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THE DETERMINANTAL IDEALS OF LINK MODULES. I.

LORENZO TRALDI

Let m^l, and let H be the multiplicative free abelian
group of rank m, with integral group ring ZH and augmen-
tation ideal Iff. Suppose 0~>B->A->IH->0 is a short exact
sequence of ZH-modules, and the module A is finitely gener-
ated. Then A and B are both finitely presented, and for
any keZ the determinantal ideals Ek(A) and Ek-ι{B) satisfy
the inclusions

Ek^1(B)'(IH)m-1^Ek(A) and Ek{A)'{IH)^l^Ek^(B),

where ί 1 is the binomial coefficient ί and in particular

/m-l\ Q . f m ^ 2 \ a n d (iH)°=ZH. In particular, if m=l

then Ek(A)=Ek^1(B) for any keZ. A consequence of these
inclusions is the fact that the greatest common divisors
Jk(A)=Jk-1(B) for any keZ.

1* Introduction* Let H be the (multiplicative) free abelian
group of rank m ^ 1, Z the ring of integers, and ZH the integral
group ring of H; let Iff be the augmentation ideal of ZH, that is,
if ε: ZH-> Z is the homomorphism with ε{h) = 1 VheH then Jff =
ker ε.

A short exact sequence

(1) 0 >B-t-+ A — IH >0

of ZfiΓ-modules and ZH-homomorphisms will be called an augmenta-
tion sequence if A is a finitely generated Ziϊ-module. Since ZH is
a noetherian ring, A is then a finitely presented Zff-module; also,
the module B in an augmentation sequence is finitely presented,
since it is isomorphic to a submodule of A.

For instance, if L £ S3 is a tame link of m components, G =
π^S8 — L), and Gf is the commutator subgroup of G, then G/G' s
H. lί p: X ~> X ~ S3 — L is the universal abelian cover of X, and
JP is its fiber, then as discussed in [1, pp. 227-234] there is an
augmentation sequence (1) in which B = H^X; Z) is the Alexander
invariant of L and A = H^X, F; Z) is the Alexander module of L.
These abelian groups are iϊ-modules under the action given by
identifying H ~ (?/(?' with the group of covering automorphisms of X.

Given an augmentation sequence (1), determinantal ideals Ek(A)
and Ek(B) can be defined for any keZ (see § 2); this paper is con-
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cerned with the relationship between these ideals.
The following theorem is proven in Chapter 1 of [10].

THEOREM Ll^ If m = 1 then for any augmentation sequence
(1) and keZ, Ek(A) = E

THEOREM 1.12. Ifm = 2 then for any augmentation sequence
(1) and keZ, Ek_γ(B)-IHQ Ek(A) £ Ek_γ(B). Furthermore, E,(A) =
EQ(B).IH.

THEOREM 1.13. // m — 3 then for any augmentation sequence
(1) and keZ, Ek_x{B) (IH)2QEk(A) and Ek(A) IHQE^B). Further-
more, E2(A) c E,{B) and Eλ{A) £ E0(B)-IH.

THEOREM l.lm. If m ^ 4 then for any augmentation sequence

(1) and keZ E^& ilH^-'QE^A) and Ek(A) ( I H ) ^ QE^B).

Furthermore, ifl^k^m then ^fc(A) (Iflr)^Γ^+*""s Eh_x(β).

[Here if p ^ q^O (^j denotes the binomial coefficient (?) =

pϊ/ql(p -<?)!; αZso, (Iff)0 = Ziϊ , so that E (IH)° = E' /or dί

)o/ Zff.)

A full proof of Theorem 1.1 may be found in [10]. Rather
than duplicate this rather lengthy proof here, we will, instead,
present an argument due to J. A. Hillman [5]. This argument is
sufficient to verify most of the assertions of the theorem (all but
those in the final sentences of the statements of Theorem 1.12, 1.18,
and 1.1TO), and has a considerable advantage over the original in
brevity.

A special feature of the ring ZH is that it's a greatest common
divisor (or g.c.d.) ring, that is, to any (finitely generated) ideal E
of ZH there corresponds a unique minimal principal ideal E^E;
any generator of E is a greatest common divisor (or g.c.d.) of E,
and any two g.c.d.s of E are unit multiples of each other. (Since
ZH is noetherian, each of its ideals is finitely generated.) It is
easily verified that if J, K are ideals of ZH with g.c.d.s j and k,
respectively, then the product jk is a g.c.d. for the product ideal J*K;
also, if m ^ 2 then leZH is a g.c.d. for Iff (see §2). A well
known result follows from this and Theorem 1.1, namely

COROLLARY 1.2. If m ^ i then for any augmentation sequence
(1) and keZ the ideals Ek(A) and Ek_x{B) of ZH have the same
g.c.d.s.
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Theorem 1.1 is a partial extension to the higher ideals of a

result due to R. H. Crowell and D. Strauss [4], who showed that

if (1) is a "link module sequence" then for m ^ 2 E0(B) IH = EX(A)-

(IH)^. (Here (£) = Q) = 0.) As shown in [10], the definition

of "link module sequence" in [4] is equivalent to the assumption
that A have some presentation (as a Zff-module) with strictly fewer
relations than generators. It should be emphasized that despite the
use of the term "link module" in the title, we do not, in fact,
assume that an augmentation sequence is a "link module sequence"
in the sense of either [2] or [4].

As we have noted, Theorem 1.1 was proven in the first chapter
of [10], the author's Ph.D. thesis, which was written at Yale Uni-
versity under the direction of W. S. Massey. We would like to
express our deep gratitude to him.

2* Finitely presented modules* Let R be a commutative ring
with unity, and let F and G be finitely generated free ίJ-modules
with bases X = {xt) and Y={yό), respectively. If f:F-*G is an
i2-homomorphism then mat£/ (or simply mat/) is the matrix mat/=
(mtj) such that

/0»i) = Σ ™>ijyj

for every basis element xt of F.
An β-module A is finitely presented iff there is an exact sequence

F-Ϊ-+G >A >0

of ϋJ-homomorphisms with F and G finitely generated free iϋ-modules;
this exact sequence is then a finite presentation of A, and the
matrix of / (with respect to any choice of bases in F and G) is a
presentation matrix of A.

EXAMPLE. It is shown in [6, p. 189] that to any elements
<i, 'ftm^H which freely generate H (as an abelian group) there
corresponds an exact sequence

(2) F s _ ? L . Γ 2 J ^ Γ i _ f U l J Ϊ _ - > 0

of Z-ff-homomorphisms such that Ylt Y2, and Ys are free Zif-modules
with bases {et \ 1 ^ i ^ m}, {etj 11 «£ i < j <£ m}, and {eijk 11 <; i < j <
k ^ m}, respectively, a^) = tt — 1 whenever 1 <̂  i <̂  m, α2fei) =
(fi — l)ej — (tj — l)βi whenever 1 ^ i<j^m, and αβ(β</k)=(ίi—l)βy4—

(tj — l)eίk + (tk — l)ei5 whenever l ^ ί < j < k ^ m . (If m — 1 then
Γ3 = y2 = o, and if m = 2 then Γ3 = 0.) We follow [4] and let
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N2(m), N5(m) denote the matrices of α2 and α3, respectively, with
respect to the indicated bases.

It follows from the exactness of this sequence that {ίx — 1, ,
tm — 1} is an algebraically independent subset of ZH (considered as
an algebra over Z), and also that U — 1 and tj — 1 are relatively
prime whenever i Φ j; hence if m ^ 2 then 1 is a g.c.d. for Iff.

DEFINITION. If p, q ^ 1 and M is a p x q matrix with entries
in R then determinantal (or "elementary") ideals Ek(M), keZf are
defined by:

if k ^ q then Ek(M) = R,
if k<q-p or k<0 then Ek(M) = 0, and
if & ̂  0 and q — p ^ k < q then Ek(M) £ i£ is the ideal gener-

ated by the determinants of the (q — k) x (q — k) submatrices of M.
In [4] it is shown that if m ^ 2 then E0(N2(m)) = 0, Ek(N2(m)) =

(IH)m-k for 1 ^ k < m, and Em(N2(m)) = ZϋΓ. Also, if m ^ 3 then

Em_2(N3(m)) = 0, Ek(N,(m)) = (IH){1)'k for m - -1 ^ A? < ( ^ ) , and

E(UN,{m)) = Zff.

If A is a finitely presented jB-module, and ikf is any presentation
matrix of A, then the determinantal ideals1 Ek(A) are defined to be
Ek(A) = J&fc(AC) VkeZ. It can be shown [7, p. 58] that these ideals
are independent of the choice of M.

LEMMA 2.1. Some properties of the determinantal ideals are:
(a) Ek(A) S Ek+1(A) VkeZ and Ek(A) = 0 V K 0 ;
(b) if A can be generated by p of its elements (as an R-module)

then EP(A) = R;
(c) if p ^ 1 and F is a free R-module of rank p then Ek(F) =

0 V k < p; and
(d) ifO—> A" —> A -* Af —» 0 is α s/iorί escαcί sequence of R-

modules then

for any keZ, and equality holds if the sequence splits.

Proof. Proofs are given in [7, pp. 58,59,90, and 91].
Theorem l.lj. follows immediately from Lemma 2.1. If m = 1

and (1) is an augmentation sequence then Iff is a principal ideal of
ZH, so since ZH is an integral domain (that is, a commutative
ring without zero divisors), Iff is a free Zff-module of rank one,
and hence protective. Then the sequence (1) must split, so by

1 Also known as elementary ideals, or Fitting invariants.
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part(d) of Lemma 2.1

for any keZ. By part (c) of Lemma 2.1, E^E^IH) = 0 Vi^k,
and by part (b), ElB)EkMH) = E,{B) Vi<k\ since E,{B) £E i + ι(B)
VieZ by part (a), it follows that for any keZ

Ek(A) = ΣElB)EkMH) = JBU(B) .

3* Proof of Theorem l.lm, m ^ 2* In this section we will
assume that m ^ 2.

If (1) is an augmentation sequence then since E^I^^E^N^m)) —
(IH)m~\ Ek(A) -Ώ Ek_1(B)-(IH)m-ί VkeZ by part (d) of Lemma 2.1.

Recall the exact sequence (2) of §2. Let X=cokerα 3 ; then
there is a short exact sequence

0 tX-^Y^IH >0

of Zff-modules. (Note that if m = 2 then X= Y2~ ZH.)
If (1) is an augmentation sequence, then since Yx is free there

is a ZH-homomorphism δ: Y1—> A with ψδ — a^ In particular, ψδa2—
0:̂ 2 = 0, so δa2(X) Q ker ψ = φ(B). Since ^ is injective, there is
then a Zff-homomorphism jiX—^B such that φj = δα2. A simple
diagram-chase suffices to show that if δ: B φ Fx —• A is the map

- ^(6), and 7: X-^ J5φ Yt is the mapτ(cc) = ( - ;

(3) 0 >X-ϊ-

is a short exact sequence of ZH-modules.
Applying Lemma 2.1 to the sequence (3), we conclude that

Ek+m(B Θ Ώ 2 Σ Ei+m(X)Ek_i(A) VkeZ.

Since Y, is a free Zff-module of rank m, Ek+m(B φ Y,) = £7fc(B) Vfc e
Z. Hence in particular Ek(B) a En_1(X)Ek+1(A) VkeZ.

If m ^ 3, then ^ ( X ) = ^.1(JSΓ8(m)) = (Iff) ( ? )" ( w"1 ) = (IH)^,
and if m = 2 then Em_x(X) = ^(X) = JBΊ'ίZff) = Zif. Π

4* An application* If L £ S3 is a tame link of m components,
then its elementary ideals Ek(L) £ ZH are defined to coincide with
those of its Alexander module. In this section we show that for
any m, n ^ 1 there is a tame link L Q Sz of m components with
the property that whenever 1 <̂  k ^ n Ek(L) is a proper ideal of
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ZH (i.e., 0 Φ Ek(L) Φ ZH).
As in [8, p. 179], if K' and K" are tame knots (i.e., one-com-

ponent links) in S3, with Alexander invariants B' and B", respec-
tively, then the Alexander invariant of K = K'%K" is B = £ ' © £ " .
Hence by Theorem Wx and Lemma 2.1

Ek{K) = ^.,(5) = Σ E<(B')Eh_UB") = Σ Ew{K')Ek_lK") VkeZ.
i i

In [3, pp. 124 — 131] examples are given of knots K such that
Eλ(K) is a proper ideal of ZH; any knot with nontrivial Alexander
polynomial (e.g., any of the 250 knots listed in Appendix C of [8])
also has this property. If Ko is any such knot and we let Kp =
-Kp-i # J8TO f° r P ^ 1> then it follows that Ek(Kp) is a proper ideal of
Zff whenever p ^ 1 and 1 ^ & <; 2p. Thus for any n ^ 1 there is
a tame one-component link K Q S3 with Ek{K) a proper ideal of Zff
for 1 <; & <; n.

Proceeding inductively, suppose m ^ 2 and w ^ 1. By hypothe-
sis, there is a tame (m — l)-component link U £ S3 such that Ek(U)
is a proper ideal of ZHf whenever I <L k ?ί n (Hf is the free abelian
group with basis tlf , ίm_i).

Let K be any embedded circle in S3 which has nonzero linking
number with some component of I/, and let L=L' U K. If φ: ZH-*
ZH' is the (unique) homomorphism with φ(tt) = U whenever i < m,
and ^(O = 1, then it is a consequence of [11] or [10, Chapter 2]
that φEx{L) Φ 0 and for any k ^ 1 Ek_x{U) £ ^ t ( L ) C #*(!/). Hence
whenever 1 ^ k ^ 9t φEk{L) is a proper ideal of ZiΓ (and so certainly
Ek{L) is a proper ideal of Ziϊ).

5* A Generalization* Let i? be a commutative ring with
unity, m ^ 1, and let {rlf -- ,rm} be a sequence of elements of R.
Then [7, p. 131] {ru -- ,rm} is an R-sequence iff rx =5̂  0 is not a
divisor of zero in R, and for 2 <; ΐ ^ m the map

multiplication by r,: Λ/^, , r,^)

is injective.

PROPOSITION 5.1. Let R be a commutative ring with unity,
m ^ 1, and let {rl9 , rm} be an R-sequence. Let I = (rx, , rm) be
the ideal of R generated by the elements of this R-sequence. Then
there is an exact sequence

of R-homomorphisms, in which Ylf F2, and Yz are, respectively, free
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R-modules of ranks m, (™\ and (™j (if m = 1 then Yz = Y2 = 0,

and ifm — 2 then Yz = 0). Furthermore, bases of Y3, Y2, and Yt

can be chosen, with respect to which the matrix of az is Nz(rlf , rm)
(i.e., iSΓ3(m) with each entry ±(ί« — 1) replaced by ±r 4 ) and the
matrix of a2 is N2(rl9 ---,rm) (i.e., N2(m) with ±(ί< — 1) replaced by
±r< for each i).

This sequence is the tail end of the Koszul complex associated
to the ϋί-sequence {rlf -—,rm}. Its exactness is verified in Proposi-
tion IV. 2 of [9].

Call an exact sequence

0 >B-^A-^-+I >0

of iϋ-homomorphisms an I-sequence iff A is finitely generated as an
jβ-module. Then Theorem l . lm holds, with I replacing IH throughout.

The arguments needed to verify this statement are not precisely
analogous to those of §§ 2 and 3. We must use a definition of the
determinantal ideals of a module which applies to finitely generated
modules, rather than only finitely presented ones. Such a definition
may be found in [7]. Lemma 2.1 still holds with this more general
definition.

Also, we must replace the calculation in [4] of the elementary
ideals of N2(m) and N3(m). Their argument cannot be used directly,
since it only applies when the ambient ring is an integral domain,
and we have made no such assumption about R. However, this
problem can be circumvented with a trick. If Z[xlf •••,£»] is the
ring of integral polynomials in m commuting variables, then {xu , xm}
is a Z[xlf , #m]-sequence, and arguments paralleling those of [4]
can be used to calculate the elementary ideals of N2(x1} , xm) and
N3(xlf , χm). Then if /: Z[xlf , xm] —> R is a ring homomorphism
with /(»<) = r< for each i e {1, , m}, N2(ru , r J and N3(rl9 , rm)
are the entry-by-entry images under / of N2(xu , xm) and
N3(xlt , xm), respectively, and so their determinantal ideals are
generated by the images under / of generators of the determinantal
ideals of N2(xlf ••-,&„) and N3(xu , xj.
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