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Let P(z) = X7,C(n, ))A%’ and Qz) = X}, Cn, 3)Bi?’,
A,B, >0, be two polynomials of the same degree n. If P(z)
and Q(z) are apolar and if one of them has all its zeros in
a circular region C, then according to a famous result known
as Grace’s theorem, the other will have at least one zero
in C. In this paper we propose to relax the condition that
P(z) and Q(z) are of the same degree. Instead, we will
assume P(z) and Q(z) to be the polynomials of arbitrary
degree n and m respectively, m < n, with their coefficients
satisfying an apolar type relation and obtain certain gener-
alizations of Grace’s theorem for the case when the circular
region C is a circle |z| =7. As an application of these
results, we also generalize some results of Szegd, Cohn and
Egervary.

Two polynomials
P(z) = 3,C(n, A%’ and Q@) = X Cn, Bz, AB,#0,
§=0 7=0
of the same degree n are said to be apolar if their coefficients
satisfy the relation
(1) AB,—Cn,)AB, , + Cn,2)A.B, ., + -+ + (—=1)"4,B, = 0.
As to the relative location of the zeros of P(z) and Q(z), we

have the following fundamental result due to Grace [1, p. 61].

THEOREM A. If P(z) and Q(2) are apolar polynomials and if
one of them has all its zeros in a circlar region C, then the other
will have at least one zero in C.

Here we propose to relax the condition that the polynomials
P(z) and Q(z) are of the same degree and prove

THEOREM 1. If P(z)=32,C(n, j)A;z and Q)= 3", C(m, j)B;z’
are two polynomials of degree n and m respectively, m < m, such
that

(2)  Cm, 0)AB, — C(m, VAB,_, + --- + (=1)"C(m, m)A,B, =0,

then the following holds.
(1) If Q(z) has all its zeros in the circle |z| < r, then P(z) has
at least ome zero in |2| < 7.



2 ABDUL AZIZ

(ii) If P(z) has all its zeros in the region |2|=r, then Q(z)
has at least ome zero in |z| = r.

REMARK 1. If in Theorem 1, the polynomial P(z) has all its
zeros in a ecirele |2 < » and m < n, then the polynomial @(z) need
not have any in zero in |z| < ». For consider the polynomials

PRy=1+z+2"+ - +2"= 2"‘,00(7», NAZ, n>1
=
and

Q(z)=n+z,

then m = 1 < n and the relation (2) is satisfied. But P(z) has all
its zeros in the circle |2| < 1, whereas the only zero of Q(z) lies in
lz] > 1.

In case m = n, Theorem 1 reduces to Theorem A when the
cireular region C is the circle [z| = 7.

For the proof of Theorem 1, we need the following lemmas.

LeMMA 1. If all the zeros of a polynomial P(z) of degree n lie
wm |2l >r, >0 and |w| £ r, then the polynomial
P(z) = nPz) + (w — 2)P'(z)
has all its zeros in |z| > r.

This result is, essentially, due to Szego [2]. For the sake of
completeness we shall present an independent proof of this lemma.

Proof of Lemma 1. The polynomial P(z) has all its zeros in
|z| > » >0, therefore, if 2, z, ---, 2, are the zeros of P(z), then
|2;] >» for 7=1,2, ---,» and

2P'(z) _ &
P(z) iz —2z
Now if z = re”, 0 < 6 < 2z, then we have
iﬂPl(,reiﬁ) n ,'.6150 n 1 n
ReXe L \T¢) _ S Re 7€ ="
P(re) a% ¢ ret? — z; < i=1 2 2
This implies
Re 2@ 1 =17,
nP(z) < 2 or Jal=1

Equivalently
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2P'(2) _ zP'(»)
gl < -5

Since P(z) = 0 for |z| = », it follows that

for |z|=17r.

(38) |2P'(2)| < |nP(z) — zP'(z)| for (z|=17.

Applying Rouche’s theorem and noting that P(z) = 0 for |z]| < r, we
conclude that the polynomial nP(z) — zP’(z) has no zero in |z| < 7.
If now w is any complex number such that [w] < », then from (3)
we have

lwP'(2)] = 7| P'(2)| = [2P'(2)| < [nP(z) — 2P'(z)]  for [z]=r.

This implies according to Rouche’s theorem again, that the poly-
nomials «nP(z) — 2P'(z) and nP(z) + (w — 2)P’(z) have the same
number of zeros in [z| < #. Consequently, the polynomial
nP(z) + (w — 2)P'(z) has no zero in |z| < ». This polynomial does
not vanish for |z] = » either. Because, if for some 2z =z, with
|2| =

nP(z) + (w — 2)P'(z) = 0,
then
[nP(2,) — 2 P'(z)| = [wP'(2,)] = TIP,(ZO)] = [2,P'(2,)] .

But this is a contradiction to (8). Hence we conclude that the
polynomial nP(z) + (w — 2)P’(z) has no zero in {z| <+ and this
proves the lemma.

An immediate consequence of Lemma 1 is the following

LEMMA 2. If all the zeros of a polynomial P(z) of degree n lie
wm |zl=r, » >0 and |w] < 7, then the polynomial

P(z) = nP(z) + (w — 2)P'(2)

has all its zeros in |2| = 7.
We also need

LeEmMMA 3 [1, p. 52, Eq. (13,9)]. If P() = >7,Cln, Az is a
polynomial of degree n and w, w,, :--, w, are m, m = n, arbitrary
real or complex nmumbers, then the kth polar derivative

P(z) = (n —k + 1DP,_(2) + (w, — 2)P;_,(2) , k=12 -, m
of P(z) with Py(z) = P(z), can be written in the form
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n—k
Pyz) = 3, C(n — k, NAPZ ,
where
k
AP =qn —1) - (n —k + 1)263(10, DAy

and Sk, 1) being the symmetric function consisting of the sum of
all possible products of w,, w,, ---, w, taken 1 at a time.

Proof of Theorem 1. Let w,, w., ---, w, be the zeros of Q(z), so
that we have

(4) ,Z:o Clm, §)B;z" = B,(z — w,)(Zz — w,) *++ (2 — Wy) .

Equating the coefficients of the like powers of z on the two sides
of (4), we get

(5) C(m, ))B,_; = C(m, m — §)B,_; = (—1)’S(m, j)B,

where S(m, j) is the symmetric function consisting of the sum of
all possible products of w,, w,, ---, w, taken j at a time.

Now suppose that all the zeros of @(z) lie in |z] <. We have
to show that at least one zero of P(z) lies in |z] < 7. Assume the
contrary. That is, assume that the polynomial P(z) has all its
zeros in |z| > ». Since |w;|=r, 1=1,2, --., m it follows by the

repeated applications of Lemma 1 that all the zeros of each polar
derivative

(6) P =0-k+ 1P )+ w —2)P,(), k=12 ---,m,

also lie in {z] > ». Hence in particular all the zeros of P,(z) lie in
|z] > ». But by Lemma 8, P,(z) can be written as

(7) Py(2) = 3, Cln — m, AP ,
were

AP =nmn —1) -+ (n —m + 1) ﬁ'aS(’m, DA

_ nmn—1)- '1'3("@ -—m+1) i (—1)*C(m, 1)Bp_iAsyj .

Since by hypothesis

Am = nn—1) - B(n —m+1) ﬁj“ (—=1)*C(m, ©)Bna_iA; =0,
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therefore, if n > m, we get from (7) P,(0) = 0. This shows that
z=20 is a zero of P,(z), which is a contradiction to (6). In case
n = m, from (7) we have

P.(z) =A™ =0.
Since
P, (z) = P, ,(2) + (w,, — 2)Pn_.(2) ,
it follows that
P, (w, =0.

But |w,| £ v, this contradicts (6) again. Hence in any case we
conclude that P(z) must have a zero in |z < r. This completes the
proof of the first part of the theorem.

To establish part (ii) of Theorem 1, we suppose that all the
zeros of P(z) lie in |z| = ». We have to show that at least one
zero of Q(z) lies in |z| = ». Assume that all the zeros of Q(z) lie
in |z] < #, so that |w,|<», :=1,2, ---, m. Then it follows by the
repeated applications of Lemma 2 that all the zeros of each polar
derivative

PR =0 —k+1DP_z) + w, —2)Pi,(2), k=12 -, m,

liein [z] = . We shall now proceed similarly as before and complete
the proof of the 2nd part of the theorem.

We may apply Theorem 1 to the polynomials z* P(1/z) and
2"Q(1/z) to get the following

COROLLARY 1. If P(z) = >7.,C(n, 5)A;z', A4, + 0 and Q(z) =
>, Clm, )B;z', BB, # 0 are two polynomials of degree n and m
respectively, m = n, such that
(8) C(m,0)BA, — Clm, )B,A,_, + -+ + (—=1"C(m, m)B,A,_., =0,
then the following holds.

(i) If Qz) has all its zeros in |z| = v, then P(z) has at least
one zero in |z| = 1.

(ii) If P(z) has all its zeros in |z] £ v, then Q(z) has at least
one zero in || < 7.

The next corollary is obtained by applying Theorem 1 to the
polynomials P(z) and z™ Q(1/z) with r = 1.

COROLLARY 2. If P(z) = 3,C(n, )A;#', A,+0 and Q) =
>, Clm, 7)B;zf, BB, + 0 are two polynomials of degree m and m
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respectively, m < n, such that
(9) Cm, 0AB, — C(m, VDA,B, + --- + (=1)"C(m, m)A,B, =0,

then the following holds.

(i) If Q&) has all its zeros in |2| = 1, then P(z) has at least
one zero in 2| < 1.

(ii) If P(z) has all its zeros im |z] = 1, then Q(z) has at least
one zero in |z| < 1.

If we apply Theorem 1 to the polynomials z* P(1/z) and Q(z)
with » = 1, we get the following

COROLLARY 8. If P(z) = 3, C(n, DAz, AA, #0 and Q@)=
n,Clm, 5)B;z', B, # 0 are two polynomials of degree n and m
respectively, m < n, such that

(1()) C(m) O)Aan - C(my 1)An-1Bm—~1 A+ ek (Ml)mc(m; m)An-—mBD = 0 ,

then we have the following:

(1) If Q(z) has all its zeros in |z| £ 1, then P(z) has at least
one zero in |z} = 1.

(ii) If P(z) has all its zeros in |z] <1, then Q(z) has at least
one zero in 2| = 1.

As an application of Theorem 1, we shall deduce the following
partial generalization of a result due to Szego [1, p. 65].

THEOREM 2. If all the zeros of a polynomial P(z)=2>3.,C(n, j)A;7
of degree m lie in |2| = v and if 8 is a zero of the polynomial Q(z) =
S, C(m, 7)B;z?, ByB,, # 0 of degree m, m < n, then every zero w of
the polynomial R(z) = >™,C(m, ))A;B;z' of degree m, has the form
w = —af where a is a suitably chosen point in |z| = r.

Proof of Theorem 2. If w is a zero of R(z), then
11 R(w) = >, C(m, HABw =0,
i=0

Equation (11) shows that the polynomials
P(z) = C(n, 0)A, + C(n, YAz + --+ + C(n, n)A,z"
and

2"Q(—w/z) = C(m, O} —1)"B,w™ + -+
— C(m, m — 1)Bwz™™" + C(m, m)Bz™
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satisfy the condition of Theorem 1. Since all the zeros of P(z) lie
in |z| = 7, it follows from the 2nd part of Theorem 1 that 2"Q(—w/z)
has at least one zero in |z|=r». If B, B, -, B. are the zeros of

Q(z), then the zeros of 2z"Q(—w/2) are —w/B, —W/B:y -+, —W/Bn.
One of these zeros must be « where |a| = r. Therefore, we must
have w = —agp; for some j=1,2, ---, m. This complete the proof.

Exactly in the same way as Theorem 2, we may deduce the
following result from the 2nd part of Corollary 1.

THEOREM 3. If all the zeros of the polynomial P(z) =
D0 C(m, ))A;2° of degree n lie in 2| < r and if B is a zero of the
polynomial Q(z) = >.7.,C(m, 7)B;z?, B,B, # 0, then every zero w of
the polynomial

R@) = 3,Cm, DA, ;B2 , m=mn,
=0
has the form w = —aB where « is a suitably chosen point in |z| £ 7.

From Theorem 3, we immediately deduce the following corollary
which presents a generalization of a result due Cohn and Egervary
[1, p. 66, Cor. (16, 1a)].

COROLLARY 4. If all the zeros of P(z) = 3.2, C(n, j)A;z’ of degree
n lie in |z =7 and if all the zeros of Q(z) = >\™,C(m, 7)B;z’ of
degree m lie in |2] < s, m < n, then all the zeros of the polynomial

R(z) = 3 Clm, ))A, nssBi#

of degree m lie in |z] < rs.

This follows from the fact that |aj=<» and |8 < s implies
lw] < rs.

REMARK 2. In very much the same way as above, we can deduce
from Theorem 1 and from Corollaries 1-8 many other interesting
results.
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