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Let (X, %, i) be a s-finite measure space and [ = (6,: t =0)
a measurable semiflow of measure preserving transformations
on (X, 5,p). The maximal function f* of a function
fe Ly + L.(y) is defined by

I I O
7 (ac)—sbgg—b—golf(ﬁm)l ‘.

The purpose of this paper is to prove that if «(X)= o and
the semiflow I is conservative and ergodic then for every
constant « >0

aﬁ{f*>a}=g Al

{(f¥>a

As a corollary we also prove that if w = 0 is a constant then
C If‘ w+1
S lfi(log__) dpe < co for every t > 0
{Ifi>¢) t
if and only if

¥\ w
S f* (log-f-—> dp < oo for every ¢t > 0.
{f*>1) t

It is well known in ergodic theory (see e.g. [2], Chapter VIII)
that if 1 <p < o and feL,(¢) then f*e L, (#); while if p#(X) < oo
and | f|log*|f|e L,(x) then f*e L(#). In 1979 Petersen [8] proved,
under the hypothesis p#(X) < o, that if (0, —cc <t < o) is an
ergodic flow of measure preserving transformations on (X, .7, p)
then f*e L,(y¢) implies |f|log*|f|e L(y¢). This is the continuous
parameter version of Ornstein’s result [7] for an invertible, ergodic
and measure preserving transformation on the finite measure space.
Petersen proved his result by using a reverse maximal ergodic
theorem. Later, Marcus and Petersen [5] improved Petersen’s
maximal ergodic theorem as follows:

If (X)=1, 0= f e L) and aggfd/x, and if (0 — oo <t <o)
18 ergodic, then

apfe>ay=| jiu.

{f*>al
(A slightly different form in which f need not be nonnegative, may
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be seen in [5].) In the present paper we shall show that a similar
maximal ergodic theorem holds for a conservative and ergodic
semiflow (6,:¢t = 0) on an infinite measure space, and that a ratio
version of the Marcus-Petersen maximal ergodic theorem holds.

Our proof uses Derriennic’s reverse maximal ergodic theorem
[1], together with familiar approximation techniques. The referee
has remarked that the proof given in [5] yields also our result for
a conservative and ergodic flow on an infinite measure space, and
then the semiflow result follows from standard extension techniques.
The author thinks that the approach given below remains to be of
some interest since it is more direct.

2. Results.

THEOREM 1. Let I' = (6,;:t=0) be a measurable semiflow of
measure preserving transformations on a o-finite measure space
(X, 7, ). Assume that I' is conservative and ergodic. Then the
following hold:

(1) If (X)) = oo then for any 0= feL(¢) + L.(¢) and any
a>0

(1) aplf*>ay =\  fap;

{(f*>a}

(II) Given f, ge L(¢) with f=0 a.e. and g > 0 a.e., define
170 = s (] omt) (s
Then for any a > Sfd,u/g gau

(2) aS(f;Nx)gd‘u = S(f;wufd# .

For the proof of the above theorem we need two lemmas.
Before mentioning these, we note that the function f* may be
defined for any f, ge L,(¢) + L.(#) with f=0 a.e. and g > 0 a.e.
With this understanding we have the

LEMMA 1. Given f, g€ L(#) + L.(), with f =0 a.e. and g > 0
a.e., for any a > 0 we have

“Sugmgdﬂé S«f;>a)fd‘u )

Proof. First suppose 0 < fe L,(#). For n =1, let
2
0

rw =2 fomit, g =2( g0mat
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and

fia) = sup (3 Ti5@) [ £ Tigu)

where T, h(x) = h(0,~»x) for h e L,(yt) + L.(¢). Then, directly,
k
£ £ and (£7> a) = {sup 33T, — ag,) > 0} .

Since T, is a positive contraction on L, (¢) and (f, — ag,)* € L,(t)
because (f, — ag,)" < f.<€ L(y), it follows from Garsia’s proof (see
e.g. [3], p. 238) of the Hopf maximal ergodic lemma that

S(f,;,pa)(f" —ag,)due =0.

On the other hand, since ge L,(¢) + L.(¢), it follows from [6]
that lim, g,(x) = g(x) a.e. Furthermore we see that lim, || f, — fl.=
0. Hence, by Fatou’s lemma,

ag‘f;>a)gd/z < hmﬂlnf a S%)a)gnd,u

= li:n S(f;pa)f"d# = S‘f?“’ sage .

Next let us consider the general case 0 =< fe L(¢) + L.(p).
Choose ,feL(¢),n =12 ---,s0 that 0,/ 1f Then ,f*1fF,
and thus ‘

aS{f’!‘]>a}gdﬂ = lim “S{,,f;mgd/‘
<tim| . .de = fae,
which completes the proof.

LEMMA 2. Let 6 be a measure preserving transformation on «
o-finite measure space (X, F, ). Given f, ge L) + L.(¢) with
f=0ae. and g >0 a.e., define

7o) = sup (370 /( 5 00) .

=0

If 6 is conservative then for any a > 0 we have

<
S[f;,salmfpa)fd# = ag[fésa]nufpa)uﬁ"1<fg’>o:)) gd

where [ f, < o] denotes the smallest 8-invariant subset in & which

contains the set {f, < al.
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Proof. See Derriennic [1]. (A minor change is sufficient for
the proof.)

Proof of Theorem 1. Since the proof of (I) is similar to that
of (II), we only prove (II). For n =1, let f,, g, and f, be defined
as in the proof of Lemma 1. It follows that

li:n ”fn - f”l =0= linnl Hgn - g”1
and
LT fr.
Denoting by .[f. < a] the smallest subset in % which is invariant
with respect to 6,-» and contains the set {f, < «}, we have, by
Lemma 2, that

= .
Sn[f;,§a]ﬂ{f,'n>a) fadpt = ag,,,[f,’,‘ga]m(f,;pa)Uﬂ{—ln{f;pa)) g,,d#

(Recall that the conservativity of the semiflow implies the conserva-
tivity of each 6,.) On the other hand, from an easy continuous
version of Hopf’s maximal ergodic lemma, we observe that

t{fF £ a} >0 for every a > gfdy/ggdy .

Then the ergodicity of the semiflow implies that
A S al T X
and therefore

liminf [f, Sa]l=1lim ,[ffLa]l=X.

Consequently
S(f;">a)fd# = hf.n g,‘[fﬁ,‘ga]mf;pa) fudp .
Similarly
11131 S,,[f;mga]n((fj”>m}U02——1n(f;L>a})g"dp = ILmS(f;>a)U0;ln(f;,>argd# ’

and let us prove that

h“m S(f;,m)ua;_ln{fpa; gay = Slfj»ngd# :

To do this, given an ¢ > 0, choose Ee. % so that
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ME) < o and SX_Egd;z <e.

Next put E' ={f)* > a}nE, E,={fa>a}NE and E," ={f, > a}ln
(X — E). It is easily seen that

lim ﬂ(EAafz—“lﬂE) = lim H 1; — 1E°‘92—”]]1 =0,
lim p(B'46;%.E") =0,
lim (B' — E) =0,

and
0:2E, Cc 0;72(X — E) = X — 0:%.FE
Cc(X — E) U (E46:2.E) .
Hence

limﬂsup §<o;—1n<f;,>an~<f;,>a) gapr = SX_Egd# <e,
and since ¢ > 0 was arbitrary,
]i,,m S(fpa)uo;—lnrfpa}gd# = Hf,n Sff;pa)gd‘a = S{f;>a)gd# ’
which shows that
Sif;>a}fd# = aSu;»)gd# )
This, together with Lemma 1, completes the proof of (II).

As a corollary of Theorem 1 we obtain the following dominated
ergodic theorem.

THEOREM 2. Let I’ = (6,:t = 0) be conservative and ergodic, and
let w=0 be a constant. Then the following hold:
(I) If p(X) = oo and 0 = feL(#) + L.(p), then
S f(logiyﬂdy < oo for every t >0
(f>t) t
if and only if
S f* <log ﬁ)%ly < oo for every t >0 ;
(F*>t) t
(II) Given f, g L(p), with f =0 a.e. and g >0 a.e.,

[, o L) an< -
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if and only if

S(f;>1} Jo(log fX) gdp < oo .

Proof. For the proof of (I) it suffices to consider the case {=1
Then, by Fubini’s theorem and the above theorem, we have

| rolog ro1rdp = | gm’[aog 1" + w(log t)*~|dtd(a)
{f*>1) (f*>1} J1

“[(og £)* + w(log £l f* > thdt

v

)
S [(log t)” + w(log t)“~ I]S - )fd;tdt
S (log t)® S | faudt

=|n

f(w)S —(log ty"dtd(x)

1
—_ = 1 w+1d
w + 1S(f>1) f(log f) #

On the other hand, Lemma 1 together with a standard argu-
ment gives

s> = 2|
{f>t/2}

fdy for every £t > 0,
thus

|, flog £1dp
{f*>1}

< r—z-[(log £)* + w(log t)”’“]g fdpds
1 ¢ >tz

[, 21 + D(log 2/)°* + (log 2/)°Mdze
and the last integral is finite if the first condition of (I) is satisfied
So (I) is proved.

The proof of (II) may be done similarly and omitted

REMARK. The linear subclasses R, (#), w =0, of L,(#) + L.(%)
defined by

R.() = {f: SWM {fi(log‘_{_‘ydy < o for all t> 0}

were originally introduced by Fava [3] in order to obtain a weak
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type inequality for a product of maximal operators. In view of
[3], [6] and [10], these subclasses are important in pointwise ergodic
theory.
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