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Let P: DX, X -+ X X,— CL(Y,) be multivalued mappings
where X,, Y, are Banach spaces and CL (Y,) is the set of all
nonempty closed subsets of Y, 1=1,---,n. We prove a
theorem ensuring that 9, € Pz, - -, «,) for some (x,, *++, 2,) €D
and deduce the fixed point theorems for multivalued map-
pings proved earlier by Czerwik, Nadler and Reich as corol-
laries. Besides, generalizations for multivalued mappings of
the existence theorems proved by Altman using his theory of
contractors are also obtained.

1. Introduction. In [2] we showed how the fixed point theo-
rems of Altman [1] and Matkowski ([5], {6]) can be unified in the
set-up of Banach spaces. The present paper studies further the
relationship between Altman’s theory of contractors and Matkowski’s
fixed point theorem and offers an existence theorem for the multi-
valued operator equation 6 € Pxr on subsets of a Banach space. We
deduce as a corollary a comprehensive fixed point theorem proved
by Czerwik [4] for multivalued mappings. Czerwik’s fixed point
theorem generalized the earlier fixed point theorems for set valued
transformations on metric spaces obtained by Nadler [7], Covitz and
Nadler [3] and Reich [9]. Apart from Czerwik’s theorem, our main
result obtains as corollaries generalizations to multivalued mappings
of Altman’s existence theorems and Matkowski’s fixed point theorem.
Section 3 gives the main result of the paper, while §2 provides
preliminaries basic to § 3.

2. Let X Dbe a Banach space. We employ the following notation
of [7] and [8]:
2.1) CL(X) = {C: C is a nonempty closed subset of X}.

(2.2) N, C) ={ze X: ||z — ¢|| < ¢ for some ceC},
e>0, CeCL(X).

infe >0, AcCN(, B) and BCN(, 4),
2.3) H(A, B) = if the infimum exists
oo, otherwise ,
A, BeCL(X) .
The function H is called the generalized Hausdorff distance for
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CL (X) induced by the norm of X.
(2.4) D(x, A) = inf{||lz — al:ac A} .

The lemma given below is well-known and is used in § 3.

LEmMMA 2.1. Suppose A, BeCL (X) and acA. Then, for ¢ > 0,
there exists an element be B such that

d(e, b) < H(A, B) + ¢ .

A point e X is said to be a fixed point for the multivalued
mapping f: X —-CL(X) if z e f(x).

We follow the notation of [6].

Let (a;) be an » X » nonnegative matrix. Define

Q;r 1#%=k,
(2.5) ah =1 . k=1, m.
1 — aik N 1 = k y
. 1 ] .
2.6) gl = )(allai+lk+1 + Cinlipn, TFk
. (L 1l 1 ! .
O — QignOips , =Kk

l=1 .-, n—-1; 4, k=1,-+-,n—1
Matkowski ([5], [6]) proved the following

LemMA 2.2. Let ¢}, >0, 9,k =1, ---,n. The system of in-
equalities

@.7) ﬁaik7’k<7”i, 1=1---,m,
k=1

has a solution r, >0, i =1, ---, n if and only if the following in-
equalities hold:
(2.8) a;, >0, l=1,-+-,m; 1=1---,n+1—1.

Using this lemma he obtained the following fixed point theorem.

(Actually Matkowski proved this theorem in the setting of complete
metric spaces.)

THEOREM 2.1. Let X, be Banach spaces and T;: X, X -+« X X, —
X, i=1, ---, n be mappings such that

1 Taas, =y 2) = Ty -+, Y|l £ X aall@e — il

?:Zly"':ni xkrykeXky k:]v"'ynr

(2.9)

where a; >0, 9, k=1,---, n. If the numbers al, =1, --- u;
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t,k=1,---,m+1—1 defined by (2.5) and (2.6) fulfill (2.8), then
the system of equations

xtsTi(wly"',xn), ’i:]',"','n!
has exacty one solution x,€ X, i =1, ---, n. Moreover,
x, =limay, 2=1,.--,m,
Mm—>00
where xI = Ty(ar, -+, ™), 4, € X,, 1 =1, - -+, n is arbitrarily chosen.

Considerations of some of the fundamental problems of numerical
analysis and operator theory led Altman [1] to the concept of con-
tractors.

DEFINITION 2.1 [p. 8, [1]]. Let P: D(P) ¢ X — Y, D(P) being the
domain of P, be a nonlinear operator from a Banach space X to a
Banach space Y and I'(x): Y — X be a bounded linear operator associ-
ated with xe X. We say that P has a contractor I'(z) if there is a
positive number ¢ <'1 such that

(2.10) | Pl + I'@)y) — Px —yl| < qllyl ,

where x € D(P), ye Y are defined by the particular problem.

DEFINITION 2.2 [p. 10, [1]]. A contractor I'(x) is called regular
if (2.10) is satisfied for all y € Y and D(P) = I'x)(Y).

DEFINITION 2.3 [p. 6, [1]]. An operator P: D{P)cX — Y is closed
on D(P) if z,€ D(P), x,— « and Px,— ¥y imply x € D(P) and Px = .

Altman proved the following theorem:

THEOREM 2.2 [p. 13, Theorem 5.1, [1]]. Suppose that the closed
nonlinear operator P.D(P)c X —Y has a bounded contractor I’
such that

(2.11) (a) x+ I'®)yye D(P), whenever xe€DP), yeY;
2.11) (b) [P+ I'@)y) —Pr—yll=qllyll, yeY, 0<g<1;
(2.12) @) < B for all x€D(P).

Then the equation Px =1y has a solution for yeY. When I' is
regular, the assumption (2.11)(a) is readily satisfied and further,
the solution is unique.
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3. We generalize the notion of a closed operator to multivalued
mappings as follows:

DEFINITION 8.1. A nonlinear multivalued operator P: D(P)cC
X —CL(Y), X, Y being Banach spaces, is closed on D(P), if z, — =,
Y, € Px, and y, — y imply that x e D(P) and y ¢ Px.

Let X,, Y, i=1, ---, n be Banach spaces and b,,¢,, =0 4, k =
1, ---,n. Let a,=0b,+¢y 4, k=1, ---,n, be positive and the
numbers a), defined by (2.5) and (2.6) fulfill (2.8). Then, by Lemma
2.2, there exists a positive solution », ---, 7, of the system of in-
equalities (2.7). We define

3.1 ¢ = max <'r;1 i‘, aikq'k> .
(3 k=1
Clearly, 0 < ¢ < 1, and

(3.2) i ey =qr;, t=1 -+, m.
k=1
THEOREM 3.1. Suppose that the closed nonlinear transformations
P:DcX x --- x X, -»CL(Y,), it=1, ---, n fulfill the following:

there exist bounded linear operators I',(z,):Y,— X;, z,€ X,
(3.3) 1 =1, -+, n such that
[ Fz) | =B, (X, -, 2)eD, i=1,--,0;

(34) (a) (@, + F1(x1)y1y e, B,k rn(xn)yn) €D whenever
@, -, w)eD and y,eY,, i=1, -, m;

(3'4) (b) Hl[Pz(xl + Fl(xl)yly Tty xn + Fn(xn)yn)y Pi(xly T xn) + yz]
é ébzh}]yk H + k}”;lc/éka[yk, yk - P/c(xly ) wn)]

+ CDi[yn yz
- Fz(mi)Pz(ml + Fl(xl)yl, s, Xy, -+ _['n(xn)yn)]
for (a, ---,z0€eD, y e, i=1 ---, 0,

where a,, = by, + ¢y, 1, k=1, -+, n are positive and the numbers ai,
defined by (2.5) and (2.6) satisfy (2.8);

(3.5) ¢ 18 a constant such that 0 <e¢B <1 —q.

Then there exists (%, ---,2,)eD such that 0,€ P(x, ---,2,) t=
1, ----, m, where 0, is the zero element of the Banach space Y,
1=1, .-, n.

Proof. Let (&, ---, %, €D be an arbitrary element. Choose
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Y, € P&y, -+, &,), i=1,---,n. We can assume without loss of
generality that ||g||Zr, ».=1, i=1, .-, n, since the set of solu-
tions to the system (2.7) is closed with respect to multiplication by
positive scalars. Define

(3.6) @ =g, — T(E)i, i=1, -, n
Replacing z; by 2, and y, by —%, in (3.4)(b) and using (3.6) we get,
3.7 H[P(ai, ---, 2), P&, -+, ) — 9]
< 3 ballinll + 3 cwDil =iy — s — Pald, -+, )]
+ eDi~v;, —9: — '(x)Plai, - -, @3)]
< 3 bullinll + 35 call el + eDIB, TPz, -+, )] -
As §,e P, -+, &), 0,€P&, -, &) — ¢, i=1,--,n. So, for

g > 0, by Lemma 2.1, there exists an element y;e Pz}, ---, L), i =
1, ---, » such that

From (3.7) and (3.8) we have

190 = 35w+ el dall + el Tt ]| + g

n

= > a9l + eBllyil| + 9, Dby (3.3)

k=1

(1—03)11y%l1§iaikm+q, by our assumption
k=1
=gqr.+4q, by (3.2
<27r,, as r, =1, i=1,---,2 and 0<qg<1.

Hence

2q
3.9 s —=2 .,
3.9) 19l = 2
We shall now construct inductively sequences {«7'} and {y7"} i = 1, -
such that

(3.10) (a) @, -, zmeD, yrePgar, .-,z

i=1, ., m.

(310) () [orl = m+ 1 i=1 - n.

1- B)m

For m = 1, the above hypotheses are true, in view of (3.4)(a), (3.6)
and (3.9). Assume the truth of (3.10)(a), (3.10)(b) for m — 1€ N,
i.e.,
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@.11) (a) (@7, -, exHeD, yrrePr, -, ar),

@) & el =m( L), =1

Define
(3.12) af =Pt — L@y, i=1,---,n.
In (8.4)(b), replacing x;, by 7™, y, by —y»* and using (3.12) we have
(8.13) H[P(ar, ---, o), Py, -+, a7 — ¥l
= IZZ1 basl[wE M| + kEZl caDl —yi™, —yi™ — P, -, 2]
+ eD[—y?™, —yi ™t — L@ )P, - -, 2]
< 3% bull e + 3 eall v
+ cDJ0,, I'(ar P, -, 2™)] .

Sinece 4, € P(ap™, - -+, am7) — ¢y, given ¢/(1 — ¢B)™™' > 0, there exists
y™e P(xr, ---, 2™) such that
(3.14)  lyr — 6,]| = H[P(=y, - -, &), P, -+, 207 — yP7]
qm
+—a .
1 —ecB)™

From (3.13) and (3.14) we get

lye ] = 3 Ga + el ve™ 1| + oBlyr | + —L

A —eB)™
—_ m < q >m~1 S A, ————(‘Z:n——————
(1 CB)Hyz H — m(l — cB kZ:‘l a@lﬂ k l_ (1 . cB)m——l
m—1 i
< mar(—_4 € by 3.2
= ’In@”l”z(l . CB> + (1 . C‘B)mwl ? y ( )

ie.,

Iyl = m( L)+ (L) ™

é(m+1)(1—ch>mq'i, as m=z1l, 1=1,-

Hence by induction (3.10)(b) holds for all m =0,1,2, ---. From
(3.12), and (3.4)(a), it follows that (a7, ---, 2¥) e D. By construction,
y™e P(xr, ---, 2™). Hence by induction (3.10)(a) holds. By (3.5),
0= q/1 —¢B) <1 and it follows from (3.10)(b) that y*—46,, as
m-—oco, ¢ =1 -+, n. From (3.12),
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flop™ — o || < || 1)y |
< B(m + 1 ( g )mr .
< Bm + 1)(L5) "
Hence {z} is a Cauchy sequence in X;,, 1=1, ---, n. Therefore,
xr—2,%=1,---,n. As the operator P, is closed, yr e P,(F, - -+, ),

yr—6, «r—uwx, i=1,---,n, imply that @, ---,60,)eD and §,¢
P, -, x,), i=1, -+, n. ]

We now deduce Czerwik’s Theorem [4] as a corollary in the set-
up of Banach spaces. Czerwik proved his theorem for multivalued
mappings on complete metric spaces.

THEOREM 3.2 [Theorem, [4]]. Let X, 1 =1, ---,n be Banach
spaces and by, ¢, =0 for i, k=1, ---,n. Let a, =by + ¢y, 1, k =
1, ---, n be positive and let the numbers a., defined by (2.5) and (2.6)
Sulfill (2.8). Suppose that the transformations Fi: X, x -+ x X, —
CL(X), =1, ---, n fulfill

(3.15) HF(x, -+, x,), Fiz, -+, 2,)]
< 3 bulla — all + 3 cwDiles, Fil, -+, @)]
+ ¢eDjz, Fiz, -+, 2], =1+, n;
for x;,2,€X;, g=1,--., n, where ¢ fulfills the condition 0 < ¢ <
1 — q, q being defined by
q= miax (7‘;1 kil aik'rk) .
Then the system (F, - - -, F',) has a fixed point, i.e., there exist points

v,eX, t=1,---,n such that x,€e Fy(x,, -+, 2,), 1 =1, -+, n.

Proof. That the above theorem follows as a corollary for the
Theorem 3.1 can be seen if we put I',(x,) = I, (x,€ X,), the identity
operator on X; and Pz, ---,2,) =, — Fy(%, ---,2,) 1=1,---, % in
(8.4)(b) and observe that it reduces to

Hz[wz + y‘b - Fi(xl + yl, Y xn + yn)y xi + yz - Fi(xh Tty xn)]
= k2=1 biull ¥l + kzz.l Cu Dy, ¥ — @ + Fi(y, -+, @,)]

+ eDjfx; + Yiy ; + Y5 — (@, + y,) + Fy(x, + Yy = X + ?/n)]
i.e.,
H@[Fz(xl + Yy =205 Ty + yn), Fi(xl) Tty xn)]

= kZ:.l bl ¥l + kgl calVu, Y — ¥ + Filo,, - -+, 2,)]
+ CDz[xz + yir Fz(xl + yl, Tty xn + yn)] .
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Taking =, + v, =2, i =1, ---, n, we have
Hi[Fz(xly Tty xn); Fi(zly ] zn)]
é IZ‘ﬂ bikah - & H + IZ:lJl cika[xk, Fk(xlr Tty xn)]

+ CDi[zi; Fi('zly ) zn)] ’

which is nothing but condition (3.15). It can be similarly shown that
(3.15) implies (3.4)(b) in this case. To prove that the operator F,
1 =1, .-+, nisclosed in the sense of Definition 3.1, observe that we
have shown in the proof of Theorem 8.1 that a7 —x, and y7¢
P(xr, -, 2, le., yrear — F(ar, ---,2m) i=1,---, %, and y* —0
as m— oo, ie., o —yr—2a, t =1, ---, n. It remains to show that

v, eFxy, ---,2,),1=1,---, n.
DJfx;, Fx, ---, x,)]
= llw, — o]
ay ||

= llw, —

+ DJfxp, Fix, ---, 2,)]
+ H[F(xm 17 Tty x?f_l)? Fz(xly Tty xn)]

< o, —al|l + Z bllar™ — x|

+ Z ca. Doy, Fi(ar™, -« an™)] + eD/Jx,, F.(2y, -+, x,)]
< o —ar |+ 3 ball o —

+ ]z el @rt — ap || + eDJfx, Fix, ---, )] .

As 0 <e¢ <1 and
Dz[xi’ Fi(xlv Tty Xy ]

= 1 i ¢ [le — oy ||+ é bllwyr™ — || + Z Col |2k — Mn‘q

it follows that D[z, Fi(x, ---, 2,)] = 0. Since F(x, ---,2,) is a
closed set, x, e Fi(x, - -+, ,). ]

Theorem 3.3 below is a generalization of Matkowski’s Theorem
2.1 to multivalued mappings.

THEOREM 3.3. Let X,, i =1, ---, n be Banach spaces and a,
i, k=1,---,n be positive and a), be defined by (2.5) and (2.6) and
fulfill (2.8). Suppose that the transformations F,: X, X -+ X X, —
CL(X), 1 =1, ---, n satisfy

H[F (@, -+, 2), F@, -+, 2)] £ 3 aul - 2|
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for all x;,2;€X;, j =1, ---,n. Then the operator F = (F, ---, F,)
has a fixed poimt, i.e., there exist points x,€ X,, such that =€
Fyx, ---,%,) forall i =1, ---, n.

Proof. In Theorem 3.2, let ¢;, =0, b, = ay, 4,k =1, ---, n and

¢c=0. [l

The following is the multivalued version of Altman’s Theorem
2.2.

THEOREM 3.4. Suppose a nonlinear closed operator P:D(P) C
X —CL(Y) has a bounded contractor I' satisfying

3.16) (a) « + I'(x)ye D(P), whenever xc D(P), yeY,
D(P) being the domain of P ;

(3.16) (b) H[P(x + I'(x)y), Px + vl < qlivll,
xeDP), yeY, 0<qg<1;

3.17) '@ =B, zeDP).

Then there exists x € D(P) such that 6 € Px, where 6 is the zero ele-
ment of Y.

Proof. For n =1, Theorem 3.1 reduces to the above theorem
for the choice ¢;, =0, b, =ay, 1, k=1, ---,nie,by=a,=q¢<1,
and ¢ = 0. O

Begides, Theorem 3.1 yields as corollaries several fixed point
theorems for single-valued mappings including the following theorem
proved elsewhere (Theorem 2.1, [2]).

THEOREM 38.5. Let X, Y;, i =1, ---, n be Banach spaces and
T:DcX,x---XX,—Y;,,i=1, ---, n be closed non-linear operators.
Suppose that there exist bounded linear operators I',(x):Y,—X,,
1 =1, -+, n such that

(xl + Fl('/'vl)yl, Tty wn + Fn(xn)yn) € 'D

8.18) (@) whenever (¢, ---,x)eD, y,eY,, i=1 .-+ n;
T, + i@y, -y 0+ Dal@)yn) — Ta(@y, -0, 20) — 9l

318 ® < S aulul,

where the nonnegative numbers ay, i, k=1, ---, n are defined by

(2.5) and (2.6) and fulfill (2.8);
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(319) ”[‘z(wz)”éB’ ,I::l’ ""In’ (xiy ) xn)eD°
Then the system of operator equations
(3'20) Ti(xl’ Y xn) =Y;, 7: = 1, e, M

has a solution in D for arbitrary y,€¢Y,;,, 1 =1, ---, n.

Proof. In Theorem 3.1,let ¢, =0, by, =ay, i, k=1, ---,n and
¢ = 0. Define -Pi(xly Tty xn) = {Ti(xli R xn)} for (mly Ty xn)eDy 1=
1, ---, m. Clearly the assumptions of Theorem 3.1 are satisfied and
hence the system of equations (3.20) has a solution in D. |

The above Theorem proved in [2] unified, in the setting of Banach
spaces, Altman’s extension of the contraction principle and Matkowski’s
fixed point theorem.
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