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Let (X, ^", μ) be a <7-finite measure space and Γ = (θt: t ̂  0)
a measurable semiflow of measure preserving transformations
on (X, - ^ /i). The maximal function /* of a function

) + LCO(JM) is defined by

The purpose of this paper is to prove that if μ(X) = oo and
the semiflow Γ is conservative and ergodic then for every
constant a > 0

J{f*>a}

As a corollary we also prove that if w ̂  0 is a constant then

S / I *̂ |\ w+1

| / | ( logLO dμ < oo for every t > 0
{i/ι>ί} \ t I

if and only if

I /* (logJ—Ydμ < oo for every t > 0 .
Jί/*>ί} \ ί /

It is well known in ergodic theory (see e.g . [2], Chapter VIII)
that if 1 < p ^ co and feLp(μ) then f*eLp(μ); while if ^(X) < oo
and I/ | log+ | / | eLx(μ) then f e L ^ / ί ) . In 1979 Petersen [8] proved,
under the hypothesis μ(X) < oo, that if (θt: — co < t < oo) is an
ergodic flow of measure preserving transformations on (X, ^ j μ)
then f*eLx(μ) implies | / | log+ \f\ e Lx(μ). This is the continuous
parameter version of Ornstein's result [7] for an invertible, ergodic
and measure preserving transformation on the finite measure space.
Petersen proved his result by using a reverse maximal ergodic
theorem. Later, Marcus and Petersen [5] improved Petersen's
maximal ergodic theorem as follows:

If μ(X) = l, O^/eLiί/ί) and a^\fdμ, and if (θt: - oo<£<co)

is ergodic, then

aμ{f* >a} = \ fdμ.

(A slightly different form in which / need not be nonnegative, may
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be seen in [5].) In the present paper we shall show that a similar
maximal ergodic theorem holds for a conservative and ergodic
semiflow (θt: t ^ 0) on an infinite measure space, and that a ratio
version of the Marcus-Petersen maximal ergodic theorem holds.

Our proof uses Derriennic's reverse maximal ergodic theorem
[1], together with familiar approximation techniques. The referee
has remarked that the proof given in [5] yields also our result for
a conservative and ergodic flow on an infinite measure space, and
then the semiflow result follows from standard extension techniques.
The author thinks that the approach given below remains to be of
some interest since it is more direct.

2* Results*

THEOREM 1. Let Γ — (θt: t ^ 0) be a measurable semiflow of
measure preserving transformations on a σ-finite measure space
(X, J?~, μ). Assume that Γ is conservative and ergodic. Then the
following hold:

( I ) If μ(X) = oo then for any 0 <; / e Lx(μ) + L^μ) and any
a > 0

(1) aμ{f* >a} = \ fdμ;

(II) Given f, g e Lx(μ) with / ^ 0 a.e. and g > 0 a.e., define

f*(x) - *uv(\b f(θtx)dt)l([bg(θtx)dt) .
b>0 \Jθ // \Jθ /

S I /•

fdμ \ gdμ

For the proof of the above theorem we need two lemmas.
Before mentioning these, we note that the function f* may be
defined for any /, geL^μ) + L^μ) with / ^ 0 a.e. and g > 0 a.e.
With this understanding we have the

LEMMA 1. Given /, ge Lt(μ) + Loo(μ), with / ^ 0 a.e. and g > 0
a.e., for any a > 0 we have

Proof. First suppose 0 ^feL^μ). For n^l, let

/„(») = 2"Γ nf(θtx)dt, gn(x) = 2-Γ "g(θtx)dt
Jo Jo
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and

fXx) = sup ( Σ Tifn(x))l( Σ Tign(xj)

where Tnh(x) = h(θ2-*x) for heL,(μ) + ZΌOG"). Then, directly,

f'Λf* and {/; > α} - ί sup Σ 2\ί(/n - α</J > oi .
V λ ̂ O < = 0 )

Since Tn is a positive contraction on L^μ) and (fn — agn)
+ e Lx{μ)

because (/n — α^n)+ ̂  fn e Lx(μ)f it follows from Garsia's proof (see
e.g. [3], p. 23) of the Hopf maximal ergodic lemma that

On the other hand, since g e Lx{μ) + L^μ), it follows from [6]
that limn0n(aθ — g(x) a.e. Furthermore we see that limn | |/n — /||i =
0. Hence, by Fatou's lemma,

Λ

n f a

Next let us consider the general case 0 ^ feLλ(μ) + LJ^μ).
Choose J e L,(μ\ n = 1, 2, • •, so that 0 ̂  J \ f Then n / | /*,
and thus

which completes the proof.

LEMMA 2. Let θ be a measure preserving transformation on a
σ-finite measure space (X, J^~, μ). Given f, g e Lλ{μ) + L^μ) with
/;> 0 a.e. and g > 0 a.e., define

fi(x) = sup ( Σ /(^»))/( Σ Q^x)) .

If θ is conservative then for any a > 0 we have

g^cc}f]{fg>a}J' " = α][/^β]n(i/;>αiuri{/;>βi)^ "

where [f'g ^ α] denotes the smallest θ-invariant subset in ά?~ which
contains the set {f'g <* a)-
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Proof. See Derriennic [1], (A minor change is sufficient for
the proof.)

Proof of Theorem 1. Since the proof of (I) is similar to that
of (II), we only prove (II). For n ^ 1, let fn9 gn and f'n be defined
as in the proof of Lemma 1. It follows that

and

Denoting by n[fn ^ a] the smallest subset in Jf which is invariant
with respect to θ^-n and contains the set {/» <; α}, we have, by
Lemma 2, that

(Recall that the conservativity of the semiflow implies the conserva-
tivity of each θt.) On the other hand, from an easy continuous
version of Hopf's maximal ergodic lemma, we observe that

μ{fg* g a} > 0 for every a > \fdμί\gdμ .

Then the ergodicity of the semiflow implies that

and therefore

lim inf „[/: ̂  a] = lim „[/• £ a] = X .
n n

Consequently

Similarly

and let us prove that

To do this, given an ε > 0, choose E e ̂ ~ so that
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μ{E) < °o and \ gdμ < ε .
JX-E

Next put Ef - {/• > a] n E, E'n = {fn > a} Γ\ E and EH = {f'n > a}f]
(X — E). It is easily seen that

lim μ(EΔΘ^nE) = lim || 1^ - lE o 02-* [̂  = 0 ,

lim μ(E'Δθϊ±nE') = 0 ,
it

lim μ(E' - E'n) = 0 ,
71

and

^ K ' eθϊMX - E) = X- Θ^E

c {X - E) U {EΔΘ^nE) .

Hence

lim sup ί , flrd^ ^ ί gdμ<ε ,
n y&2~ n\J „><*>) ^ n

> a ] JX-E

and since ε > 0 was arbitrary,

which shows that

This, together with Lemma 1, completes the proof of (II).

As a corollary of Theorem 1 we obtain the following dominated
ergodic theorem.

THEOREM 2. Let Γ — (βt: t ^ 0) be conservative and ergodic, and
let w ^ 0 be a constant. Then the following hold:

( I ) If μ{X) = oo and O^fe Lx(μ) + L»(μ), then

\ /(log—) dμ < oo for every t > 0
){f>t) \ t /

if and only if

f* ( log ^— ώ^ < oo /or et eri/ t > 0

(II) Given f, geL^μ), with / ^ 0 a.e. and g > 0 a.e.,
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if and only if

Proof. For the proof of (I) it suffices to consider the case ί = l .
Then, by Fubini's theorem and the above theorem, we have

/*[log f*]~dμ = ( (''"'[(log t)m + w(log ty-ι

/*>1} J{/*>1} J l

w(log ty+1]μ{f* > t}dt

+ w(log ί)- 1 ] ( fdμdt

Jl t hf>t\

= \ f(x)\'W Mlog t) dtdμ(x)
Jl/>i> Jl t

On the other hand, Lemma 1 together with a standard argu-
ment gives

μ{f* > t] ^ — S /dju for every t > 0 ,

thus

f f*[logf*rdμ
Jl/ >D

^ ("—[(log t)m + w(log ί)w-χ]( fdμdt
Jl £ J{/>*/2}

2f[(w + l)-\\og 2/)»+1 + (log 2fT]dμ ,
}

and the last integral is finite if the first condition of (I) is satisfied.
So (I) is proved.

The proof of (II) may be done similarly and omitted.

REMARK. The linear subclasses Rw(μ), w ^ 0, of Lx(μ) + L^μ)
defined by

#«G") = {/: ί Ifύogψΐdμ < oo for all t >
I J{i/ι>ί} \ t /

were originally introduced by Fava [3] in order to obtain a weak
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type inequality for a product of maximal operators. In view of
[3], [6] and [10], these subclasses are important in pointwise ergodic
theory.
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