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If p Ξ= 1 (mod 2k) is a prime, the Jacobsthal sum Φk(D)
is defined by

It is shown how to evaluate Φ2(D) and ΦZ{D) for any integer D.

l Introduction* The Jacobsthal sum Φh(D) is defined for primes
p = 1 (mod 2k) by

(1.1) Φk(D) = Σ (* ( a ? > + J ) ) , A; = 2, 8, . . ,
ίc=i \ p /

where ( p ) is the Legendre symbol, and D is an integer not divisible
by p. It is well-known (see for example [8: p. 104]) that

(1.2) Φk(Dmk) = (J^yΛpjXD) , m m 0 (mod p) .
V p I

In this paper, we show how to resolve the sign ambiguities in the
evaluations of Φ2{D) and Φ3(D). (For a discussion of Jacobsthal sums
see, for example, [7], [14], [1].)

2* k = 2. In this case p = 1 (mod 4) and there are integers a
and b such that

(2.1) p = α2 + δ2 , α Ξ 1 (mod 4) , 6 = 0 (mod 2) ,

with α and |6 | unique. Relation (1.2) gives in this case

(2.2) Φ2(Dm2) = (—)φ2(D) , m m 0 (mod p) ,
\ p /

so that it suffices to consider Φ2(D) for squarefree D. Choosing m
such that m2 Ξ — 1 (modp) in (2.2), we have

(2.3) Φ*(-D) = (-iy»~ι)/*Φ2(D) ,

so that we may take D positive. Jacobsthal [7: pp. 240-241] has
evaluated Φ2(l). He has shown that

(2.4) Φ8(l) = - 2 α ,

and thus, by (2.2), for any Z? with {Dip) = + 1 , say J9 = J^2 (modp),
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one has

(2.5) Φ2(D) = - ( — )

Thus it suffices to consider Φ2(D) for quadratic nonresidues D. Emma
Lehmer [8: p. 107] has shown that, if (2/p) = — 1,

(2.6) Φ2{2) = T2b according as b = ±2 (mod 8)

and it follows from the work of Brewer [2: p. 243] and (2.3), that,
if (8/p) - - 1 ,

(2.7) Φ2(3) = ±(-l)ip~1)/i2b according as a = ±b (mod3) .

Jacobsthal [7: p. 241] has shown, for an arbitrary D satisfying
{Dip) = - 1 , that

(2.8) Φ2(D) = ±26 ,

and we begin in Theorem 1 by showing how to determine the correct
sign in (2.8), when D is an odd prime q satisfying (q/p) = — 1.
Afterwards we illustrate how to prove the results for composite D.

Let q be an odd prime satasfying (q/p) = —I, so that ab φ. 0
(mode). If ? = 1 (mod4), there are unique positive integers r and
s such that

(2.9) q = r2 + s2 , r == 1 (mod 2) , s = 0 (mod 2) .

Clearly r and s are not divisible by q. We define a set ίΓ, depending
only on q, by

JBΓ - \k: -\(q - 1) ^ k £ \(q - 1) ,
(2.10) z Z

r) ( 9 ~ 1 ) / 4 - s(sA; - r) ( 9 ~ 1 ) / 4 = 0 (mod g)

Clearly 0 g J .̂ It is known that (see for example [4: p. 65])

(2.11) qf<p-u/4 = ±α/6 (mod^p) according as a=±kb (mod#)

for some
If ςr = 3 (mod 4), we define K by

if = \k: -hq - 1) ^ fc ^ i-(g - 1) ,
(2.12) ^ ^ Z

(A? + i)(9+1)/4 - i(Jfc - i)(g+1)/4 Ξ= 0 (mod 9)

Again we have 0 ί if. Further
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(2.13) ( — ΞΞΞ ±a/b (modp) according as a Ξ ±kb (mod q)

for some keK.
We prove the following theorem.

THEOREM 1. Let p be a prime congruent to 1 modulo 4 and
define a and b by (2.1). Let q be an odd prime satisfying (q/p) =
- 1 . Then, ifq = l (mod 4),

(2.14) Φ2(q) — ± 2 6 a c c o r d i n g a s a = ± k b ( m o d q) f o r s o m e k e K

if q = Z (mod 4),

(2.15) Φ2(q) = ±(-l) (*-1 ) / 42δ , if a = kb (mod q) for some keK .

Proof. Emma Lehmer [10: p. 65] has proved that for D & 0
(mod p),

(2.16) Ξ φ2(D)/Φ2(l) (mod p) .

Taking D = q = 1 (mod 4) in (2.16), and appealing to (2.4) and (2.11),
we obtain

(+26 (modp) , if a =kb (mod #) for some keK,

(—26 (modp), if a=—kb (moάq) for some keK.

Since Φ2(q) = ±26, by (2.8), and as 26 =έ 0 (modp), we obtain (2.14).
The case g = 3 (mod 4) is similar.

We illustrate Theorem 1 by giving Φ2(q) for odd primes q <; 19
satisfying (q/p) = — 1; α(p) = (p — l)/4 with the upper signs and
(p + 3)/4 with the lower signs.

3

5

7

11

13

17

19

Φ2(ςf)

(-l)«cjO2&

±26

(-l)«c«2δ

(-1)«W2&

±26

±26

(-l)α(^26

fc satisfying a = kb (mod Q)

±1

+ 1

T2, =F3

+ 1, =F3, T4

±1, ±2, +6

±2, 3=3, ±6, ±8

±1, =F3, ±6, =F7, ±8

The case q — 3 constitutes the result of Brewer (2.7).
We remark that these results can be combined to determine

Φ2(D) when D is composite and (D/p) = — 1. We treat the case D =
6 - 2 x 3 . If (6/p) = - 1 , we have (2/p) = + 1 , (8/p) - - 1 , or (2/p) =
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— 1, (3/p) = + 1 . In the former case, we have

(2.17) Φ2(2) = -(A) 2α = - ( - l ) & / 4 2 α ,
\ p U

and

(2.18) Φ2(3) = ±26 according as a = ±b (mod 3) .

From (2.16) we obtain

(2.19) Φ2(6) = Φ*®?J® ( m o d P) >

and so

_ | ( —1)6/426 (mod p) , if a = b (mod 3) ,

Φ2(6) = j(_i)V4-M26 ( m o d p ) , if a = -b (mod 3 ) .

Hence, by (2.8), we have

Γ(—l)δ/426 , if α = l (mod 3 ) ,
(2.20) Φi(6) =

. f ^ ^

The case when (2/p) = — 1 , (3/p) = + 1 can be treated similarly.

3 & = 3. In this case p = l (mod6) and there are integers L
and M such that

(3.1) Ap = V + 27ikΓ , L = 1 (mod 3) ,

with L and \M\ unique. Clearly we have L = M (mod2). Relation
(1.2) gives in this case

(3.2) Φz(Dmz) = Φ,(D) , m m 0 (mod p) ,

so that it suffices to consider ΦZ{D) for cubefree JD. Clearly
Φz(—D) = ΦZ(JD), so that we may take D positive. It follows from
the work of von Schrutka [13: p. 258] (see also Chowla [3: p. 246],
Whiteman [14: p. 96]) that

(3.3) 3 ( l ) - <

L - l , i f L = Jk£=O (mod 2 ) ,

i ( - L + 9ΛΓ — 2) , if L ΞΞ jkf Ξ= 1 (mod2)

and L = M (mod 4) ,

i ( - L - 9Λf - 2) , if L Ξ Λf = 1 (mod2)

and L = — M (mod 4) .

From (3.2), Φ3(k) = Φ8(l) for any cubic residue k modulo p, so that
(3.3) gives unambiguously the value of Φ8(fc) for any cubic residue
k (mod p). Now 2 is a cubic residue (mod p) if and only if L = M = 0
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(mod 2) [6: p. 68]. Thus we have

(3.4) Φ3(l) = Φ8(2) - Φ8(4) = I, - 1 ,

if 2 is a cubic residue (modp) .

When 2 is not a cubic residue (mod p), so that L == M == 1 (mod 2),
Emma Lehmer [8: p. 112] has proved that

( 3 . 5 ) • t f O - p * * * * > ' ί f L"M ( m ) 'k s W ( i ( L + 9 i k f 2 ) , if L=-M (mod 4 ) ,

and

(3.6) φ,(4) = L - 1 .

For an arbitrary cubic nonresidue D, it is known that

i
(4(-L - 9Af - 2), if L Ξ M Ξ O (mod 2) ,

or

(3.8)

and

(3.9)

ΦZ{D) = •

ΦJLD) = •

(L-1

or

M-L -

L-1

or

U-L +

9 M -

9 M -

2 ) ,

2 ) ,

if L

L

if I

L

r Ξ= Λf Ξ 1 (mod 2)

Ξ= Λί (mod 4) ,

Ξ M = 1 (mod 2)

=Ξ — M (mod 4) .

and

and

It is our purpose in Theorem 2 to show how to eliminate the ambi-
guities in (3.7), (3.8), and (3.9) when D is an odd prime q, which is
a cubic nonresidue (moάp). (As q is a cubic nonresidue (modp) we
have LM =έ 0 (mod q) [9: p. 26].)

Our starting point is the congruence

(3.10) <^-1)/3 = {ΦM + 1)/(Φ8(1) + 1) (mod p) ,

which is given in [10: p. 66]. From (3.10) we obtain

(3.11) Φz(q) Ξ= - 1 + 9

('-1>/8(Φ8(l) + 1)

For q ^ 5, one of us [15: p. 282] has shown that there exists a set
of integers £έ* (depending only on q) such that

(3.12)

'(L + 9M)/(L - 9ΛΓ) (modp) , if L Ξ M f (mod q)

for some ke£?>

(modp), if L=~kM (mod?)

for some ke£f.
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It is shown in [15] that, if q = 1 (mod 3),

(3.13) J2f = {-4(9 ~ 1) ̂  k ^ 4(β - 1):

(&2 + 27)2(9~1)/3(& + 3 + 6w)2{q-1)/d Ξ w (mod g)} ,

and, if g = 2 (mod 3),

(3.14) = {-4(g - 1) ̂  ft ^ 4(β - 1):

(k2 + 27)(9"2)/3(& + 3 + = w (mod g)} ,

where w = exp(27ri/3) = 4( —1 + l/"^3). In particular, we have (see
[15: p. 283])

^ = { + 1, -2} , if g = 5 ,

Sf - { + 2, -3} , if q = 7 ,

J2f = {-1, - 2 , - 8 , + 5 } , if β = l l .

Appealing to (3.3), (3.7), (3.8), (3.9), (3.11), and (3.12), we obtain

THEOREM 2. Let p be a prime congruent to 1 modulo 6 and
define L and M by (3.1). Let q ̂  5 6β αw odd prime, which is a
cubic nonresidue (mod p). Then

/ L - l , i f L = M = 1 ( m o d 2 ) , L ^ M ( m o d 4 ) a n d

L= —kM (mod q) for some ke^f,

or

L = M.~1 (mod 2) , L = -Λf (mod 4) and

L = kM (mod q) for some k e .ώ17,

\

i/ L = ilί = 1 (mod 2) , L Ξ — Jlf (mod 4)

L = — kM (mod g) /or sone ke^f,

or

L = Λf = 0 (mod 2) α^d L Ξ fcM (mod q)

for some keJZf,

4 ( - L - 9 A T - 2 ) ,

ΐ/ L = Λf = 1 (mod 2) , L Ξ= M (mod 4)

1/ Ξ &Λf (mod q) for some k 6 £f,

or

L = M ΞΞ 0 (mod 2) and L = —kM (mod q)

for some keSf.

ίfee case g = 3. have from [15: Theorem 1]
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(3.15)
_ιm_UL + 9M)/(L-9M) (mod p) , if M = - 1 (mod 3) ,

= ((L-9M)/(L + 9M) (modp) , if M=l (mod3) .

As in the proof of Theorem 2 we obtain

THEOREM 3. Let p be a prime congruent to 1 modulo 6, for
which 3 is a cubic nonresidue (moάp). Then

L - 1 , i/ L == Λf = 1 (mod2) , L Ξ ilί (mod4) and

M=l (mod 3) ,

or

L = M ΞΞ 1 (mod 2) , L Ξ -AC (mod 4)

U £ Ξ - 1 (mod 3) ,

i ( - L - 9 A Γ - 2 ) ,

i/ L Ξ J K Ξ I (mod2) , L = M (mod4)

AΓΞΞ.-I (mod 3),

or

L = ikΓ Ξ 0 (mod 2) and M=l (mod 3) ,

i/ I / Ξ A ί = l (mod 2 ) , L = -Af (mod 4)

If = 1 (mod 3) ,

or

L Ξ I Ξ O (mod2) αmί M = - 1 (mod3) .

We remark that Φ3(<?2), where q is a prime, which is a cubic
nonresidue (mod p), is easily determined using Theorems 2 and 3 and
the relation

(3.16) ,(1) + ΦM + Φ3(<Z2) = - 8 ,

see for example [14: p. 92]. Moreover, as in § 2, we can treat ΦZ(D)
for composite D.

Finally we remark that the ideas of this paper can be used in
conjunction with results in [10], [11] and [16] to treat Φ5(D) and
Φ7(D) for certain values of D.

REFERENCES

1. B.C. Berndt and R. J. Evans, Sums of Gauss, Jacobi and Jacobsthal, J. Number
Theory, 11 (1979), 349-398.
2. B. W. Brewer, On certain character sums, Trans. Amer. Math. Soc, 99 (1961), 241-245.
3. S. Chowla, The last entry in Gauss's diary, Proc. Nat. Acad. Sci. U.S.A., 35 (1949),
244-246.
4. T. Gosset, On the law of quartic reciprocity, Mess. Math., 41 (1911), 65-90.



386 RICHARD H. HUDSON AND KENNETH S. WILLIAMS

5. R. H. Hudson and K. S. Williams, An application of Western's formulae to the
evaluation of certain Jacobsthal sums, (to appear in Acta Arithmetica).
6. C. G. J. Jacobi, De residuis cubicis commentatio numerosa, J. Reine Angew. Math.,
2 (1827), 66-69.
7. E. Jacobsthal, Uber die Darstellung der Primzahlen der Form 4n+ l als Summe
zweier Quadrate, J. Reine Angew. Math., 132 (1907), 238-245.
8. Emma Lehmer, On the number of solutions of uk + D=w2 (mod p), Pacific J. Math.,
5 (1955), 103-118.
9. 1 Criteria for cubic and quartic residuacity, Mathematika, 5 (1958), 20-29.
10. , On Euler's criterion, J. Austral. Math. Soc, 1 (1959), 64-70.
11. B. S. Nashier and A. R. Rajwade, Determination of a unique solution of the quad-
ratic partition for primes p = l (mod 7), Pacific J. Math., 72 (1977), 513-521.
12. T. Pepin, Memoire sur les lots de reciprocity relatives aux residus de puissances,
Accademia pontificia dei nuovi lincei. Atti, 31 (1878), 40-148.
13. L. von Schrutka, Ein Beweis fur die Zerlegbarkeit der Primzahlen der Form 6n +
1 in ein einfaches und ein dreifaches Quadrat, J. Reine Angew. Math., 140 (1911),
252-265.
14. A. L. Whiteman, Cyclotomy and Jacobsthal sums, Amer. J. Math., 74 (1952), 89-99.
15. K. S. Williams, On Euler's criterion for cubic nonresidues, Proc. Amer. Math. Soc,
49 (1975), 277-283.
16. —, On Euler's criterion for quintic nonresidues, Pacific J. Math., 61 (1975),
543-550.

Received February 15, 1980 and in revised form October 27, 1980. Research by the
second author was supported by Natural Sciences and Engineering Research Council of
Canada Grant No. A-7233.

UNIVERSITY OP SOUTH CAROLINA

COLUMBIA, SC 29208
AND

CARLETON UNIVERSITY

OTTAWA, ONTARIO CANADA KIS 5B6



PACIFIC JOURNAL OF MATHEMATICS

EDITORS

DONALD BABBITT (Managing Editor)

University of California
Los Angeles, CA 90024

HUGO ROSSI

University of Utah
Salt Lake City, UT 84112

C. C. MOORE and ARTHUR AGUS

University of California
Berkeley, CA 94720

J. DUGUNDJI
Department of Mathematics
University of Southern California
Los Angeles, CA 90007

R. FINN and J. MILGRAM

Stanford University
Stanford, CA 94305

ASSOCIATE EDITORS

R. ARENS E. F. BECKENBACH B. H. NEUMANN F. WOLF K. YOSHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF ARIZONA
UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA
MONTANA STATE UNIVERSITY
UNIVERSITY OF NEVADA, RENO
NEW MEXICO STATE UNIVERSITY
OREGON STATE UNIVERSITY

UNIVERSITY OF OREGON
UNIVERSITY OF SOUTHERN CALIFORNIA
STANFORD UNIVERSITY
UNIVERSITY OF HAWAII
UNIVERSITY OF TOKYO
UNIVERSITY OF UTAH
WASHINGTON STATE UNIVERSITY
UNIVERSITY OF WASHINGTON

The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Please
do not use built up fractions in the text of the manuscript. However, you may use them in the
displayed equations. Underline Greek letters in red, German in green, and script in blue. The
first paragraph or two must be capable of being used separately as a synopsis of the entire paper.
Please propose a heading for the odd numbered pages of less than 35 characters. Manuscripts, in
triplicate, may be sent to any one of the editors. Please classify according to the scheme of Math.
Reviews, Index to Vol. 39. Supply name and address of author to whom proofs should be sent.
All other communications should be addressed to the managing editor, or Elaine Barth, University
of California, Los Angeles, California, 90024.

50 reprints to each author are provided free for each article, only if page charges have been
substantially paid. Additional copies may be obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular sub-
scription rate: $102.00 a year (6 Vols., 12 issues). Special rate: $51.00 a year to individual
members of supporting institutions.

Subscriptions, orders for numbers issued in the last three calendar years, and changes of address
shoud be sent to Pacific Journal of Mathematics, P.O. Box 969, Carmel Valley, CA 93924, U.S.A.
Old back numbers obtainable from Kraus Periodicals Co., Route 100, Millwood, NY 10546.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.).

8-8, 3-chome, Takadanobaba, Shinjuku-ku, Tokyo 160, Japan.

Copyright © 1982 by Pacific Jounal of Mathematics
Manufactured and first issued in Japan



Pacific Journal of Mathematics
Vol. 99, No. 2 June, 1982

Thomas E. Armstrong and Karel Libor Prikry, On the semimetric on a
Boolean algebra induced by a finitely additive probability measure . . . . . .249

Walter Russell Bloom, Strict local inclusion results between spaces of
Fourier transforms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265

Richard Clark Brown, Notes on generalized boundary value problems in
Banach spaces. II. Infinite-dimensional extension theory . . . . . . . . . . . . . . . 271

Sui Sun Cheng, Isoperimetric eigenvalue problem of even order differential
equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 303

Lung O. Chung and Jiang Luh, Derivations of higher order and
commutativity of rings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 317

Ali Ahmad Fora, A fixed point theorem for product spaces . . . . . . . . . . . . . . . . 327
Barry J. Gardner, Radical classes of regular rings with Artinian primitive

images . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 337
John Brady Garnett and Peter Wilcox Jones, BMO from dyadic BMO . . . . 351
Allen E. Hatcher, On the boundary curves of incompressible surfaces . . . . . . 373
Richard Howard Hudson and Kenneth S. Williams, Resolution of

ambiguities in the evaluation of cubic and quartic Jacobsthal sums . . . . . . 379
Viktor Losert, Counter-examples to some conjectures about doubly

stochastic measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 387
Kenneth Derwood Magill, Jr., P. R. Misra and Udai Bhan Tewari,

Structure spaces for sandwich semigroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . 399
Mark Mandelker, Continuity of monotone functions . . . . . . . . . . . . . . . . . . . . . 413
Kenneth Guy Miller, An index theorem and hypoellipticity on nilpotent Lie

groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 419
Evelyn M. Nelson, Homomorphisms of mono-unary algebras . . . . . . . . . . . . . . 427
Marvin E. Ortel, The support of an extremal dilatation . . . . . . . . . . . . . . . . . . . . 431
R. S. Pathak and O. P. Singh, Finite Hankel transforms of distributions . . . . 439
Richard Cole Penney, The theory of ad-associative Lie algebras . . . . . . . . . . . 459
Linda Ruth Sons, Zero distribution of functions with slow or moderate

growth in the unit disc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 473
Russell Bruce Walker, Transversals to laminations . . . . . . . . . . . . . . . . . . . . . . . 483

Pacific
JournalofM

athem
atics

1982
Vol.99,N

o.2

http://dx.doi.org/10.2140/pjm.1982.99.249
http://dx.doi.org/10.2140/pjm.1982.99.249
http://dx.doi.org/10.2140/pjm.1982.99.265
http://dx.doi.org/10.2140/pjm.1982.99.265
http://dx.doi.org/10.2140/pjm.1982.99.271
http://dx.doi.org/10.2140/pjm.1982.99.271
http://dx.doi.org/10.2140/pjm.1982.99.303
http://dx.doi.org/10.2140/pjm.1982.99.303
http://dx.doi.org/10.2140/pjm.1982.99.317
http://dx.doi.org/10.2140/pjm.1982.99.317
http://dx.doi.org/10.2140/pjm.1982.99.327
http://dx.doi.org/10.2140/pjm.1982.99.337
http://dx.doi.org/10.2140/pjm.1982.99.337
http://dx.doi.org/10.2140/pjm.1982.99.351
http://dx.doi.org/10.2140/pjm.1982.99.373
http://dx.doi.org/10.2140/pjm.1982.99.387
http://dx.doi.org/10.2140/pjm.1982.99.387
http://dx.doi.org/10.2140/pjm.1982.99.399
http://dx.doi.org/10.2140/pjm.1982.99.413
http://dx.doi.org/10.2140/pjm.1982.99.419
http://dx.doi.org/10.2140/pjm.1982.99.419
http://dx.doi.org/10.2140/pjm.1982.99.427
http://dx.doi.org/10.2140/pjm.1982.99.431
http://dx.doi.org/10.2140/pjm.1982.99.439
http://dx.doi.org/10.2140/pjm.1982.99.459
http://dx.doi.org/10.2140/pjm.1982.99.473
http://dx.doi.org/10.2140/pjm.1982.99.473
http://dx.doi.org/10.2140/pjm.1982.99.483

	
	
	

