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NON-NORMAL BLASCHKE QUOTIENTS

SHINJI YAMASHITA

A quotient B,/B, of two infinite Blaschke products B,
and B, with no common zero is called a Blaschke quotient.
The existence of a Blaschke quotient which is not normal
in the open unit disk D, is well known. We shall show
among other things, that, for each p, 0 < p < oo, there exists
a nonnormal Blaschke quotient f such that

SS A= 121217 @ 1A + | f@) 1Ydady < oo .
D

This might be of interest because, if g is meromorphic in D

and if SS 1g'(2) 131 + | g(2) |?)*dady < co, then ¢ is normal
D

in D.

1. Introduction. By a Blaschke product we mean a holomor-
phic function in D = {|z| < 1}, denoted by

Bl {e) = 1%l =2
=i ¢, 1—¢€,2
where {c¢,} is an infinite complex sequence satisfying 0 < |¢,| < 1,
n=12 ---, and >,(1 — |]e,|) < . By a Blaschke quotient we
mean a meromorphic function in D, defined by

Q(z; {c.}, {eu}) = B(z; {¢.})/B(z; {c.}) ,

where the Blaschke products in the right-hand side have no zero in
common.

A meromorphic function f in D is called normal in D if
sup,.p 1 — |2))f#z) < oo, where f* = | f'|/(1 + | f]*); see [5]. We shall
construct nonnormal Blaschke quotients with some additional proper-
ties. It is easy to merely construct a nonnormal Blaschke quotient.
For example, setc, =1 — @2n)*and ¢, =1—-Cn+ 1), n=12 -,
where A > 1 is a constant. Then Q(z) = Q(z; {c.}, {c.}) is not normal.
Actually, let

1 14 p(z, 2)
(2, #,) = — log = {570 720
(B 2 = g o T e, 2

be the non-Euclidean distance between z, and 2, in D, where
02y, 22) = |2, — 2,]/|1 — Z12,] .

Then, Q(c,) =0, Q(c,) = «, n =1, and lim,_. o(c,, ¢,) = 0. There-
fore, @ is not uniformly continuous from D, endowed with o(-,-),
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into the Riemann sphere, endowed with the spherical chordal distance.
Consequently, @ is not normal in D. Accordingly, J. A. Cima [3,
Theorem 4] proved the existence of a nonnormal Blaschke quotient
Q(z; {c.}, {c.}) with inf; ., o(c;, ¢;) > 0.

There is another way of finding nonnormal Blaschke quotients.
Namely, if a Blaschke quotient @ has two asymptotic values at one
boundary point of D, then @ is not normal in D by [5, Theorem 2].
Therefore, one ean easily conclude that the Blaschke quotients found
by D. A. Storvick [6, p. 37] and C. Tanaka [7, Theorem 2] both
are not normal in D. A meromorphic function fin D is said to have
the left angular limit w (possibly, «) at 1 if f(z) >w as z—1
within each triangular domain whose vertices are 1 and two points
in DY ={zeD|Imz > 0}. Also, f is said to have the right angular
limit w at 1 if f(Z) has the left angular limit @ at 1 (convention:
o = oo). A Blaschke quotient Q(z) = Q(z; {c.}, {¢.}) is called symmetric
if @, =c. for each n. If Q is symmetric, then Qz)QZ) =1 in D,
so that @ has the left angular limit w at 1 if and only if @ has
the right angular limit 1/@ (convention: 1/0 = o, 1/cc = 0) at 1.
Therefore, if @ is symmetric and if @ has the left angular limit 0
at 1, then @ is never normal in D because @ has 0 and « as
asymptotic values at 1.

Now, for f meromorphic in D, we set

S =\{ a~1sbrerddy, z=s+iy, 0=p<e.

It is familiar that if S,(f) < o, then f is normal in D. It is not
difficult to observe that S,(Q) < - for each Blaschke quotient Q.
In effect, since @ is of bounded characteristic in the sense of R.
Nevanlinna, it follows from

Sl US!M« Q*(Z)2dwdy:|d,,- < oo,

0

that S,(Q) < «; see (2.10) in §2.
Our first result is

THEOREM 1. Let 0 <p <1, and let 0 < qg< oo. Then there
exists o symmetric Blaschke quotient Q(2) = Q(z; {a.}, {T.}) satisfying
the following three conditions.

(1) inf; ;s 0(a; @) = g

(II1) @ has 0 as the left angular limit at 1.

)  S,(@Q) < oo.

If we restrict p in (III) of Theorem 1 as 1/2 < p <1, then we
can construct @ with an additional property.
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By a left horoeyclic angle at 1 we mean a domain
{zeD* |l — 2, <|z2~x| and 1—2,> |2 — 2]},

where 0 < z, < %, < 1. A meromorphic function f in D is said to
have the left horoeyeclic angular limit w at 1 if f@) —w as z—1
within each left horocyclic angle at 1; the notion is essentially due
to F. Bagemihl [1]. Also, f is said to have the right horocyclic
angular limit w at 1 if f—@ has @ as the left horocyclic angular
limit at 1. Again, a symmetric Blaschke quotient @ has the left
horocyclic angular limit w at 1 if and only if @ has the right
horocyclic angular limit 1/% at 1. Therefore, if a symmetric @
has the left horocyclic angular limit 0 at 1, then @ is never normal
in D.

THEOREM 2. Let 112<p <1, and let 0 < qg< . Then there
exists a symmetric Blaschke quotient Q) = Q(z; {a.}, {@.}) satisfying
the same conditions as (I), (D), and (AII) in Theorem 1, together
with

(IIH) Q has 0 as the left horocyclic angular limit at 1.

Lastly in the present section, we remark that Cima and P.
Colwell [4, Theorem 2] proposed a necessary and-sufficient condition
for a Blaschke quotient to be normal in D in terms of interpolating
sequences.

2. Proof of Theorem 1. By the linear transformation w =
@(z) = 1 + 2)/(1 — z), the disk D is mapped onto the right half-plane
R, so that, Rt = @(D") is the first quadrant in the w-plane. Further-
more, by @, the chord L(#) ={zcDlarg (1 — 2) =6}, |0]| < w/2, is
mapped onto the half-line:

A(6) = {w =2 + iy e Bly = (—tand)(x + 1)} .

By a simple calculation one obtains

(2.1) 1—|zF=4Rew/lw + 1]?, w=¢o&), zeD,
and
2.2) 0(2,, %) = |w, — we /|, + w,]

for w; = 9(2;), 2;€D, 5 =1,2.
To costruct @ we choose 4, 0 < A < 1, such that

2.3) _;_ log —q and t= A/(L + A" .

11—t
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Choose 6,, —x/2 < 6,<0, so that 4 = —tanéd, and then choose
s >1/p > 1. Consider the sequence of points b, 4(,) such that
=2, +1y, =0 +1An°*+1),n=1,2 ---. Let a, = »7(b,), n = 1.
Then {a,} < L(8,). We then set Q(z) = Q(z; {a.}, {@.}). First of all,
Q is well defined because, by (2.1),

20 —la.)=30-la.)=30-al"

(2.4) <31 -la,)P=<4S < o,

Further, one observes that
(2.5) Q)| =gw) = [l g.(w), w=),
where ¢, (w) = |w® — b3|/|w® — b%|, n = 1.

Proof of (I). Let w=2+iyeR, (=&+1iyeR, with y=
A(x + 1), » = A(e + 1). Since

X=@+dy+n=s4T,
it follows that
w—Tlflw+ ¢z (X + D™z A+ 4=t

In view of (2.2) one can now easily conclude that p(a;, @.) = ¢, so
that o(a;, @,) = q for all 5,k = 1.

Proof of (II). To prove that
(2.6) lim Q(z) =0,

z—1
seL(0g)

it suffices by (2.5) to show that
(2.7) lim g(w) =0.

w—00

we A(lg)

Since ¢, (w) <1 for all we R* and for all #» = 1, it follows that
(2.8) gw) < g, (w)<1 forall weR* andall n=1.

Given & > 0, one can find a natural number N such that x,.,/z, —
1 < ¢ for all w = N. Then, for each w =z + 1y € 4(9,) with x = zy,

2.9) g(w) < Ag A:%M+Aﬂ,

which proves (2.7). To make sure of (2.9), we first find » = N such
that ¢, < ¢ < 2,,,. Then,
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Jw—b,] =1+ A& —x,) <1 + A2, — T,)
lw+ b, =22+ 2, = 2,,

whence

lw — b, |f|w + b,| < %(1 A%

On the other hand,

< [(@ + ) + A2 + @, + 2 [Alx + 2z, + 2)] S A + A,

so that g, (w) < A,e. Therefore, in view of (2.8), one can assert (2.9).

Since |Q(2)| = g(®(®)) <1 in D™ by (2.8), and since (2.6) holds,
it follows from E. Lindelof’s theorem [8, Theorem VIII. 10, p. 306],
together with an obvious conformal homeomorphism from the upper
half-disk onto D*, mapping 0 to 1, that @ has the left angular limit
zero at 1.

Proof of (III). We remember L. Carleson’s family 7T, of mero-
morphic functions 2 in D such that

L) = S:a - W”[SS,M h*(z)?dxdy]dr < oo,

where 0 < o < 1; see [2, p. 19]. Letting X,.(z) be the characteristic
function of the disk {|z| < 7}, one observes that

I(h) = Sla — q«)—wm X,(z)h*(z)dedy]dr
(2.10) J— ?
- SSDU a— r)‘“Xr(z)dv'}h”(z)zdmdy = (1 — a)"S,_(h) .

For a Blaschke quotient @,(2) = Q(z; {¢,}, {c.}) we assume that

SA—le, ) < e and A — el < oo

Then it follows from [2, Theorem 2.2, p. 24] that @, e T,.
Returning to our @, we can easily conclude from (2.4) that @ e
T, ,, whence S,(Q) < « by (2.10).

REMARK. The Blaschke quotient @, described in the second
paragraph in §1, satisfies S,(Q) < o, for a p, 0 < p <1, provided
that N < 1/p.

3. Proof of Theorem 2. Let N> 1/2)(»* + 1) and 1/(2p) <
p <1, and y,,, =0'm* (n,m =1,2, ---). Let t and A be as in (2.3).
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Then, for each fixed » = 1, we may find a natural number M, such
that

Yo = An +1) = A" +1) for all m= M, .

Then, for each fixed n = 1, the points b,,, = % + Wm, M = M,, lie
on the half-line I'(n) = (we R*|Re w = n}, so that a,,, = 270,
(m = M,) lie on the half-oricycle C(n) = @~ *(I"(n)). Similarly, for
each fixed » = 2, the points b}, = #n™* + Wam m = M,, lie on the
half-line I'*(n) = {w e R*|Re w = n™'}, so that a}, = ¢7'(b} ) (m = M,)
lie on the half-oricycle C*(n) = @~ *(I'*(n)). Let {a.} = {@nn} U {a}.}.
Then Q(z) = Q(z; {a,}, {@,}) is the requested. We first observe that,
for n = 1,

1l

B [Re b, /b + L[F]P < mp0—2d i m
mEMn m=1

and for n = 2,
Br= 3 [Reby /b, + 17 < n2es S, moe.
mz My m=1

Since p(1 + 2») > p(@n — 1) > 1 and 2py > 1, it follows from (2.1)
that
2A—la.) =X A —la.)?
(3.1) o oo
= #(Em+5er) <

so that @ is well defined. Now, one observes that
32 Q@ =6w) =MGwIGw, w=¢@,
where
Go= 11 Gomr  Gi= 1T 0%a,
Gnm(W) = |w* — Bl /| W — b2ul
g m(w) = |w* — X |/|w* — ¥l .
Proof of (I). The same as that of (I) of Theorem 1.

Proofs of (II) and (IIH). We shall first show that
(3.3) lim @) =0 forall n=1,

z—1
zelC(m)

and
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(3.4) lim Q) =0 forall n=2.
z—1
zeC*(n)

Since ¢, .(w) <1 and g}, (w) =<1 for all we R* and for all possible
pairs n, m, it follows that

3.5) Gw) = gunw)=1, weRT, n=1, m=M,,
and

(8.6) Gw) =gt (w1, weRt, n=2, mz=zM,.
For the proof of (3.3), it suffices by (8.2) to show that

3.7 lim Gw) =0, =n=1.

w—00

wel(n)

Since ¢ < 1, it follows that, for each n = 1 and for a given ¢ >0
there exists a natural number M, = M, such that ¥, 1 — Yum < €
for all m = M,. Then, for each w =n + iyel'(n) with ¥ = ¥,,x,,
there exists m = M, such that ¥, ., < ¥ < Y...u. Consequently,

]w - bn,m|/lw + gn,m[ = (yn,m+1 - yn,m)/(zn)
and

w+ b, ml - \/1 4n? 5
—_— | > + =11 z,
w— Do @) s
so that, by (3.5), G(w) £ ¢, ..(w) < k,c, where k, is a constant de-
pending only on n. The proof of (3.7) is thus complete. Similarly
we can prove, via (3.6), that
lim Gw) =0, n=2,

W—r00
we'*(n)

which, together with (3.2), shows (3.4). By the Lindelof theorem
[8, Theorem VIII. 10, p. 306] again, (II) is established. For the
proof of the horocyclic part, we first note that (Q] <1 in D*. Set
& ={Cn)|n = 1}U{C*(n)|n = 2}. Then for each left horocyclic angle
H at 1, we may find members C, and C, of & such that the left
horocyclic angle H, at 1, bounded by C, and C, and a line segment
on the real axis, contains H. Since
limQ =0, 4j=12,

z—1
zeCy;

by (8.8) and/or (3.4), it follows from another theorem of Lindelof
[8, Theorem VIII. 7, p. 304], via an obvious conformal homeomor-
phism, that Q(z) has the limit 0 as z— 1 within H, containing H.
We have thus established (ITH).
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Proof of (III). The same as that of (III) of Theorem 1.
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