = sup || z(t, e0) - z(t, e0) \\ ert ,
ί>0

!|eo||<α/2ί:

V is a complete metric space.

LEMMA 10. For zeV, define Tu{z) = w by

S t

φl-.9(x(s))Pβ(J(y(s, e0)) - J(x(s)))z(s, eo)ds
0

- \yt-s(x(s))Qs(J(y(s, e0)) - J(x(s)))z(s, eo)ds .

Then, for each ueE0, \\u\\ = 1, Tu is α contraction of V.

Proof. Since

\\w(t, eo)| | ^ ίΓe-"

^ 2Ke~rt ,

Tu maps F into V. The fact that Tu is a contraction follows at once
from the inequality

ί, β0) - w(ί f β0) II < KMεe-λt\eu-?)sd{z, z)ds
Jo

ltt'r)ad(zf z)ds

and the choice of ε.
Now, for h Φ 0, consider the quotient

Qu(h, t, e0) = —(?/(ί, β0 + hu) - y(t, e0))
h

= Φί(t)u
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hx(y(s9 e0 + hu)) - X(y(s, e0))
h

- J(x(s))qu(h, s, eo))ds

- \"φLs(x(s))Q±(X(
J* h

- J(x(s))qu(h, s, eQ))ds ,

±(X(y(s, e0 + hu)) - X(y(s, e0))
h

and the difference

δu(h, t, eQ) = qu(h, t, e0) - zu(t, e0)

V-s(x(s))Ps(J(7/(s, β0)) - J(^

[φLs(x(s))PsDu(h, s, eQ)ds
Jo

J(y(s, e0)) - J(x(s)))δu(h, s, eo)ds

j ^ ? (Λ, s, eo)ds ,

where

J5«(Λ, s, e0) = —(X(y(s, e0 + feu)) - Z(2/(β, β0))) - J(?/(s, eo))qu(h, s, e0)ft

Let m(A) = sup ί > 0 |jδtt(A, ί, ^0)lk r ί, A ^ 0; then, since

from the last equation we get, on account of

II<D.(M, OH

^ I jV((l - r)y(ί, e0) + ry(t, e0 + hu))dr *-

that

||*.(Λf ί, β o ) | |^ ^ g M ε m W + ffl^(m(fe) + 22Γ)
λ — 7 λ — 7

+ KMεmjh) + KMp(h)<m{h)

Ύ - μ Ί - μ

where

p(h) = sup ίW/(( l - r)?/(ί, e0)) + r(»(ίf β0 + hu)) - J(y(t, eo))\\ .
ί^O Jo II

Because of the choice of e, we may write the last inequality, as
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i- - KM(—— + _J_W))m(fo) ^ 2K2M(
2 I \

K M ( + W))m(fo) ^ 2 K M ( +
2 \λ — 7 y — μr I \χ — 7 7 —

Since lim^o p(fo) = 0, we get that lim^o m(fe) = 0.
This shows that the derivative of y(t, e0) in the u direction is

the continuous function zu(t, e0). In particular, it follows that /
(see Corollary 9) is a Cι-ίunction.

COROLLARY 11. Let Ba,tQ={etQ e JSrίo/||eίp|| <Za/(2K)}. For each
there is a continuously differentiable injective function ftQ:BaytQ—>Rn

with the following property: a semitrajectory of X, φ(y, t), t > 0,
satisfies \\φ(y, t)-x(to+t)\\<ae-^ for t>0, and PtQ(y-x(to)) = eto e Ba,tQ,
if and only if, y — ftQ(etQ). Furthermore, ft'0(0)u = u, ue EtQ.

Proof. It is clear that we would have obtained the same results
if we had started from any semitrajectory φ(x(t0), t), t ^ 0, t0 ^ 0.
Moreover, it is easy to check that, for a fixed 7, the constants s(τ)
and a(y) that we have chosen for the semitrajectory x(t), t^O, are
also adequate for the semitrajectories Φ(x(t0), t), t >̂ 0, ί0 ^ 0. So, with
the exception of the last one, all the assertions of the corollary are
a consequence of previous arguments. The last statement follows
by inspection of the integral equation satisfied by zu(t, etQ) in the case
et = 0.

7 LEMMA 12. Assume that for some L > 0 and some 7, μ <
7 < λ, \\φ(y, t) - x(t) II ^ Le~rt, t ^ 0. Then y e Wλ(x).

Proof. Let 7' be a number greater than 7 and less than, but
close enough to λ. We may assume that α(τ') < OL(J); take t0 > 0
such that

and observe that as a consequence of the last inequality, there is a
point z e Rn, such that

for ί ^ 0 and Pίo(2; - x(t0)) = Pto(^(y, ί0) - »(*o))-
As both, | | ^ , t) - x(t0 + ί) II and ||0(i/, ί0 + ί) - x(t0 + t)\\ are less

than a(y)e~rt we must have ^(«, t) = φ(φ(y, to)9 t) for t >̂ 0, which
implies ||^(?/, ί) - a?(t)|| <: JVfe-'''*, t ^ 0, for some N> 0.

Since 7' may be chosen arbitrarily close to λ, this completes
the proof.
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Proof of Proposition 4. Let ye Wλ(x); we have that for some
L > 0, a n d s o m e 7, μ < 7 < λ, || φ(y, t) - x(t) || ^ L e ~ r t , iίt^O. T a k e
a t0 > 0 such that Le~rt° < a(rr), Le~rt« < M(2K)~1a(y). Then Φ-to°fto'>
Ba,t0 -> # % is an injective Cx-function such that its range contains y
and, by the previous lemma, it lies on Wλ(x). Define the topology of
Wχ(x) making φ_to°fto to be a homeomorphism onto a neighborhood
of y in Wχ(x). The (^-compatibility of the atlas constructed in this
way is a consequence of Corollary 11 and the differentiability proper-
ties of the flow. The assertion concerning the tangent space to Wλ(x)
at x also follows from the corollary.
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