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TOPOLOGICAL PROPERTIES OF THE DUAL PAIR

PETER DIEROLF AND SUSANNE DIEROLF

If ti ¥= 0 is an open subset of R", various locally convex topologies
have been proposed that make the bidual ^(ft)" a normal space of
distributions with dual %'. It is shown that these topologies all coincide;
in particular, the strict topology on ^(S2)" is a Mackey topology.
Moreover, the dual ^(fl) ' has the Schur property, and ®(£2)" is an
Orlicz-Pettis space.

0. Introduction. The space ®(Rn) : = { ( p G S(Rn); 3 > E C0(R
n)

(a E NJ)} provided with its natural Frechet-space-topology Xo , its dual
%(R")\ and its bidual ®(Rn)" are important for the theory of integrable
distributions (Schwartz [24, expose n° 21]) and for the definition of the
convolution for distributions (Schwartz [24, expose n° 22], cf. also Horvath
[19] and Dierolf, Voigt [11]). Since <*D(Rn) is not dense in (®(R")r/,
/?(<•$", <$')), several locally convex topologies 3t on ^(R*)" were suggested
which make (®(R")"9 di) a normal space of distributions (in the sense of
Horvath [18, p. 319, Def. 3]) and yield (&(Rn)", 3t)' = ®(Rn)':

S a : = t h e finest locally convex topology which agrees on each
& A b o u n d e d subset of ®" with 0 (S , SO (Schwartz [26, p. 203]).

pc := the topology of uniform convergence on all /J(®', ® ̂ com-
pact subsets of %' (Schwartz [26, p. 203], cf. also Schwartz [25, p. 100]).

: ~ the Mackey-topology with respect to the dual pair

Inspired by a similar problem in measure theory (Buck [6]) and by the
paper of Kang, Richards [20], we also consider the strict topology @ on
JO ,

@ := the locally convex topology on %" which is generated by the
semi-norms qaf{ a E No",/G C0(R

n)),

:= sup{\f(x)d«t(x) | ; i £ R " } .

In this article we treat the more general case of the Frechet-space
:= {<p <E S(Q); 3 > E C0(fi) (a E No")}, where 0 ^ 0 is an arbi-

trary open subset of R". Our main result is that on ®(£2)" all the
above-mentioned topologies coincide. In particular, the strict topology on

is a Mackey-topology. In proving this result, we determine the
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")-compact subsets of $(£2)', and we obtain that
( ( ) j8(&', $)) has the Schur-property, i.e. the a(&', $'')-compact sets
and the /?($', $)-compact sets coincide. In particular, o(%\ %") is
sequentially complete. Moreover, the LB-space (&(0)', /?(&', &)) is
sequentially retractive: A a(®', $")-convergent sequence is already
norm-convergent in some Banach-space of the inductive sequence which
generates /?($', $ ) = /?($', $"). As a consequence the LB-space
(&(Q)', £ ($ ' , &)) is strongly boundedly retractive (in the sense of
Bierstedt, Meise [3, p. 100]), and thus the distinguished Frechet-space
(^(£2), £ 0 ) i s even quasi-normable.

Finally we show that (&(G)", T ( $ " , $')) is an Orlicz-Pettis-space (cf.
[10]), i.e. T(&", %') is the finest locally convex topology on ®(S2)" having
the same subfamily-summable sequences as < J (^ " , ^ ' ) . Thus
(%(&)", T(%'\ ®0) — although it need not be quasi-barelled — is a suita-
ble domain space for the measurable-graph theorem which was recently
proved by Pfister [23].

ACKNOWLEDGEMENTS. We are grateful to Dr. J. Voigt for several
helpful discussions on the subject of this article. Moreover, we would like
to thank Professor M. Valdivia and Professor D. Vogt for providing us
with preprints of their papers [29] and [30], respectively.

1. Notation, definitions, and basic facts. In this section we recall
some results concerning ^(ft) ' and ®(£2)" from [12] and prove some
auxiliary facts which will be used later.

For spaces of functions and distributions, as well as for general
locally convex spaces we use the standard notation of Horvath [18]. The
O-nbhd.-filter of a locally convex space (E, 9%) is denoted by U0(E, 3?).

Q always denotes an arbitrary non-empty open subset of Rn. We
define r. R"-+[0, oo) by

, x. fdist(x,CO)
ll

and put

(1.2) p(x):=min{r(x),l}, pk(x) :=

(1.3) LEMMA. Given Q = (i C R", Q ̂  0 , there exists a sequence (0k\
k G N) in ̂ )(0) such that

(a) (supp(^); k EN) is locally finite in S2.
(b) 0k{x) >0(xGG,fcGN), 2,E N 0k{x) - 1 (x E Q).
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(c) For each a E NQ there exists a(a) > 0 such that

2 \Wk(x)\*a(a)-p_M{x) ( x G

It was shown in [12, Lemma (4.3)] that for fi =£ R" such a sequence
may be obtained as a slight modification of Whitney's partition of unity
(cf. also Stein [28, p. 170]). For & = R" we proceed as follows: Let
T) e ^(R") satisfy 0 < TJ(X) < l ( x e R"), TJ(X) = 1 for | x |< 1 and T)(JC)

= 0 for | x |> 2, and define ifc(x) : = IJ(JC/2*) (JC GR", A: e N),
*,(*) := ij,(x) (xGR"), ^ ( x ) : = ijfc(x) - ^ . . ( x ) (k^2, x G R").
Then the relations

supp(0j C { x e R ^ Z ^ - ' ^ l x l ^ Z ^ 1 } (A:>2),

| fc - / |> 2 => supp(^) n supp(^) = 0 (A:, / S N),

<2-H||3«T?||oo (x e R«, « G No", k e N),

show that this sequence (^^; fcGN) has all the properties stated in
Lemma (1.3).

(1.4) For m E No we provide the space

:= (^ G S

with the topology 3^m which is generated by the norm

pM — sup{| da+(x) | ; | a |< m9 x G Q},

and we define

™ : = s;w n

The space

:= Pi
m£N0
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is provided with the Frechet-space-topology % which is generated by the
normspm (m E No). The closed subspace

:= f| ®

is given the relative topology £ 0
 : ~ £ n 4(0) .

(1.5) We use the partition of unity (0k; k E N) from (1.3) to define
Vk :=1 ^j^k Oj (k G N). We thus obtain a sequence (TJ^; & E N) in <>D(Q)
which satisfies

(a) For all AT <£ 0 there exists Ar(#) GN such that ij^(x) = 1 holds
for all x <EK,k>k(K).

(b) For all a G N£ the estimate | 9tti}*(jt) |< ^(«) p_lcel(jc) holds for
all x E £2, k G N.

(1.6) It was shown in [12, (4.10a)] that for all m E No, <p E $m(Q) the
sequence (rĵ cp; A: E N) converges to <p with respect to £m . This shows that
for all m E No the space ^Dw(i2) is dense in (®m(fi), SQ )» ̂ n d w e obtain
that ^)(Q) is dense in (®m(Q), SJ1) (m E No) and in (4(0) , £0)- W e

thus may identify the dual 4 (0 ) ' with a subspace of

(1.7) We provide the space

4 := {* E 6(0) ; p _ m 3 ^ E L°°(0) (a E No", m E No)}

^ {;// E ®(RW); d°t(x) = 0 (a E No
w, JC E

with the Frechet-space-topology % which is generated by the semi-norms
^ ^ ||p_w3«^||oo ( a E N0", m E No). If 0 = Rn we have 4(R") - ®(R")
and % = %.

(1.8) LEMMA, (a) For a E NQ, m E NO there exists c(m, a) > 0

* sup{ | 3 ^ ( ^ ) \;\p\<zm + \a\9yea9 p(y) <

holds for all xp E 4 ( 0 ) , JC E 0 .
(b) For ̂  E 4(0), aGN^andm E No

W I L ^ llp-J^Hoc ^ c(m, «)

77IM31 //ze «orw5 (pm; m E No) generate the topology % on 4 ( 0 ) , % =
s: n 4(0).
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The assertion (1.8a) follows from [12, Prop. (4.6a)], and (1.8b) is an
immediate consequence of (1.8a).

(1.9) THEOREM. ([12, Thm. (2.6), Thm. (4.8) and Cor, (3.10)]).
(a) The bitranspose of the canonical injection (&(Q), 5t0)

, /?(S, £')) induces a topological isomorphism from ^

OW ( W )
(b) For $ G &(Q)" am/ T G &(G)' we fan*

i , ( r ,*)4*= limi,<7\ 1,^)4.

(c) (®(G), Xo) is distinguished, and the LB-space-topology on
defined by &(G)' = Um€ENo($

m(fi), />J' coincides with fi(<&', &).

(1.10) Let (F, 9̂ ) be a Mackey-sequentially complete locally convex
space (cf. [8]). Then f$(E, E') and o(E, E') have the same bounded sets,
whence f$(E\ E) and o(E', E) have the same bounded sets. If moreover
(E'9p(E',E)) is Mackey-sequentially complete, then (i(E\ E") and
o(E\ E") have the same bounded sets which in turn implies that P(E", E')
and o(E'\ E') have the same bounded sets. Thus in particular, on $(Q)'
the topologies jS(®r, &") D j8(^/, ®) D a(&', ®/r) D a(®', ®) have the
same bounded sets, and on ®(£2)" the topologies fi(<&"9 %') and a(®r/, ®')
have the same bounded sets.

(1.11) Let (E,F) be a separating dual pair. By %TC and %pc we
denote the topology (on E) of uniform convergence on all r(F, is ̂ com-
pact subsets of F and the topology of uniform convergence on all
/?(F, £)-compact subsets of F, respectively. By %a we denote the finest
locally convex topology on E which satisfies Xa n 5 = o(E, F) Pi 5 for
all a(£, i^)-bounded subsets B of £. We obviously have o(E, F) C Za

mda(E9F)CZfieCZTCCfi(E9F).

(1.12) PROPOSITION. Let the notation be as in (1.11).
(a) (F, j6(F, E)) is complete if and only if%o C r(E, F).
(b) Za C T(E,F) implies ZaCZpc.
(c) / / ( F , r(F, £)) w barrelled, then %TC C S a .

Proof. We identify JF with a subspace of E*.
(a) A linear functional / G £* belongs to (E, Za)' if and only if

/ | (5 , a(£, F) D i?) is continuous for every <x(2s, F)-bounded subset 5 of
E (cf. Garling [14, p. 2]). Now Grothendieck's completeness theorem
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(Horvath [18, p. 248, Thm. 1]) implies that (JF, fi(F9 E)) is complete if and
only if (E, ZJ C F, which in turn is equivalent to Za C T(E, F).

(b) Let Za C T ( £ , F) be satisfied. Because of o(E, F) CZa the
topology Za is the topology of uniform convergence on all elements of
9fc := {f/°; £/ e Uo(£, £ , )} . Moreover, each o(E, F)-bounded subset B
of E is precompact for o(E,F) and thus precompact for £ a (Grothendieck
[16, Ch. II, n° 14, Lemme, p. 98]). According to Grothendieck [16, Ch. II,
n° 18, Cor. 4, p. 123] each £a-equicontinuous subset of F is precompact
with respect to fi(F9 E). Since — by (a) from above— 0(F9 E) is com-
plete, each 5£a-equicontinuous subset of F is relatively compact with
respect to fi(F, E). This implies Zo C Xfic.

(c) Let T(F, E) be barrelled. We have to show that ZTC n B =
a(£, JF) Pi B holds for each a(£, J>bounded subset B of £. Each
S£TC-equicontinuous subset of F is r(F9 2s)-precompact. Therefore each
T( JF, 2s)-equicontinuous subset of £ is £TC-precompact (Grothendieck, loc.
cit.). This implies that each absolutely convex a(E, JF)-compact subset B
of E is 5£TC-precompact and thus 5£TC-compact, since ZTC has a O-nbhd.-base
consisting of o(E, />closed sets (Kothe [21, §18.4 (4), p. 210]). We now
use the barelledness of r(F9 E) to conclude that for each bounded subset
B of E the set K:= T(B) is £TC-compact which implies ZTC n K-
o(E, F)HK. D

(1.13) REMARK. Let (H, ?H) be a distinguished Frechet-space. We then
may apply (1.12) to the dual pair (H'\ H'). Since (H\ r(H\ H")) =
(H\ fi(H\ H")) is barrelled and complete, we obtain o(H'\ H') C£T C =
%fie = ZaC T(H", # ' ) .

(1.14) PROPOSITION. On ̂ (Q)' ' the following topologies coincide:
Za = the finest locally convex topology which satisfies Za d B =

a(4" , &0 n 2? = a(S, S') H 5 - fi(&, Sr) H 5 /or each i8(®//, ®')-
bounded subset B of %(Q)".

2^ .̂ = ffte topology of uniform convergence on all (S(%\ %ycompact
subsets of %($)'.

Moreover, we have a(®", «') C ^ = S a C r ( $

/. Let B C &(Q)" be bounded with respect to ^8(®//, ®')- Since
), St0) is distinguished, o there exists a bounded subset Z> of
), Zo) such that B C Da(*"'®'> =:M. Since a(^ r / , ^ 0 H M i s com-

pact, the inclusion S(fi)' C ®(fi)r implies a(S, S') n Af = a($" , ®') n
M. Since (S(fi), )8(S, S')) is a Montel-space and M is also /?(S, S >
bounded, we obtain a($" , ®') n 5 = a(S, &') n 5 = )8(S, SO n 5. Now
the result follows from (1.13). D
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(1.15) REMARKS, (a) For £2 = R" the assertions of Proposition (1.14)
are stated by Schwartz [26, p. 203].

(b) As ($(Q) , SE0) is distinguished, the closed bounded subsets of
)", o{%'\ ®')) a r e compact. Thus we may replace the topology

>, &') in the definition of X a by any Hausdorff-topology coarser than
j8(S, S'). In particular, we could use the topology of pointwise conver-
gence on fl ( = relative topology from Kfi) or the topology of convergence
in measure (cf. Bourbaki [5, Ch. IV, §5, n° 11, p. 194]).

2. The strict topology @ on $(£2)". From now on we identify the
spaces (&(Q), %) and (&(Q)", j8(&", &')) according to Theorem (1.9).

(2.1) For a G NJ, «i G No, and / G C0(Q) we define the semi-norm
& - > R by

and put qmJ{^) •= m&x{qa mj(^); | « | ^ w}. The locally convex topol-
ogy @ on ^ ( 0 ) " generated by the directed system of semi-norms [qmf\
m G No, / G Co(0)} will be called the tfr/cf topology on $ ( 0 ) " . The name
"strict topology" is justified by the analogy to the construction of Buck
[6].

(2.2) REMARKS, (a) An obvious modification of the proof of Lemma 4
of Buck [6, p. 97] yields:

For \p G S(0) the following are equivalent:
(a.l) p_ m • daxp G L°°(0) for all a G No

n, m G No.
(a.2) / • p_m • 3<V G L°°(0) for all a G No", m G No, / G Co(0).

(b) In view of the definition of the strict topology of Buck [6, p. 97] it
seems more natural to define the strict topology @ on ®(£2)" by the
semi-norms

?«,/(*) : = s u p { | / ( x ) 8 ^ ( x ) | ; i G B } (a G No",/ G C0(i2)).

This is in fact possible: The systems of semi-norms {qmA m G No, / E
C0(i2)} a«J ( 4 a / ; « G No",/ G C0(S2)} are equivalent on <$>(&)". (We note
that the latter semi-norms — in contrast to the former — are defined on
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all of ®(Q).) Since the construction used in the proof of this equivalence
might be of independent interest, we give the proof in an appendix at the
end of the paper.

Our estimates, however, will be based on the semi-norms defined in
(2.1), since — by (1.3) and (1.8) — the weight-functions p_m (m GN0)
occur quite naturally.

(2.3) PROPOSITION, (a) For m G No there exists d(m) > 0 such that the
estimates

hold for all t = (tk; k E N) E /", </> E &(Q)", L C N, and all f E C0(fl).
In particular, the estimates

and a
mj(vk4')^d(m)-

hold for all ̂  E &(0)", k E N, m E No, a«rf a/// E Q(Q).
(b) For e«ery 4/ E ^(Q)" fAe «e? (2keJ0kt, J C N, J finite) ^-con-

verges to \p. In particular, the sequence (t)kip', k E N) ^-converges to $ for
every «// E ®(fi)".

(c) ® C r(%",

Proof, (a) This is a straightforward estimate which only uses (1.3c)
and (1.8b).

(b) Let m E No, / E C0(Q), and e > 0 be given. Using the constants
c(m,a) ( | a | < m ) from (1.8a) and d(2m) from above we define for
* E &(G)"

6(w,^):= 1 + (1 +d(2m))-p2m(^)-max{c(m,a);\a\<m}.

Then AT:= {x E S2; \f(x)\>e-b(m,\py1} is a compact subset of S2.
Since (supp(^); A: E N) is locally finite in Q there exists Jo C N, /0 finite,
such that supp(0A) n K — 0 holds for all k $. JO. For every finite subset
/ D Jo of N we have 2A .6 /^(x) = 1 for all x in a neighbourhood of K.
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Thus we obtain the following estimate

;x GQ\K,\a\<m\= sup Ax)-P-.m(x)d"U- 2'**)(*)

< e • b(m,
-1

•supjp_m(*) "(*- 2
ke.j

|<m} <e

for all J CN,J finite, / D /0.
(c) It suffices to show that each T G (&(Q)", ©)' is o(&",

tinuous. Let r E (^(Q)", ©)'. From (1.8b) we obtain the estimate
?«m,/W^II/lloo-c(w,a)/»m+|a |(^) ( « £ N ; w e N 0 , /£CO(S1), ^ e
^(Q)"), which shows that Zo = P(<&", ^ ' ) n ^(Q) D @ n ®(fi). Thus
the restriction r | ̂ (Q) belongs to &(Q)' = (^(Q), S;o)'. Let R denote
the unique o(<$>", ^')-continuous extension of T\4>(Q) to all of ̂
Using Theorem (1.9b) and (a) from above we obtain for every \p E

<*,*>= Urn (R,yk+)= lim ( r , i , ^ > = ( r ,^>.
Ac-»oo k-*cc

Thus R = Tis a(%", ®')-continuous. •

(2.4) According to (2.3c) the dual (&(fl)", ©)' can be identified with
a subspace of <&(&)'. Using (1.9b) and (2.3a) it is easily seen that for
H C ®(S2)' and m E No the following statements are equivalent:

(a) V e > 0 B^Ccft Vq>G^)(Q), supp(<p) n K = 0 V T <E H:

(b) Ve>03ii :Ccfi V ̂  E &(0)", supp(^/) n isT = 0 V T (E H:

Moreover, from the proof of (a) =» (b) in Lemma (2.3) of [12] we
obtain:

(c) Let T E &(G)' satisfy | (T, <p>|< c-/7m(<p) (<p G ^D(Q)) for some
m G No and some c > 0. Then / / := {T} also satisfies (a) from above
with the same m.
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Next we characterize the ©-equicontinuous subsets of ®(G)\

(2.5) THEOREM. For a subset H of %(&)' the following statements are
equivalent:

(a) H is (3-equicontinuous.
(b) H is a(&', ^-bounded and 3 m G No V e > 0 3 # (c G V;// G

(c) Same statement as in (b) with &(G)" replaced by ^(G).

Proof, (a) =>(b): Because of (2.3c) the set H is o(&', <®")-bounded
and thus a(&', $)-bounded.

Since {#w>/; m G N o , / G C0(G)} is directed, there exists m G No and
/ G C0(G) such that | <r, ^>|< 4W)/(*/>) holds for all ̂  G &(Q)", 7 G E
Let e > 0 be given and put c(m) := max{c(m, a); | a | < m } . Then

G; |/(x) |> e-c(m)"1} is a compact subset of S2 and for every
)" satisfying ^ Pi supp(^/) = 0 we obtain the estimate

)p_m(x)a^(x) | ; ̂  G 0 \ ^ , I a |< m)

< 6 • c(m)"1-jp2m(^/)max{c(m, a); | a |< m) =

for all T G //.
(b) => (a): We first construct inductively a sequence (K(k); k G N) of

compact subsets of G and a map /: N -» N such that for all k G N the
following conditions are satisfied:

(a) K(j) C K(k) and l(j) < l(k) for/ < fc.
(i8) | <r, ^ ) | < 4~kpm(4>) for all J7 G H and all ^ G <®(G)" satisfying

^T(ik) fl supp(i//) = 0 .
(y) There exists an open neighbourhood U(k) of K(k) in G such that

i l /x) = 1 holds for all x G !/(*),/ > l(k).
(8) sapping) CK(k)U<k).

Let A: G N. According to (5) we have supp(i]/(A:+1) — Vi(k)) c

+ 2) whereas (y) implies ii/^+i/*) ~~ Vi(k)(x) = 0 for all x G (7(/c).
Thus we have

C K(k + 2)\^(fc).

For A: G No we choose a continuous function/^: G -> [0,1] with compact
support in G such that fo(x) = 1 (JC G j^(2)) and /*(*) = 1 (JC G

+ 2)\K(k)) holds for all jfc G N. Then / : = 2kGN 2~kfk belongs to
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C0(S2) and we obtain the estimates f(x) > 1 ( J C G K(2)),f(x) >: 2~k (x G
K(k + 2)\K(k)) for all JlGN. Since (^(Q), %0) is a Frechet-space, the
a(®', ^-bounded set i / is £0-equicontinuous. Thus there exists j E No

and c > 0 such that | (f, <p)|^ c\py(<p) (9 G &(Q), T G H) holds. Let
T G i y and ^G^(Q) 7 / . By Theorem (1.9b) and (/?) from above we
obtain:

/ - I

= lim

^ 1

k=\

For A: E N we have the estimate

sup{| d«{(Vlik+l) - i? /w)*)(x) | ; ^ 6 i : ( H 2)\K(k), I a

sup{2*/(x) I 9"((rj/(/t+I) - i j / w)*)(x) I ; x E Q, | a |<

2* •max{^ajOt/((i?/(ifc+I) - i j / w )^) ; | a |< m]

2k-2-d{m)-qlmJ{^) by (2.3a),

) = SUP{I 3"(%(i)*)(*) I J Jf G ^(2), I « \^

< sup{/(x)-1 3-(ij/0)^)(x) | ; x E Q, | a |<y

< m)

Taking these estimates together we obtain

k=\

This shows that H is ©-equicontinuous.
The equivalence of (b) and (c) is an immediate consequence of

(2.4). •
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(2.6) COROLLARY, (a) o(<&", $ ' ) C @.
(b) On <&(£2)" the topologies

>') D T ( & "

same bounded sets.

Proof, (a) According to [12, Lemma (2.3)] every T E <&(G)' (consid-
ered as a continuous linear form on (&(Q)", a(<$>", # ) ) ) satisfies (2.4a)
and thus (2.4b) for some m E No. Therefore Theorem (2.5) shows that Tis
©-continuous.

(b) The inclusions follow from (2.3c) and (a) from above. It was
shown in (1.10) that fi(<&", %') and a(&", %') have the same bounded
sets. •

(2.7) REMARK. Condition (2.5b) is somewhat similar to the
Prokhorov-condition (cf. N. Bourbaki: Integration, Ch. IX, p. 63) which
characterizes the o(($\lh( X), 66(X))-relatively compact sets in the space of
bounded measures on a completely regular space X (cf. also Conway [7, p.
476, Thm. 2.2]).

(2.8) THEOREM, (a) @ D £(S, SO n ®(£2)".
(b) @ n 5 = )8(S, SO n B holds for every bounded subset B of

(&(&)",<&), hence® C%o.
(c) (®(fl)r/, <5) is a semi-Montel-space.
(d) The following conditions are equivalent:
(d.l) /?(&", ®0 ̂ ^^ @ ̂ ^^^ ^ 5am^ convergent sequences.
(d.2) fi w quasi-bounded, i.e. p G C0(Q).

^ 4
(d.4) @ w quasi-barrelled (or metrizable).

Proof, (a) Let a G N J and a compact subset K of S2 be given. Then
there exists/ E C0(S2) satisfying \f(x) |> 1 for all x E .ST. Thus we obtain

sup{| 3 ^ ( x ) | ; x E if} <

for all ̂
(b) Let B be a bounded absolutely convex subset of (^(£2)", @). In

view of (a) and of the metrizability of j8(S, SO it suffices to show that
each sequence ( ^ ; t G N ) in 5 which converges to 0 with respect to
j8(S, SO a l s o converges to 0 with respect to @ (cf. Grothendieck [16, Ch.
II, n° 14, Lemme, p. 98]). Let m E No, / E Co(fi)\{0}, and e > 0 be
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given. According to (2.6b) we have

M : = sup{c(m, a)-p2m(t); | a |< m, ^ G £} < oo.

#:== (;cE£2; | /(x) |>e-(Af + I)"1} is a compact subset of fi, and
iV := sup{p_w(x); x & K} is finite. Since (\pk; k E N) converges to 0
with respect to fi(&, &') there exists k0 E N such that

holds for all k>k0. Now we estimate

) I 3«^(x) |< e • (M + I)"1- c(m, a < e

for all JC G Q\K, \ a |< w, k E N.

for all x E A", | a | < m, k > fc0. This implies qmj{4>k) ^ e for all A: > k0.
(c) Let 5 be an absolutely convex closed and bounded subset of

(&(0)", ®). Because of T(®", ®') => @ ̂  o(<&", $>') the set fi is also
bounded and closed with respect to a(&", &0- S i n c e (®W> &o) i s

distinguished (cf. Thm. (1.9c)), (B, a{%", ^ ' ) D B) is compact. Now it
follows from Proposition (1.14) and (b) from above that ©f l f l =
P(&, &')HB = o(&", $') n B is compact.

(d.l)=>(d.2): Let B be a bounded closed subset of ( ( )
(,&')). Then (b), (c), and (d.l) imply that (B,fi(&",&r) D B) is

compact. As {$(0)", j8(&", ^ ')) is barrelled, we obtain that
B(fy", fyj) is a Montel-space, whence the closed subspace

), 3:0) i s a Montel-space too. Now it follows from [12, Thm. (4.11)]
that fl is quasi-bounded, i.e. p E

(d.2) =* (d.3): Since p E C0(Q) we have the estimate

pm(+) = sup{| 3«^(x) | ; x E S2, | a |< m)

= sup{p(x)-p_1(x) I dat(x) I ; x E 0, | a |< m]

< max{^ l p ( ^ ) ; | a |< m) (m E No, * E

which shows j8(4", ^ ' ) = ®.

(d.3) => (d.4) is evident.
(d.4) =*(d.l): If @ is quasi-barrelled (or metrizable) we obtain @ =

j6*($", ^ ' ) = /8(^", # ) from (2.6b) (cf. Kothe [21, §27, n° 1, p. 367 ff]).
o o

In particular, @ and j8(®", ®r) have the same convergent sequences. •
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(2.9) Until now we have proved the following relations between the
various topologies on $

D

3. A characterization of the o( % ', %")-compact sets.
(3.1) According to (1.6) the space <>D(Q) is dense in ($(Q) , % 0 ) . It

follows from the /?roo/ of Lemma 1 in Horvath [18, p. 368] that
(^D(Q), /*(<$>, ̂ D')) i s separable. Thus there exists a metrizable locally
convex topology 9? on $ (G) ' which is coarser than a ^ ' , <*D) n $(G) ' .
Therefore (®(G)', a(&', &")) is an ̂ ge//c space (cf. Floret [13, p. 39 (2)]).
In particular, the notions "compact", "sequentially compact", and "coun-
tably compact" coincide for subsets of (&(G)', a(&', &")) (Floret [13, p.
31, Thm.]).

(3.2) THEOREM. Let HC%(tt)' be o(<&'9&")-compact. Then H is
^-equicontinuous. More precisely, if H satisfies \(T,\f/)\< c-pm(\p) (\p E
% (B)r/, T E / / ) /6>r wme m E No a/7 J s^me c > 0, //̂ e/2 H also satisfies

, v |Ve>03i^(cflV^E®(fl),^n supp(̂ /) = 0 V T E H:

By (2.4) the space ^ ( f i ) " in the statement (*) may be replaced by

Since the sliding hump proof of the above theorem is rather long and
somewhat technical,1 we first give an outline. We assume that H C ®(Q)r

is a(®', %")-compact without being ©-equicontinuous. By (3.1) we find a
a(®', ®/;)-convergent sequence (Tk\ k E N) in 7/ which is not @-
equicontinuous. We now apply (2.5c) to construct a certain sequence (<pk\
/ :EN)in6D(S2). After a careful modification this sequence will be pasted
together to yield an element \p E ®(S2)r/ such that ((Tk,\p); i G N ) does
not converge. This modification will be achieved by a construction which
we now describe.

(3.3) Let £ E 6D(R") satisfy | > 0, supp(£) C A"[0,1] := {x e R";
x |< 1), 11(11, = 1, and define £,(*) : = *""£(*/') ( x £ » " » ' > 0)- For

1 It is a comfort to us that the proof of Theorem (2.6) of Conway [7, p. 478] is likewise
complicated.
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s > 0 we define Xis'- R" -» R by

X 2 A }' [0 forr (x)<

and put YJ : = ^ * X2S- Then ys G ®(R") and

J
[

l forr(x)>3
0 for r(x)<s.

Moreover, by differentiation under the integral sign, we obtain the esti-
mate | days(x) |< j-W ||a*£|| x (x G Rw, a G NJ, s > 0).

(3.4) LEMMA. Let the notation be as in (3.3).
(a) | d«ttt

(b)pm(£t* \p - ^) <t-n-pm+l(\p)(\p G ®m+1(Rw), m G No, ^ > 0).
(c) Let O T ^ R " . For m G No rtere exists e(£, m) > 0 swc/*

pm(ys'(p — <p) ^ 5r*^(^) m) */*,„-{-i(<p) holds for all cp G *5)(J2) ^wJ ẑ// .s* G

(a3-j).

Proof, (a) follows by differentiation under the integral sign.
(b) is a straightforward estimate which only uses the mean value

theorem.
(c) By the Leibniz rule we obtain the estimate

PnfasV ~ (P)

^sup{|Y*(*) ~ 11 - | 9 > ( x ) | \x G fl, | a | < m }

Now we observe

a, 3a~^y5(x) ^ 0 => 3^ >



66 PETER DIEROLF AND SUSANNE DIEROLF

and use (1.8b) to estimate

PnfasV ~ (P)

< sup{p(x)*p_1(x)-1 da<p(x) | ; x G £2, p(x) < 3s, | a |< m)

< p(jc) < 3^, | a |< m

+suP{ 2 ( 2 )

x G £2,5 <

,((p)max{c(l, a); | a |< m}

^ s -Pm+\(<p)- [3 -max{c(l, a ) ; | a | < m)

• c ( | a - j 8 | + l , i 8 ) ; | a | ^ i f i | L

Thus we may put e(^, m) • = [ . . . ] . D

Proof of Theorem (3.2). Let H C ^(Q) ' be o{%\ ^"J-compact. Then
H is a(®', ^'0-bounded, hence j8(®/r, ^O-^quicontinuous. Thus there
exist m E No and c > 0 such that

holds. Assume that # is not ©-equicontinuous. From (2.5c) we then
obtain

j 3 £ o G ( 0 , 1 ) V # ( cQ3 T<EH3<p <=<$($), KH supp((p) = 0 ,

L P ( < p ) = 1, such that | (T9q>)\> lle0.
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Since £2 has a fundamental sequence of compact subsets, we may use (b)
to find a sequence (Tyj EN) in H which has the following property:

[\/K ( c f i 5 V / G N 3 ; > / 3 ( p e <%(&), KH supp(<p) = 0 ,
(C) \ / v / \

Pm+i\W) - ! such that | (Tn cp}|> 17e0.

H is sequentially compact by (3.1). Therefore a subsequence of (Tyj E N)
is a(^B7, ®")"convergent to some To E /f. Since this subsequence also
satisfies (c) from above, we may assume

(d) Tj -> To E H (j -> oo) with respect to o(9>\ %").

From (a) and (2.4) we obtain

, V y G N U { 0 } V e > 0 3 ^ ( £ Q V ^ e %{&)",

For/c E N we put K{k) := {> E i2; |x |<fc,r(x) >/c - 1 }.
We now construct inductively
— a sequence (cpyj E N) in ^(Q), and
— two strictly monotone maps k, /: N -* N

such that for ally E N the following conditions are satisfied:

suPP(<p,) n is:(/(y) + i) = 0 (i >j).
(C2)\(TkU),<pj)\>ne0.
(CA)\(TQ,q>j)\<e0.
(C.5) | (Tk(j) - To, 2,ey<p,)|< e0 for all subsets J C {1, . . . J - 1}.
(C.6) |<7i( j,.)-r0,^>|<2-e0-/>WI(^) for all 4, e ^(Q)" satisfying

n supp(^) = 0 .
Before we begin the induction we use (e) to find Ko £ Q, such that

(To, t)\<eo-pm(t) holds for all * G ̂ (Q)" satisfying^ n supp(^) =
0 . We then choose /0 e N such that Ko C K(l0 - 1) holds.

To begin the induction we use (c) to find k(\) E N and 9,
K(l0) n suppCqp,) = 0 , pm+2(qp1) = 1 such that | (rfc(I), <p,)|> 17e0. By
(e) there exists K' S Q such that | (rfc(I), ^>|:£ eQ-pm($) holds for all
rp £ ®(i2)" satisfying AT' n supp(^) = 0 . We now define /(I) £ N to be
the smallest integer / £ N such that K(l0) U K' U supp(<p,) C K(l - 1).
Then (C.I),... ,(C5) are satisfied for j = 1. (C.6) is also satisfied because
o f * 0 C
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Now suppose that cpl9... 9<pj9 k(\) < • • • < k(j), and /(I) < • • • < l(j)
are already constructed such that (C.I),... ,(C6) are satisfied.

We first use (d) to find fc0 G N such that | (Tk - ro,2 /GJ(p,)|< e0

holds for all k>k^ and all subsets / C {1, . . . J}.
According to (c) there exists k(j + 1) > max{£(y), fc0} and <py+1 G

<*D(Q) satisfying K(l(j) + 1) n supp(<py+1) = 0 and/>m+2(<p,+1) = 1 such
that | (Tk(J+l)9q>J+l)\> 17e0 holds.

By (e) there exists # ' Cc fl such that | <r*(y.+ 1), i//)|< eo-pm(\p) holds
for all ̂  G &(0)" satisfying IT n supp(if/) = 0 . We now define /(y 4- 1)
to be the smallest integer / G N such that K(l(j)) U K' U supp((pJ+1) C
# ( / - 1). Then (C.1),... ,(C6) are satisfied for 1 , . . . J + 1. Thus the
construction of the sequence (<p/9j G N) and of the two maps k, I: N -> N
is finished.

Now a careful modification of the sequence (<jpy; j G N) will provide
us with an element $ G ®(0)" such that ((Tk(jV \p); j G N) does not
converge.

Let us first consider the case £2 = R" which is less complicated. We fix
/ G (0,1/2) such that / •» < e0 • min{ 1, c~ *} where c is taken from (a). By
L e m m a ( 3 . 4 b ) w e t h e n o b t a i n p m ( £ t * ̂  — <pj) < t ' n - p m + l ( q ) J ) < t-n <
eo-min{l, c""1} for all j G N. Because of supp(£r * <p) C supp(cp) +
K[0,l/2] ( ( p G ^ ) ) , the functions ^ / = i / * v / ( j £ N ) satisfy
supp(^) C tf(/(y)) (/ <y) and supp(^,) n K(l(j)) = 0 (/ >7) by (C.2).
In particular, the sets supp(^7) ( y £ N ) are pairwise disjoint, and from
Lemma (3.4a) we infer that the function \p := 27-GN^- belongs to ®(R")
= ®(Rn)". Moreover, the sets supp(<py — ^y) (j G N) are pairwise dis-

joint.
We now obtain the following estimates:

^ 17e0 - c -^((p,. - ^ ) > 17e0 - e0 (j e N)

by (C.3) and (a).

<e 0 + c ^ m ( < p / - ^ ) ^ 2 £ o ( JGN)

by (C.4) and (a).
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TkU) ~ ro»

<</

< e0 + 2 • c • max{/;m(<p,. - 4>t); i <j} < 3e0 (y G N)

by (C.5) and (a).

< 2 -e0 • supipJv,) + pm(cp, - ^ ) ; / G N} < 4e0 (y G N)
by (C.6).

Taking these estimates together we obtain

> (17fi0 - e0) - 2e0 - 3e0 - 4e0 > e0 N).

This contradiction finishes the proof of Theorem (3.2) for S2 = R". Now
let £2 7̂  R". Then (dist(supp(cp/),supp((p/)); /, j G N, / =£j} need not be
bounded away from zero. We first fix s G (0,1/3) such that 2-s-
e(£, m + 1) < e0 • min{ l9c~1}. By Lemma (3.4c) we then obtain

for ally G N. Now we choose j0 G N such that (l(j0) — I ) " 1 ^ s. From
(C.2) we then obtain for ally >y0

p/) C {* G S2; | x | < /(y) - 1, p(x)

Now we fix / G (0, s) such that 2-f-Az < 80-min{l, c"1}. By Lemma
(3.4b) we then obtain

/^m(^ * bitty) ~ <Py) ^^m(€, * (Y2,<Py) " 72j97) + />m(Y2,<P/ ~ 9y)

25(p/) + eo-min{l,c~1}

< f - w ( l + 1) + co-min{l,c~1}

<2-8 0 -min{ l ? c~ 1 } for ally G N.
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Because of supp(£, * <p) C supp(cp) + K[0, s] (cp G ^D(Q)), the functions

supp(^) C {x G Q; | x | <

supp(^) C {x G Q; I x \> l(j), p(x) >

With the help of Lemma (3.4a) we thus infer that the function
\p := 2 / ^ ^ - belongs to &(0) = <$)(Q)". Moreover, the above relations
and (C.2) imply supp(cp/ — \p() D supp(<p/ — \pj) = 0 for all / >y >:y0.

We obtain the following estimates

I (Tk(J), ^ , ) | > | (TkU), <Pj)\-\

> 17e0 - c -pm(<pj - 4>j

> 1 7 e o - 2 e o (j^

by (C.3) and (a).

*j) ^ 3e0

by (C.4) and (a).

Tk(j)~ T0>

-TQ, 2

< e0 + 2 • c • max{/>m((p. - ^ , ) ; i <_/}

by (C.5) and (a).

< 2 -£o •suP{/>m((P/) +Pm{<p, -

by (C.6).
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Taking these estimates together we obtain

> (17e0 - 2e0) - 3e0 - 5e0 - 6e0 = e0 (j >j0).
This contradiction finishes the proof of Theorem (3.2). Whew! (cf. Agmon
[1, p. 58]). •

(3.5) COROLLARY, (a) © = %„ = %fic = T(<&", <$>').
(b) o(<$>', <§>") and jSC®', %") have the same compact sets, hence the

same convergent sequences.
(c) (^(0) ' , o(&', ̂ ")) is sequentially complete.

^ ®) is complete.

Proof, (a) follows from Theorem (3.2) and (2.9).
(b) follows from %Pc = T(<&", ®') since — by the completeness of

T ( ^ ' , <&") = fi{<&\ ̂ ) — the systems {B C &(G)'; 5 is relatively
o(^ ' , ^")-compact} and {B C &(G)'; 5 is relatively fi(<&', ̂ ")-compact}
are both saturated (cf. Kothe [21, §21.1 (4), p. 256]).

(c) follows from (b) since any two linear topologies having the same
convergent sequences also have the same Cauchy-sequences (Webb [31,
Prop. 1.4, p. 343]).

(d) As the Mackey-dual of the ultraboraological space (^(ft)',
£(&', <$)) (cf. Theorem (1.9c)), the space (&(G)", T ( $ " , <$>')) is complete
(Kothe [21, §28.5 (1), p. 385]). We note that alternatively the proof of
Theorem 1 (ii) of Buck [6, p. 98] could be modified to yield directly the
completeness of (&(G)", ©). •

We now prove that the LB-space

= u ( $ y

is sequentially retractive.

(3.6) PROPOSITION. Let (Tk; k e N) be a o(<&', $>")-convergent se-
quence in &(0y, Tk^T0B %($)' (k -> oo). Then there exists m E No

such that Tk e ^>m(Q)' (k £ N U {0}), and (Tk; i tGN) converges to To

with respect to /3(($m)', $>m).
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Proof. According to Theorem (3.2) there exist m E No and c > 0 such
that

(a) | (Tk, t)\<c-pm(+) (* E &(G)", fc E N U {0}).
& # n supp(^) = 0 V J t £ N U

{ } \ ( k , + y \ p m + 2 ( + )
According to (1.6) the space ®(G) is dense in ($m+2(G), S?;^2),

hence 0((&m+2)', $m + 2) = 0(($M+2) ' , &). It is therefore sufficient to
prove that (Tk; k E N) converges uniformly on all £™+2-bounded subsets
5 of &(G). Let B C &(0) be %%+^bounded and let e > 0 be given. We
use the constant d(m + 2) > 0 from (2.3a) to define

M := 3 • (1 + d(m + 2))-sup{^m+2(<p); <p£i?} + l.

According to (b) from above there exists K 2 Q such that

sup{| (Tk,

holds for all ^ E <$(S2)" satisfying AT Pi supp(^) = 0. Now we choose
j E N such that TJ7(X) = 1 holds in a neighbourhood of if. Since B is
bounded in ($w+2(fl), Z%+2) and the inclusion

is compact (Horvath [18, p. 239, Example 3, p. 241, Prop. 11]), the set t]jB
is relatively compact in (^m(i2), %%). According to (a) from above the set
(7;; k E N U {0}} is equicontinuous on (&(Q), %% n &(G)). Thus the
sequence (Tk; k E N) which converges pointwise on rjjB also converges
uniformly on r\jB (Bourbaki [4, §2, n° 4, Thm. 1, p. 29]). Thus there exists
k0 E N such that \(Tk- To, i?y9>|< e/3 holds for all <p E 5, k > k0.
Now we use (2.3a) to estimate

| (Tk - T09 cp)|<| (Tk - T09 Vj<p)\ +\{Tk~ r0, (1 - , »

< e/3 + 2 • M"1 • 6 • (1 + d(m + 2))-pm+2(<p) < e

for all cp E 5 and all k>k0. •

(3.7) COROLLARY. (*(0) ' , J8(4 ' , 4)) = o

strongly boundedly retractive (in the sense of Bierstedt, Meise [3, /?. 100]),
^ ) , SE0) iy quasi-normable.

Proof. According to Neus [22, p. 138, Satz 1] the notions "strongly
boundedly retractive", "boundedly retractive", and "sequentially retrac-
tive" coincide for countable inductive limits of normed spaces. The fact
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that UmeNo(®m(£2), pmy is boundedly retractive yields that (&(G), Zo) is
quasi-normable (Grothendieck [15, p. 106, Def. 4]). •

Finally we prove a nuclearity criterion for ($(Q)" , T ( $ " , <•$'))•

(3.8) PROPOSITION. Le/B = flc R".

(a)//A = A C 0 is quasi-bounded, then

n ® ( A ) " = SCO(A) -

(b) The following statements are equivalent:
(b.l) (&(Q)", T(&", $')) W ̂ c/ear.
(b.2)(&(Q), %Q) is nuclear.
(b.3) 7%m? exwtt/? G (0, oo) MCA /Aa/ r(•) G

Proof, (a) Since A is quasi-bounded we obtain
/ / , ^ (A) / ) = @(A) by (2.8d). Because of C0(A) C C0(S2) and
0 = @, Thm. (1.8b) yields the inclusions

- @(A) C @(Q) n ®(A)" = ^ ^ ( Q ) ' ' , ^ (Q) ' ) H

C j8(&(0)", ^ (Q) ' ) n ^ ( A ) " - t ( Q ) n

Thus

(&(A)" , i8(4(A)" , * (A) ' ) ) =

is a topological subspace of $ ^

(b) The equivalence (b.2) >̂ (b.3) was proved in [12, Thm. (4.12)]. If 2
is quasi-bounded, the equivalence (b.l) ^ (b.2) is an immediate conse-
quence of [12, Thm. (4.11)]. If £2 is not quasi-bounded, there exist e > 0
and a sequence {xf9 j G N) in £2 such that the closed balls K[xJ9 e]
(j G N) are pairwise disjoint and contained in £2. For every sequence
t = (ry; 7 G N) in R+ such that t} G (0, e) ( ; 6 N) we define A =
A ( / ) : = UyeNA'(jcy, tj) and rA(x) := dist(x,CA) (x G Rw). An easy
calculation shows r A e C 0 ( A ) ^ (*7; ; G N ) G co(N) and rA G L^( A) ^
(tf, ; G N ) G /^"^"(N). We now choose a sequence (fy; j G N ) G
co(N)\ U0</7<00/ /7(N) and obtain a quasi-bounded subset A = A c f l
such that rA & LP{K) for all/; G (0, oo). By [12, Thm. (4.12)] and (a) from
above, none of the spaces (&(Q)", T ( & " , &0) and (&(Q), £ 0 ) is nu-
clear. •
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(3.9) REMARK. Recently Valdivia [29] and Vogt [30] independently
proved a representation of (4(0) , %0) as a sequence space: (4(0) , £ 0)
is topologically isomorphic to a complemented subspace of s ®^c0, where
5 denotes the space of rapidly decreasing sequences. (4(0) , £ 0 ) is topo-
logically isomorphic to all of s &„ c0 if and only if B is not quasi-bounded
(i.e. (4(0) , So) is not reflexive, cf. [12, Thm. (4.11)]). If (4(0) , £ 0 ) is
nuclear, then it is topologically isomorphic to s (cf. also [12, Rem. (4.13)]).
With the help of Proposition 13b of Grothendieck [17, Ch. II, p. 76] we
thus obtain another proof of Corollary (3.7). Moreover, since
(4(0) ' , j8(4', 4)) is topologically isomorphic to a complemented sub-
space of s' <§>„ l\ we may apply Proposition 24.3 of Grothendieck [17, Ch.
I, p. 116] to obtain another proof of Corollary (3.5b). (By Theorem 6 of
Grothendieck [17, Ch. II, p. 34] the space s' ®v Z

1 is topologically isomor-
phic to Le(sT, Z1).)

According to Conway [7, p. 478, Cor. 2.5] the topology T(/°°, Z1) is a
strict topology. We therefore expect that in the above sequence space
representation the strict topology @ on 4(RW)" = ®(R#I) corresponds to

4. (4(0)", @) is an Oriicz-Pettis-space.
(4.1) Let (E, 3t) be a locally convex Hausdorff space, (JC4; < E / ) a

family in E, and let 3F(/) denote the set of all finite subsets of /; 3F(/) is
directed by inclusion.

(a) (JC4; i G / ) satisfies the Cauchy-condition (is summable) if the net
(2 t e /x4; / G ^F(/)) is a Cauchy-net (is convergent).

(b) (xt; i G / ) is subfamily-summable (or SF-summable) if (;tt; * G L)
is summable for all LCI.

(c) A linear map A from (£,9^) into a locally convex space (F, @) is
called ^-continuous if

holds for all 5ft-SF-summable sequences (xk; k G N) ([10, p. 81, 4.]).

(4.2) The Orlicz-Pettis-topology OP(5ft) associated to 5ft is defined to be
the finest locally convex topology on E which has the same SF-summable
sequences as 5ft (cf. [10, p. 75, 3.]). (F, 5ft) is called an Orlicz-Pettis-space
(or OP-space) if 5ft = OP(5R). A linear map A: (F, 5ft) -> (F, @) is
2-continuous if and only if A: (E, OP(3t)) -»(F, @) is continuous ([10, p.
81, Prop. (4.1)]). If R: (F, 5ft) -̂  (F, @) is linear and continuous, then R:
(F,OP(5ft)) -> (F,OP(@)) is continuous ([10, p. 75, Thm. (3.1)]).
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(4.3) The classical Orlicz-Pettis theorem (cf. [9, p. 74]) implies
Z> r(E, E'). Therefore (E, 9i) is an Orlicz-Pettis-space if and only if the
following conditions are satisfied:

(a)3t = T(£,£').
(b) Every 2-continuous linear functional on (£ , ?H) is continuous (i.e.

(4.4) Every ultrabornological space (E, dt) is an OP-space ([10, p. 79,
Prop. (3.17)]). The space (m0, r(m0, Z1)), where m0 := {x: N -> K; x(N)
is finite}, was a first example of an OP-space which is not ultrabornologi-
cal (cf. [2]). We will show that ($(G)", @) is another example of that
type, if G is not quasi-bounded (cf. (2.8d)).

The following generalization of the measurable-graph theorem of
Schwartz [27, p. 160] was proved by H. Pfister.

(4.5) THEOREM (Pfister [23, p. 169, Satz 5.3 b) (y) ]). Let (E, dt) be an
Orlicz-Pettis-space and (i% ©) a Suslin locally convex space. If A: (E, 5ft)
-> (i% ©) 15 a linear map whose graph is a Borel set in (E X F, 9i X @) (or
is sequentially closed in (EX f j X ©)), rAen ^ : (£*, 91) -̂  (Z7, @) w
continuous.

We note that the notation of Pfister [23] is different from that of [10].
The following theorem shows that Theorem (4.5) applies to

(4(0)",®).

(4.6) THEOREM. (®(£2)", @) w an Orlicz-Pettis-space.

Proof. Because of @ = T(®", ®') and (4.3) it is sufficient to show that
every OP(©)-continuous linear functional O: ®(fl)/r -> K is ©-continu-
ous. Let $: (®(S2)/;, OP(©)) -> K be linear and continuous. The continu-
ity of the inclusion ($($2), £ 0) ^ (^(Q)'7, ©) and the functorial prop-
erty of OP(-) (cf. (4.2)) show that $|&(Q): (®(fl),OP(S0)) -> K is
continuous. Since Xo is ultrabornological, we have OP(X0) = %0 by (4.4).
Thus there exists 7 6 ^ ( 2 ) ' such that $ | ̂ (Q) = T. According to (2.3b)
every \p G ^(Q)^ is the sum of the @-SF-summable sequence (6kip;
k G N), hence &(Q) is dense in (^(Q)/;, OP(@)) and we have

= lim 2



76 PETER DIEROLF AND SUSANNE DIEROLF

for every $ E &(Q)". Now Theorem (1.9b) shows that <& coincides with
the unique a(&", ®')-continuous extension of T to all of %(&)". Thus

(4.7) It follows from (4.3), that OP(a($", %')) = OP(@) = T(&", &')
holds, and it was shown in Theorem (4.2) of [10, p. 82] that for an
arbitrary locally convex space (E,$i) the topology OP(#t) is the finest
locally convex topology @ on E satisfying @ n AT = 9̂  n AT for all sets
# C £ of the form K= {lkGLxk; L C N}, where (jcfc; A; E N) is an
^-SF-summable sequence in E. Since for those sets K the space (K, 9̂  Pi
^T) is compact and metrizable (cf. [10, p. 74]), the following corollary is an
amelioration of the result %a = T(®", %') of (3.5a).

(4.8) COROLLARY. T(<$", ®r) w the finest locally convex topology dt on
)/r which satisfies dt 0 K = o(%ff, <&') n K = j8(S, Sr) n i^ /or a//

(compact and metrizable) subsets K of the form K — {2 / t G L \pk; L C N},
where (}pk; i G N ) w fl« arbitrary o(%", %')-$¥-summable sequence in

5. Appendix: Another system of semi-norms for the strict topology on
In this appendix we will first establish the following result

(5.1) PROPOSITION. Let f e C0(S2) am/ m G No. Then there exist
h(m) > 0 andg E Q(Q) s«c/* that

/ . Since the inequality is obvious for £2 = R" or m = 0 we assume
S2 7̂= R" and m > 1. In the following estimates we tacitly use the fact that
the functions/, da\p (^ E ®(£2)", a E NQ) may be continuously extended
by 0 to all of R\

Let x E fi satisfy p(x) < 1. We choose z E 3S2 such that p(x) = r(x)
= | x - z I . Using dp\p(z) = 0(]8G N^) we obtain from Taylor's formula

( )« f(l t)m-ld«t( + t(x - z))dt.
\a —m
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This implies the estimate

\a\=m "*

For «GN0", I a |= w, we put £a(f) := 9a^(z + t(x - z)) (/ e [0,1]).
Now we use integration by parts and £(

a
k)(0) = 0 (k — 0,\) to obtain the

estimate

Observing p(z + t(x — z)) — t\x — z\ and | x — z \ < 1 we obta in

l* 2 ^t-\x-zr
p

We define the function/^ S2 -» R by

/,(u) := sup{|/(x) | ; x G Q, | x - u |< 1} (u E 0).

Because of p(x) < 1 we have |/(x) |</,(z + t(x - z)) (t £ [0,1]). Put-
ting

h(m):=2-l 2 ^-Imaxl 2 ^ ; * = 1 , 2 } + 1 (m e No)
\H a - / l|8| P- J

we thus obtain

-max] 2 flT^=l"
|«|=m

+ /(x - z))-p(z + /(x - z)Y I 9̂  ̂ (z + t{x - z)) |;

/ e [ 0 , l ] , | y | < m

<;/*(m).max{||/lP3 ^ 1 ^ ; | y |< m + 2}.
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With the help of the partition of unity from (1.3) we define

ak := sup{/1(x)-p(x); x G supp(0j} (k G N).

Since (supp(^); k G N) is locally finite in Q and / G Co(£2) we obtain
(ak; k EN) G c0. Therefore the function

belongs to C0(Q) and satisfies g(x) > fx(x) - p(x) (x G 0). Thus we
obtain

for all x G 0 satisfying p(x) < 1. Because of h(m) >: 1 (m G No) and
g(x) > | / (x) | • p(x) (x G fi) the above inequality holds for all x G £2. •

Since $i(0)" is closed under differentiation, Proposition (5.1) shows
that the strict topology @ on ^(Q)" is also generated by the semi-norms

qa,M):= ll/-9^lloc (« e N0",/e co(i2)).

As we remarked in (2.2b), the semi-norms qaf (a G NQ, / G CO(Q))

are defined on all of ®(Q). We denote by @ the locally convex topology
on ®(Q) which is generated by the semi-norms (qaf] a G N Q , / G C0(Q)).

(5.2) PROPOSITION. (®(Q), @) is a Schwartz-space. In particular,
^ ^ , @ n® /r) w a Schwartz-space.

Proof. For w G No and/ G C0(Q), 0 < / (x) < 1 ( I G S2), we provide
the space ®^(Q) := {cp G Sm(0); / - 3 > G Q(Q) ( | a |<m)} with the
norm qmJ(<p) := maxiWf'd'UpW^; \ a |< m) (qp G ®7(Q))- Evidently, the
space (®(Q), @) is the projective limit of the Banach-spaces
«m>/) (m G N o , / G Q(0), 0 < / (x) < 1 (x G 0)),

@)= PI

Given m G No, / G C0(Q), 0 < / (x) < 1 (JC G Q), we define k := m + 1,
g(jc) := ]/f(x) (x G 0). We show that the inclusion
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is compact. Let H be a ^-bounded subset of ®*(Q) and put
Mkg(H) : = sup{^ g(<p); f G f l ) . For x G S2 there is e > 0 such that
K[x,e] := {>> GR"; | x - ^ | < e ) C G. We put

Using the mean value theorem, we obtain the estimate

•Mk<g(H)/g(x) + \x-y\ • « ^ t

(<pGH,yEK[x,e],\a\<m),

which together with the continuity of / shows that {f-da<p; <p e H,
| a | < m) is equicontinuous at JC E £2. The estimate

|< m)

shows that {/• 3tt<p; <p G H, | a |< m} is also equicontinuous at the point
oo of the Alexandroff-compactification of £2. Since the qm y-boundedness
of /f is evident, the theorem of Arzela-Ascoli (applied to the Alexandroff-
compactification of 0) implies that H is relatively compact in
(®™(S2), qm y). An appeal to Proposition 9 of Horvath [18, p. 282] now
finishes the proof. •

Added in proof. A considerable simplification of the proof of Proposi-
tion (5.1) was communicated to the authors by Prof. Dr. D. Vogt
(Wuppertal). His proof even works in the case that / E C0(Q) is replaced
by / E C0(R") and | a |< m + 2 is replaced by | a |< m + 1. Besides the
fact that an extension of / is now unnecessary, the first six lines of our
proof remain unchanged. Now the new proof runs as follows:

\a\=m+\

• [\\ -
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Using p(x) = | JC - z\< 1 and p(z + t(x - z)) = t \x - z | (rG[0,l]),
this implies the estimate

•\da$(z + t(x-z))\dt

^(m + \)[ 2 ±)-frl/2(i-t)mdt-\f(x)\
\\a\ = m + \ a l l J°

X s a p { p l ' 2 ( z + t(x - z)) | 9 a ^ ( z + t(x ~ z ) ) \ ;

/ e [ 0 , l ] , | a | = / n + 1).

The function/,(x) := sup{|/(|) | ; | x - | | < l } (JC G R") belongs to
C0(R") and satisfies /,(y) >\f(x) | for all ^ G R" such that | x - y |< 1.
Putting

A(m):=max{l,(w+1)( 2 -K) • fr^(l - t)m dt\
[ \|«| = a ! / 'O J

and

g(*):=P>/2(*) •/.(*)

we obtain g E C0(i2) and the estimate

for all x E £2 satisfying p(x) < 1. Because of h(m) > 1 and g(x) >
\f(x) | -p l /2(x) (x E £2), the above inequality holds for all x E £2.

This new version of Proposition (5.1) can also be used to simplify the
proof of Theorem (3.2).
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