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AUTOMORPHISMS OF QUOTIENTS OF [IGL(n;)

WiLLiaM C. WATERHOUSE

Quotients of GL(n) by finite subgroups can have radial
algebraic automorphisms. More generally, quotients of
IIiGL(%,) by (s—1)-dimensional central subgroups can have
automorphisms not induced by automorphisms of IIGL(n,).
This paper works out an explicit description of all their
algebraic group automorphisms. As a sample application,
the normalizer of the GL(n)-action on A7(k") is computed.

The automorphisms of the general linear groups GL(n, k) over
a field k¥ are quite well known [2, 4]. There are first of all the
algebraic automorphisms, which (for n > 2) are just the inner auto-
morphisms and transpose inverse. There are also the automorphisms
induced by automorphisms of %. Finally, there may in some cases
be radial automorphisms sending g to M\(g)g for scalar A(g). Such
radial automorphisms exist only when %k has special properties; they
cannot be defined systematically over rings containing %k—that is to
say, they are not algebraic automorphisms. Consequently, I was
rather surprised when I observed that certain naturally occurring
images of GL(n) (quotients by finite central subgroups) do have
algebraic radial automorphisms. The existence of such automor-
phisms seems not to have been pointed out before. It turns out
to be implicit in one familiar context, but there the group is in
disguise (see §3).

In this paper we will work out precisely when such radial
algebraic automorphisms exist and what they can be. More gener-
ally we will treat quotients (I] GL{(n,))/A that have one-dimensional
center, and we will go on to compute the whole group of algebraic
automorphisms. This will be interesting because a number of outer
automorphisms here require appropriate scalar factors in their defi-
nition and are not simply induced by automorphisms of [[ GL(n,).
The exact result also is useful when one wants to find the normali-
zers of these groups in larger ones, and we will conclude with a
detailed example of such an application.

For brevity “group” will mean an algebraic group over a field
k, and “homomorphism” will mean an algebraic homomorphism.
More precisely, we will treat our objects as affine group schemes
[5]. The groups J] GL(n;)/A that we really care about will have
the same automorphisms in any version of algebraic group theory,
since they are smooth (and indeed are determined by their k-rational
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points when k£ is infinite); but the use of group schemes offers
certain technical advantages. Most notably, it provides us with
kernels even for inseparable homomorphisms, so that for instance
a quotient map with trivial group scheme kernel is an isomorphism
[5, §15.4]. Any reader unfamiliar with group schemes may simply
assume char (k) = 0; this will involve no serious loss, because the
whole point of using group schemes is that they allow the same
arguments to work in all characteristics.

1. Radial automorphisms. We begin with the algebraic group
GL(n) X --+ XGL(n,). Its center C is G, X --- X G,. Its com-
mutator subgroup is SL(n,) X --- X SL(n,), so its abelianization H
is again =G, X---X G,. The map [[GL(n;,) — H = T[G,, is given
by the determinant maps on each factor, and thus the induced map
C — H raises scalars in the 4th factor to the =, power. The groups
we study are those of the form G = ([JGL(n,)/A, where A is a
subgroup of the center C. We write elements in [[GL(n;) as g or
{9y, with [g] or [{g.>] for the typical image element in G. The
center of G is C/A4; that is, its elements come from scalars in the
factors of J[GL(n,).

Our concern in this section is to find the radial automorphisms
of the algebraic group G; by this we mean those of the form [g]—
MlgDhlgl, where each A([¢g]) is an element of the center C/A. It is
trivial to compute that a function of this form preserves multipli-
cation in G iff »: G — C/A is a homomorphism. Thus we must begin
by computing Hom (G, C/A4), which we do using character groups.

The character group X = Hom (C, G,) of C is a free abelian
group with basis ¢, ---, ¢, given by the projections of C onto its
factors. As C— H is an epimorphism, we may identify Y =
Hom (H, G,) with a subgroup of X; it is the subgroup generated
by the mn.,e,. The character group of C/A is similarly identified
with a subgroup V of X, the subgroup of those characters vanish-
ing on 4. Our group G, which is determined by specifying A, is
equally well determined by specifying the subgroup V of X.

Now a homomorphism \: G— C/A is the same as a homomor-
phism [JGL(n;) — C/A vanishing on A. Any such homomorphism
must factor through the abelianization H, and thus it corresponds
to a map Y« V of character groups. For it to vanish on A, the
image of the character map must again be contained in V. Thus
radial endomorphisms of G correspond to abelian group maps
@:V—VNY. The condition that @(V) be in Y is just a divisibility
condition which is equivalent to saying that ¢ = diag(n,, ---, n)v
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for some y: V— X,

We now must determine when [g] — M[gD[g] is an automorphism.
If its kernel is trivial, its image will have the same dimension as
G, and this will force the image to equal G, since G is smooth and
connected. Thus we only need to worry about the kernel. Clearly
AMgD[g] = [e] forces [g] to be central, so the kernel is contained in
C/A. What we need then is that the map C — C/A given by Mg)[g]
have kernel precisely A. When dualized to the character groups,
this says that v @(v) + v should have image precisely V. That
condition automatically implies (V) < V, so we can drop this from
our requirements on @. The result is the following.

THEOREM 1. Let A be a closed subgroup of the center C of
GL(n,) X -+- X GL(n,), and let G = TIGL(n)/A. Let VS Z* =
Hom (C, G,) be the characters wamishing on A. Then the radial
algebraic automorphisms of G correspond to the linear maps «: V—
Z® for which v v 4+ diag (n,, -- -, B )P{(v) is an automorphism of

V. 1

The rank of the abelian group V is equal to the dimension of
C/A, the center of G. Whenever this rank is bigger than one, it
is easy to see (using the theorem) that there are infinitely many
radial automorphisms (ef. [1, p. 141]). It is also true that in this
case we have been stretching the meaning of ‘“radial”, because we
have allowed arbitrary multipliers from the center, and they are
not really pure scalars. From now on, therefore, we consider only
the case where the center of G is (one-dimensional and hence) iso-
morphic to the multiplicative group G,. In this case V is specified
by giving one spanning element w = 3, #,e;, The map ¢ is deter-
mined by ®(w), which must have the form 3, ¢,n,¢; for some integers
;. If v— v+ o(®) is to be an automorphism of V, then w + @(w)
must be either w or —w. The first possibility implies ¢ = 0 and
corresponds to the trivial automorphism of G. The second possibility
is p(w) = —2w, which means ¢,n, = —2r; for each 7. The ¢, here
are thus uniquely determined (as —2r,/n;), and the possibility for
@ is realized only if these numbers are all integers. Translating
everything back into group terms, we have reached the following
result.

THEOREM 2. Let A be a central subgroup of Il GL(n;), and
assume that G = T[] GL(n;,)/A has a center of dimension one. Iden-
tify that center with G,, and let the map 1] G, — G, induced on
centers by 1] GL(n;) — G be given by {a;)+— [{afi. Then G has at
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most one nontrivial radial algebraic automorphism. Such an auto-
morphism exists ff 2r; is divisible by n, for each index i. When
it exists, it is given by

[{g>]—— (det (g))*")[<g:)] »

where the scalar is interpreted as an element of the central G, in

G. 1

The simplest example is G = GL(n)/¢,, where p, is the rth roots
of unity; here there is a radial automorphism when 2» is divisible
by n. The case » =1 is included, and there we just get the inverse
map on G.

2. The outer automorphism group. In this section we assume
still that our algebraic group G = []GL(n,)/A has one-dimensional
center, so the characters of C vanishing on A are the multiples of
some single w = 3, 7,e,. Under this assumption we will compute
the exact automorphism group of our algebraic group.

DEFINITION. An automorphism type for G is a family (o, {d};-.,
d> where

(1) oisa permutation of {1, ---, s} satisfying #n,, = n; for all
i and o(i) = © when n, =1,

(2) the values of d;, and d are +1 with d; =1 when =, is 1
or 2, and

(8) 7,4 = dd,r; (mod n;) for all 1.
The product of two automorphism types <o, {d;}, d) and <z, {¢}, ¢)
is <ot, {¢d. )}, cd).

Simple computation gives the following result:

LEMMA. The automorphism types for G form a group. Mapp-
ing each type to its permutation component o is a homomorphism;
the kernel is an elementary abelian 2-group of order 2%, where t
is the number of indices © with n, > 2 and 2r, = 0 (mod n;). There
is a complementary subgroup formed by all types that have d = 1
and d, =1 for each 1 satisfying 2r, = 0 (mod n,). ]

DEFINITION. The standard outer automorphism of G of type
{0, {d.}, &) is the map sending [{g.>] to A[{g:>] [¢h.>] Where

ho(i) = try—1 .
(g™ if d,= -1
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and A[<g.>] is the scalar [] det (g,)% with ¢, = (dr; — d.r,u)/ 7.

Of course it is not clear in advance that these maps are auto-
morphisms, or even that they are well defined. That is part of
our main theorem, which we are now ready to state.

THEOREM 3. Let G be as in Theorem 2.

(1) The inner automorphisms of G form a group isomorphic
to TIPGL(n,, k).

(2) The standard outer automorphisms are indeed automor-
phisms, and they form a group isomorphic to the group of auto-
morphism types for G.

(8) The group of all algebraic automorphisms of G is the
semidairect product of the immer automorphisms and the standard
outer automorphisms.

Proof. Consider first the inner automorphisms. An element
of G(k) gives a trivial automorphism iff it lies in the center C/A.
We have G/(C/A) = [IGL(n,;)/C = TIPGL(n;): that is, we have the
exact sequence

1— CJA — G —> [[PGL(n) —> 1

of algebraic groups. In general this would not imply that G(%) —
IIPGL(n,; k) is surjective, but by [5, §18.1] it is so here because
C/A =G, and H'(k/k, G,) is trivial. Thus (1) is proved. We see
then that every inner automorphism of TJPGL(n,) lifts in just one
way to an inner automorphism of G.

Every automorphism of G preserves its center and thus induces
an automorphism of [[PGL(n;. This product is semisimple, and
its automorphisms are well known: the outer ones correspond to
“ograph automorphisms” of the root system. Explicitly, they are
given by permuting factors of the same dimension and by taking
transpose inverses of various factors (for =, > 2; on PGL(2) the
transpose inverse map is an inner automorphism). Such an auto-
morphism then is deseribed by a permutation ¢ (with %,,; = n; for
all 7 and o(t) = ¢ when %, = 1) and a set of values d, = 1 with
d, = —1 representing the transpose inverse operation on the ith
factor. We do the transpose inverse operations before the permuta-
tion of factors, though of course we could equally well adopt the
convention of doing them in the other order.

As we have already seen, if we change an automorphism of G
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by an appropriate inner automorphism, we can change its effect on
[IPGL(n,) by an arbitrary inner automorphism there. Hence if
any automorphism of G induces an automorphism of [[PGL(n;) that
is in the outer automorphism class {0, {d,}), we can change it to
make it induce precisely the explicit outer automorphism described
above. Our problem then is to determine the liftings (if any) of
such explicit outer automorphisms to automorphisms of G. They
of course have obvious explicit liftings to [[GL(n;), and we denote
those again by {o, {d;}>. Identifying the center of G with G,, we
see that a lifting to G will be given by a homomorphism )\ from
IIGL(n,) to G, such that the map [[GL(n,) — G given by

g — Mg)[<o, {d:})g]

has kernel precisely A. As in the previous section, the kernel is
obviously eentral, and we analyze it on character groups.

For g = <{g,> in the center C of [[GL(n,), transpose inverse on
a factor is simply inverse. Thus the o(i)-coordinate of (o, {d;}>g is
g¥. Hence the dual map on character groups sends e, to de;. A
homomorphism M\(g) = [] det (g,)% corresponds to @(w) = 3, qn.e..
Thus for our map to have kernel precisely A we need

2iqme; + D wdie; = £ 1, .

If we set d equal to the =1 on the right, we see that our lifting
is determined by the data <o, {d.}, d), and that it exists provided
Towds = dr, (mod n;). As d, = X1, this agrees with the condition
defining automorphism types for G, and the automorphism thus
determined is what we called the standard outer automorphism of
this type.

All that remains is to compute the composite of two standard
outer automorphisms, say type <z, {¢:}, ¢) followed by type (o, {d.},
dy. Take an element [{g,>] in G. To apply the first automorphism,
we begin by forming the element that in the 7(¢) place has g
(where for brevity we indicate transpose inverse action just by the
exponent); then we multiply the class of this by the scalar

H (det gi)qi = ]___[ (det gi)("i_ci"'r(i))/ni .

Now it suffices to do this computation on elements defined over the
algebraic closure %k, and there we can take roots of scalars and
thus absorb them into the GL(wn,)-factors. Specifically, recalling
that our projection to G raises a scalar in the 4th factor to the
r;th power, we absorb (det g,)*/* into the :th factor and (det g,) =/
into the 7z(4)th factor. Thus we can say that our standard auto-
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morphism applied to [{g,>] gives [{h,>] where
hew, = gii(det g, ;)™ (det g;)~/" .
We have then

det h.qy = (det g;)° (det g.,))° (det g,)~°
= (det g.4)° -

We can now apply the standard outer automorphism of type
{o,{d;}, d) to [{(h)]. The same computation shows that we get
[{f>] with

Jorr = hizw (det har(i))d/ﬂi (det hr(i))—drm/"i .

(1)
This is the product of

ggidr(i) (det g. (i))c‘lr(i)/"i (det gi)"cidr(i)/"i
and

(det [p (i))cd/ni (det g. (i))_‘dr(i)/"i ,
which is
gyt (det g0 )™ (det g,) =it/ |

The same computation once more shows that this is the effect of the
standard outer automorphism for the product of the two types. []

REMARKS AND EXAMPLES.

(1) In this proof we of course used our knowledge of the
automorphisms of the semisimple group [[PGL(n;). It is true in
fact that any reductive group (like our G) has a “root system” in
a generalized sense (where the roots may not span the ambient
space), and from this one can determine its outer automorphisms
[1, p. 328]. But though the computations in Theorems 2 and 3 can
thus be rephrased as results on such root systems, this does not
seem to introduce any notable simplifications in the proofs.

(2) As a simple example of the theorem we can take G =
GL(n)/t,; its outer automorphisms are a group of order 2 except
when % is bigger than 2 and divides 27, where we get Z/2Z x
Z/2Z. Another useful example is

G = GL(n) x GL(p)/{<{b, b™*) |b scalar},

which has » =7,=1. If 2<n <p, the only nontrivial outer
automorphism is given by
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(91 9o —[(g:) 7% (92)7)] .

If 2 =% < p, again there is just one nontrivial outer automorphism,
but now it is given by

(g, gz] — (det 907 '[9y, (gér)—l] .

If n = p > 2, the group of outer automorphisms has order 4, with

[gu g2] — [g2y gl]
and

lg:, 9] —— [(@)7, (92)7']

as generators of order 2. If finally » = p = 2, we again get the
four group, but now with generators

[91, 92] i [g2y A

and

9, 9] — (det g))™* (det g.) '[9, g.] -

(3) The type of an automorphism has a very simple meaning:
d describes how the automorphism acts on the central G, in G,
while ¢ and the d,; describe which outer automorphism class it
occupies down on G modulo its center. What is not clear in advance
is the compatibility condition these data must satisfy.

(4) Even when G has no radial automorphisms, its automor-
phisms need not all be induced by automorphisms of [[GL(n;,). We
can see this in an example by taking %, = n, = 6 with 7, = 2 and
7, = 8. Here the interchange of factors in PGL (6) X PGL (6) lifts
back uniquely to an automorphism of G, the standard outer auto-
morphism for ¢ = (12) and d, = d, = d = 1; explicitly, this lifting is

[9s, g:] — (det g))~"(det g,)[gs, 9.] -

Now any automorphism of GL (6) X GL (6) that has the same effect
as this down on PGL (6) x PGL (6) must have the form

(g, 9:) — ((det g,)*(det g,)’g,, (det g,)°(det g,)%g,) .

I claim that no such map sends the kernel A of GL (6) x GL (6) —
G to itself. Indeed, A consists of the scalar (g, g.) with g¢%¢% =1,
and contains in particular all the elements (1,{) with ¢® = 1. The
map on GL (6) X GL (6) sends such an element to (£, {°). If this
image lies in A4, then 1 = ({*™)*{°)® = {****, and hence 1 = ({****)*=
¢*. Thus for some { the image is not in A.
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3. A radial automorphism in disguise. In this Section I want
to run quickly through the analysis of a classical example, one that
first suggested to me the results of this paper. Specifically, it
implies the existence of a radial automorphism of GL (4)/t,, at least
for char (k) + 2. The necessary information is all contained in [2],
though I will restate it here in a more old-fashioned style befitting
the problem that led me to it [6].

Let V be the six-dimensional space of 4 x 4 alternating matrices
X = (X;;). On V the Pfaffian Pf(X) = X, X,, — X, X,, + X X, is a
nondegenerate hyperbolic quadratic form. For any invertible 4 x 4
matrix A we can define T(A): V— V by T(A)(X) = AXA'; we have
then det T(A) = (det A)® and Pf(T(A)X) = (det A)Pf(X). If we
restricted to det 4 = 1, we would get an epimorphism of the special
linear group SL (4) to the special orthogonal group SO (6); this
corresponds to one of the familiar low-dimension isomorphisms of
simple Lie algebras [3, p. 142].

Since 6 is even, the behavior of elements with arbitrary deter-
minant is slightly more complicated. One defines the general ortho-
gonal group GO(6) to be all invertible linear ¢ with Pf(¢X)=aPf(X)
for some multiplier @ = a(g). We have then (det g)* = a’ so det g=
+a® and one defines GO(6)" to be those g where detg = a®. This
is a proper subgroup (hence of index 2), since for instance the
reflection R defined by

X, — Xy,
Xxs o )(24
Xm e Xzs

clearly preserves the Pfaffian but has determinant —1. All maps
of the form T(A4) are in GO(6)*, and in fact we have GL(4)/tt. =
GO(6)*.

Now the element R acts by conjugation on the normal subgroup
GO(6)" = GL(4)/yt,. What is this action? It cannot be an inner
automorphism; for if RT(A)R = T(B)T(A)T(B)™* for some B, then
RT(B) commutes with all T(A4) and hence is scalar, which is impos-
sible because the scalars are all in GO(6)". Nor can we have
RT(A)R=T(B)T((A")™T(B)™, since det (RT(A)R)=det T(A4)=(det A)°
and det (T'(B)T((A") )T (B)™) = det T((A™)™")=(det (A")™")*=(det A)~°.
(This would not be a restriction if we were looking just at SO(6),
but here it is impossible.) Thus conjugation by R has to represent
some outer automorphism class of GL(4)/y, other than transpose
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inverse. Computation reveals in fact that
RT(A)R = det (A)T(DYT((A™™HT(D)

with D = diag (1, —1, 1, —1). This differs only by an inner auto-
morphism from [A]~— (det A)[(4")].

4. Application to normalizer computations. Knowing the
precise automorphism group of G can be useful when we want to
find the normalizer of G inside some larger algebraic group. The
point is that any element % of the normalizer induces an algebraic
automorphism of G by conjugation. If for instance it gives an
inner automorphism, so hgh™ = bgb™* for some b in G, then b7'h is
in the centralizer of G; and the centralizer should be relatively easy
to compute. Any other normalizer » can be changed by something
in G to make it induce one of the standard outer automorphisms,
and computing the elements having precisely that effect on G may
not be much harder than computing the centralizer.

Here is a specific example, one that (along with similar results)
is used in [6]. I doubt that it is basically new, but I do not know
a reference for it. Let e, ---,e¢, be a basis of V=F%", and let T
denote the induced action of GL(n) on A"V. For I={¢, ---,1,}
with 4, < .-+ <1,, let ¢, denote ¢, A---Ne,. Let B: A"V — A"V
be the linear map defined by the condition e, ABe, = ¢, A---Ae,.

THEOREM 4. For 1 < v < n — 1, the representation T of GL(n)
on A"V has kernel p.. The image algebraic group G acts trreducibly.
It 1s its own normalizer except in the case when n is even =4 and
r = n/2; in that case G is of index 2 in its mormalizer, the other
coset being generated by B.

Proof. The kernel is trivial to compute, particularly if we
remember that normal subgroups of GL(n) not containing SL(n)
must consist of scalars. Irreducibility is a well known Lie algebra
result in characteristic zero [3, p. 226-7]; essentially the same proof
works in general, and we can easily go through it. The idea is to
look at the action of the diagonal subgroup H of GL(n). We have

T(diag (ay, - -+, a,))e, = (1] aye, ,

and these characters of H are all distinct, so the only H-eigen-
vectors in A"V are scalar multiples of the e¢;,. Any nonzero G-
invariant subspace will have H acting on it diagonalizably, so it
will contain some ¢;,. As there are elements of G taking any one
e; to any other, the invariant subspace must be all of A4"V. It
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follows abstractly that only the scalars centralize G; we can also
see this directly, because any map A"V — A"V commuting with the
H-action must send each eigenvector ¢, to a multiple of itself, and
if it commutes with the G-action, all the multipliers must be the
same.

Now we can compute the normalizer, following the outline given
at the start of this section. As the centralizer of G is contained
in G, it is enough to determine which elements C in GL(4" V) induce
standard outer automorphisms of G under conjugation.

The case n = 2 is of course trivial. Suppose then n > 2 and
2r #+ n. The only standard outer automorphism of G = GL(n)/p,
then is T(g) — T((g'")™"). We observe now that det T(g) must be
some power of det(g), since det generates the character group of
GL(n). To tell which power we have, it is enough to check it on
scalars. For a scalar g = ol we have det(g) = a*, while T(g) = a"1
will have determinant given by a” raised to a power equal to the
dimension of A”V. Thus we have

det T(g) = (det g)*() = (det ¢)(:=

(for all g). In particular T(g) and T((g*)™*) will in general have
different determinants, so they cannot be conjugate in GL(A"V).

Suppose now that 2» = n. We have then two more standard
outer automorphisms, T'(g) — (det g)*T(g) and T'(g) — (det g)T((g*")™").
The first one is again ruled out because it does not preserve deter-
minants, but the second is not excluded in this way, and so we
proceed to study in more detail what an element C inducing this
automorphism must be. Again we lock first at the action of the
diagonal subgroup. If ¢ = diag(a,, ---, a,), then

(det )T((9")™) = (IT an)T(diag (a;, - -+, az") ;

applied to an element ¢, this gives

(H ai)el ’

ied

where J is the complement of the subset I. We are supposed to have

T(9)C = Cdet ()T((¢") ™) ,
SO
T(g)Ce,; = (H]%)C@I

for all ¢ in the diagonal subgroup. As we saw earlier, this eigen-
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vector behavior forces Ce, to be a multiple of e,.

Changing C by a scalar, we can assume that Ce,...,, = €,41,....n -
For arbitrary I with complement J, write the elements of I and J
in increasing order, and let = be the permutation sending (1, 2, ---,
r,r+1,---,m) to (I, J). We identify 7= with the corresponding
linear map permuting e, ---, e,, which gives us (") =7 and
det () = sgn (). Our hypothesis on C tells us then that

eJ == T(Tt)e"r_l_l,,.‘,n; = T(E)Cefl,-”,r)
= C(det n)T(w)e,,,....., = (sgn 7)Ce; .

In different notation this is precisely the definition we gave for the
map we called B.

The only step remaining is to check that B does indeed nor-
malize G. In fact, of course, we know that we should have speci-
fically

B7T(g9)B = T((g")™) det (g) .

It is enough to check this for scalars and for elementary g (fixing
all basis elements but ¢, and sending e; to e¢; + ae;), and straight-
forward computation there shows that the two sides do agree on
each e,. M

The existence of the normalizing map B is clearly related to
Chow’s theorem [2, p. 81] on adjacency-preserving maps of Grass-
mannians. But the combinatorial arguments needed for that theorem
are unnecessary in our context: the analysis by standard outer auto-
morphisms led us directly to B as the one and only possibility.

As a last remark, we observe that we can put Theorem 4 fully
into the context of affine group schemes by proving that the group
scheme normalizer of G is smooth. For this it suffices to show that
the Lie algebra Lie(G) is its own normalizer. Now an element T
in M, = Lie (GL(n)) acts on A"V by

TN AD)=(To)AN AV, + -+ +F v, A A(Tv,) .

The matrix E;, with sole entry 1 in the (s, ¢) place has E,e;, =0
if 4¢1 and Eue;, =e; if 1e¢l. Hence any U commuting with the
action of all E; has the e, as eigenvectors. If we change I to J
by replacing 7 by j, then E,e, = *e;; so if U commutes with all
E;; actions, it is a scalar. Now any U’ normalizing Lie (G) induces
a derivation of it; but all its derivations are inner, so some 7T in
Lie (G) induces the same derivation. Then U = U’ — T commutes
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with Lie (G) and hence is scalar. But the scalars are in Lie (G), so
we are done.
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