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ON THE EVALUATION OF PERMANENTS

NATALIA BEBIANO*

Two identities involving permanents are obtained. One
of them is used to deduce in a simple way, two well known
formulas for the evaluation of permanents, namely the
formulas of Binet and Mine and of Ryser.

1* Notation* Let A = [aiό\ be an n x n matrix. The permanent
of A is defined by

per (A) = Σ Π α*.-σU) 9

where Sn is the symmetric group of degree n.
Let Γr>n denote the set of all nr sequences co = (col9 •••, o)r) of

integers satisfying 1 <; ωt <£ n. Let Qr>n be the set of those sequences
in Γrt7l which are strictly increasing.

By Gin) we denote the set of all nondecreasing sequences of
positive integers (tl9 •••,<*) such that tx + + tk = n.

Given an n x n matrix A and nonnegative integers al9 , an

(/Si, , βn) satisfying ax + + an = n (β, + - + βn = n), we re-
present by A(al9 •••,«») (A(βl9 , βn)) the matrix obtained from A
by repeating its first row (column) αi(βi) times, its second row
(column) a2(β2) times and its wth row (column) an(βn) times. If
oii = 0(βi = 0) the ΐth row (column) of A is omitted.

Given an n x n matrix A and nonnegative integers aJf •••, an,
βi, , /3n satisfying αx + + an = n, β1 + + βn = n, let
A(alt — ,an;0l9 - , βn) denote the n x n matrix obtained from A
by repeating its first row ax times, , its wth row an times and
also its first column β1 times its wth column βn times. Again
at = 0 or βi = 0 means that the ί th row or the i th column of A is
omitted.

Given the integers au 1 <j i ^ n, such that ΣΓ=J α^ — n, let
Rav...an = (jl9 •• ,in) represent the nondecreasing sequence of non-
negative integers (jΊ, •• , i J where i occurs with multiplicity α ί β

2* Two identities involving permanents* Let A be an n X %
matrix and

with
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Since Z is an homogeneous polynomial of degree n in α?j, , xn we
can write

(2.1)
βn\

where the summation is over all sequences (ft, , βn) of nonnega-
tive integers satisfying β1 + + βn = w. The coefficient a?^,...,^
is equal to

dxhdxh 9α;i%

as can be seen from the following

3nZ

dxhdxh

We now compute dnZ/dxh 3a?in, (i3, , jn) = Rβι,...,βn. We begin
by assuming (jlf •••, j n ) = JZi.i,...,!. Since Z< is a linear function of
the x/s we have

(2.2) - * | i _ = 0

for any A; and h and by differentiation

dnZ dnZ

dxhdxh dxίn dx

= Σ-

where σeSn. But

and therefore

(2.3) 3 n Z ^ = Σ Π αα(*>* - Per
dx 9# ^ * i
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Let now (jlt , jn) = Rβv...)βn. Again by diflferentiation and recalling
(2.2) we have

(2.4) = Σ Πα.(i,i(

= per(A(£ lf ---iβn)) -

From (2.1), (2.3) and (2.4) we obtain the following identity

(2.5) Π ( Σ atixλ = Σ per

where the summation is over all the sequences (βu , βn) of non-
negative integers satisfying Σ*=i βt — n

Now we shall deduce from (2.5), the following identity expressing
the wth power of a bilinear form as a polynomial with permanents
as coefficients,

^γ^Xia^y^f = Σ per (A(au , an; βl9 - -, βn))^j

(2.6) n l ί > i = 1

 m Λ Λ

 a Δ

aj /Si! ^n!

where a = (alf , αft), /9 = (/S,, , βn\ with ai9 /3< ̂  0 i = 1, , n
and Σ?=i α i = Σ?=i βi — n.

Indeed, by the multinomial expansion we have

(2.7) -U Σ ίΛίίiT = ΣΠ Γ^(Σ α ί̂V

where α £ ^ 0 , i = 1, ---fn and Σ ? = i ^ = w. L e t (^, , λn) = iϊ α i f . . . l β n .

We have

Π fΣ α,̂ Λ"* = ( Σ OiiVj) ( Σ α^Λ ( Σ α î/Λ ( Σ a«

times an times

(2.8) = ( Σ «v2/i) ( Σ α».ί

= Π ( Σ ahiίy3) .

Substituting (2.8) into (2.7), applying the identity (2.5) to
Π?=i (Σy=i ^hidVj) a^d noting that the matrix A = (α^ ) has been
replaced by the matrix A(au •••,««) = (α*^) we obtain
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Σ

This proves (2.6).

3* About the Binet-Minc formula* As we have seen per
A = 8nZ/dx1 dxn which is equivalent to per A = coefjBl...β.n Π?=i x
(Σ?=i Q<ij%j)- This result for the case n = 3, is due to Muir. Let us
evaluate dnZ/dx1 dxn. Let again J£ — Π?=i ̂  a n d ^ = Σ?=i α^i*
ΐ = 1, , 72.. Let 2\, , Tk be a partition of {1, , n} such that

where 8 = ts , j — 1, , fc and ίx ^ g ίfc.
We define

^o.ώj 0X l # = ^ ίi_

1

and

^ . t j ; ^ ί =

_ V

with s = tj, j = 1, •
It is clear that

(3.4)

On the other hand, it is easy to show (by induction) that

(3.5) φW = (-i)'i-i(t _ 1)! Σ α*^J Ϊ ' ' ' α*w'J)

s = tjf j = 1, , &. In fact, suppose

where s = tj9 and Td — w(

s

j) denotes the set {w^, , wίίj. By
differentiating (3.6) with respect to £ W Φ we obtain

*=i Zl
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and (3.5) holds.
We finally prove (by induction) that

< 3 7 ) d*Z = z ^ Σ
3Xχ OXn k=iτv...,

w h e r e t h e summation Σ T Ί . — . Z J. is over all t h e par t i t ions Tlf >-,Tk

of {1, ••-,*}.
F o r n = 1 it is t r iv ia l to verify (3.7). Suppose t h a t

(3.8) ° " = Z Σ Σ Φ'Tύ ' Φ{Tk) ,
dxx ' Sα^-i Λ=iri, ..frfc

w h e r e Tl9- ,Tk is a part i t ion of {1, •• , n — 1}. Differentiating
(3.8) w i t h respect to xn we g e t

= Σ Σ (Φ{Tl>n) * Φ{Tk) + + ΦiT° -Φ{Tk>n)

(3.9) 3a?! 9»n-i3ίCn

where ^(27^'ra) = (dφ{Th)/dxn), φ{n) is defined by (3.4) and ΓA, % is a
shorthand notation for Th U {n} h = 1, ••-,&. We observe that in
(3.9) the summation over Tl9- ,Tk refers to the partition of
{1, , n — 1}. I t is obvious that (3.9) is equal to

z Σ Σ ί*(Γl) Φ{Tk),

where Σzy. :r& is now over all the partitions Tlf , Tk of {1, , ^},
and (3.7) holds.

THEOREM 3.1. Let A = (Ati) be an n x n matrix over C. Then

per (A) = Z± Σ Φ{Tl) Φ{Tk) ,
A?=i τv.. ,τk

where φ{T^ is defined by (3.5).

REMARK. The theorem is also true for matrices defined over an
arbitrary field if we use formal differentiation.

Now we cast (3.7) into another equivalent form. Then we shall
see that per (A) is in fact independent of χlf •••,&„. We need the
following additional notation. Let rWl*...*Wjs denote the sum of the
entries in the Hadamard product of columns wlf "-9w8 of A, i.e.,

DEFINITION 3.1. For (tlf - , tk) e G{n) we define the R function,
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''', tk)f a s the symmetrised sum of all distinct products of the
?•«!•.•.•»,,s — in '"tht s u c h that in each product the sequences
(wlf •• ,w8)G Q8,n, s = tlf ••-,«*, partition the set {1, , n}.

DEFINITION 3.2. The permanent of an m x n matrix A = (aiS)
m <£ n, written Per (A), is defined by

(A) = Jit

where the summation extends over all one-to-one functions from
{1, -.-, w} into {1, ••-,**}.

The special case m = n is of particular importance. In fact
most writers restrict the designation "permanent" to the case of
square matrices. However the permanent of a rectangular m x n
matrix A, m ^ n, can be obtained by evaluating the permanent of
the n x n matrix

where C is the (n — m) x n matrix all of whose entries are 1.
Clearly per(J3) = (n — m)l per (A). In [2, 1] Mine states a formula
for the computation of the permanent of an m x n matrix, m ^ n,
in terms of the R functions. This formula is an extension of Binet's
formulas for m ^ 4, which are based on the Principle of Inclusion
and Exclusion.

If A is an n x n matrix, then

Per (A) - Σ C(tl9 - , tk)R{tu . . . , th)
{tv ' ,tk)eG(n)

with

C(tlf •• ,t*) = (- l ) n +

This is the formula of Binet and Mine of m = n. Let us show that
(3.7) is precisely this formula.

Let A' = ((l/Z^a^) be the matrix obtained from A by multiply-
ing its ith row by 1/Zt ΐ = 1, —, n. Thus, we can write (3.5) in
the following form

(3.10) φW = ( - l ) ' ' - 1 ^ - 1)! rw<i).... w(i) ,

where rw|i)*... wji> denotes the sum of the entries in the Hadamard
product of the columns w[5), , w{

s

j) of A, s = ty, ^ = 1, , fc. On
the other hand
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Σ τ Σ Φ{Tl) Φ{Tk) - Σ Σ Σ ' r Φ
{Tί)

where Σ ' denotes the summation over the partitions Tlf •••, Th whose
cardinals tt = | T«|, i = 1, , &, are kept fixed. Substituting (3.10)
into (3.11), applying (3.1) and the definition of R we obtain the
formula of Binet and Mine for per (A')

Σ τ Σ Φ{Tl) ^(Γfc) = Σ τ Σ (-i)'1"1 (-l)'*"1^ - i)!

x •••fe-l)! Π^',.,,;i)

= Σ Σ (-I)""* Π(ί/ - 1) Π^) , . ,^ )

Σ C(tu - -, OΛfe, ••-,«*) = P^ (A') .

It is now clear that in fact (3.7) is independent of xl9 , #π due to
the multilinearity of the permanent, since per (A) — Zx- Zn per {A!) =
Zper(A').

4* Ryser^s formula* In this section we shall prove Ryser's
formula [3] from the identity (2.5), without using the Principle of
Inclusion and Exclusion.

THEOREM 4.1. Let A = (αέJ ) be a matrix of size n by n defined
over a field F. Let w — (wl9 , wk) e Qkt7l and w = (wl9 , wn_k) e
Qn-k,n be sequences complementary to each other. We shall denote by
Aw the matrix obtained from A by replacing columns wl9 , wn_k

by zeros. Let S(AW) represent the product of the row sums of Aw.
Then

(4.1) nPT (A\ rrr V. V. ( — 1Σ
Q

Proof Let A! — (α^ x̂  ) be the n x n matrix obtained from A by
multiplying its j t h column by xj9 j = 1, , n. From (2.5) it follows
that

Note that if one of the β^t9 t = 1, , n — k, is different from zero,
the matrix Aw(βlf , βn) will have columns of zeros and
per (Aw(βl9 , βn)) = 0. If the condition β^ = . . = β^n_k = 0
holds, then j>Qt(Aw(βl9 * ,/3j) will be independent of w.
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From (4.2) we have

Σ Σ (-DkS(A'w)
(4.3) k=1WeQk" β β .

= Σ-^- ^VΣ Σ (-D

where Σ?= 1 /3έ = n. In order to evaluate (4.3) we first prove that

Σ Σ ( - l)fc per (Aw(βlf , βn)) = 0

provided that βtφl for some i. For this purpose let (βWlf , /3w/ι),
w' = (wlf . . . , wA) e QΛ>n, are the only nonzero elements in (βlf , /3j.
It is clear that ^ = . . . = /3^Λ_Λ = 0 and per (Aw(βlf , /3j) = 0
unless wcwf *=> wz)w'. Since there are (ΐ'Zh) different sequences
w, weQkt7l, such that WDW' for a fixed ^', we have

Σ Σ (~l) fcper (Aw(βlf .., βn)) = Σ Σ (-D f cper (A(/9lf , £,))
Λ = l w A;=l tυ

<4 4) = (-DA Σ (-D*-*ί? ~ ί ) P e r (^(A, , A,))
k—h \ Λ/ — ft J

= (-1)»(1 - I ) - * per (A(/5X, , βπ))

= 0

if » ^ i Consider now the case n = h, that is β1 = = βn — 1.
Clearly per (Aw(l, , 1)) = 0 unless w = {1, ,n). From (4.3) and
(4.4) it finally follows

(4.5) Σ Σ (-l)*S(A'1.) = (-l)-per(A)aj 1 . . . a ! l l .
h=lweQktn

Since per (A) = (1/^ xJ per (A'), (4.5) gives Ryser's formula for
the evaluation of per (A).
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