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A NOTE ON PRIMARY POWERS OF A PRIME IDEAL

WEI-EIHN KUAN

Let X C P£ be an irreducible projective variety. Let B =
k[xOi...,xn] and let P C B be the homogeneous prime ideal of X
generated by ht(p) -f 1 elements and let A = B/P be the homogeneous
coordinate ring of X. The following are equivalent: (\) A(p)is a complete
intersection for all homogeneous prime ideals/? in A of height 1; (2) P2

is primary: (3) P1 is primary for all integers i > 0.

1. Introduction. In [RV, Theorem 3.3, p. 497], Robbiano and Valla
proved the following: if Y C X C P£ are projective schemes in the projec-
tive w-space over a field k, which are complete intersections in Pg and if Y
is a positive dimensional irreducible, reduced normal subscheme of X with
(sing X) Π Y c sing Y, and if P is the prime ideal of Y in the homoge-
neous coordinate ring of X, then (a) P2 is primary and (b) Pn is primary
for every integer n > 0 if dim Y > codim X. [RV, Example 2, p. 560] gave
an example of a projectively Gorenstein projective smooth curve in P\
with homogeneous prime ideal P such that P2 is not primary. It is known
that an almost complete intersection is not Gorenstein. We prove the
following theorem: Let X be a projective irreducible variety in P£ which is
an almost complete intersection, i.e. the prime ideal P of X in the
polynomial ring k[x09... 9xn] is generated by (codimen X) + 1 elements.
Let B = k[x0,... ,xn] and let A = 2?/P = Φ ^ Q ^ , - be the homogeneous
coordinate ring of X, where Ai is the group of all homogeneous elements
of degree i and AfAj C Ai+J. For a homogeneous ideal prime/? in A let

The following are equivalent:
(1) A(p) is a complete intersection for all homogeneous prime ideals/?

of height 1 in A,
(2) P2 is primary.
(3) P 1 is primary for all integers i > 0. Thus for an almost complete

intersection X9 "X is free of codim 1 singularities", is equivalent to "P1' is
primary for all integers i > 0". Examples of projective varieties which are
almost complete intersections are plentiful, for example, the Segre imbed-
ding of Pλ

k X P2 into Pi and the twist cubic in PΛ

3 [Sz, p. 15-4]. The local
case of (1) <=* (2) was proved in [K2, Theorem, p. 1]: Let B be a regular
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local ring, P C f i a prime ideal which is an almost complete intersection,
and let A — B/P. Then P 2 is primary if and only if Aq is a complete
intersection for all prime ideals q of height 1 in A. Recently [H, Theorem
3.1] proves that (1)—(3) are equivalent in the affine case: Let B be a
Cohen-Macauley ring, and let P C B be a prime ideal which is an almost
complete intersection such that BP is a regular local ring. Then the
following are equivalent: (1) P2 = P ( 2 ); (2) Pn = P(n) for n > 0 where
P ( π ) is the nth symbolic power of P; (3) BQ is a complete intersection for
all Q G Spec(5) with Q D P and ht(β/P) = 1; (4) P^ = P£ for every β
in (3); and (5) %rP{B) is a domain, where grP(5) = B/P θ P / P 2 θ .
The purpose of this note is two-fold. One is that the projective case can be
easily derived from the local case by introducing a simple but interesting
lemma of Seidenberg [S, Lemma 1, p. 618] which says that if A is a graded
domain and q is a nonhomogeneous prime of height 1, then Aq is normal.
The other is that we make some further comparisons between A(p) and the
usual localization Ap for the homogeneous prime ideals p of A and show
that A( ^ is an almost complete intersection (complete intersection) if and
only if Ap is an almost complete intersection (complete intersection).
Equivalences of these two local rings on the properties of being regular
and normal were proved in [Kl] and those on the Cohen-Macauley
condition, the Gorenstein property, and the Buchsbaum singularity have
been shown in [DE].

2. Notations and Definitions. Let A = ®i>QAi be a graded do-
main. Let p be a homogeneous ideal of A contained in Θ >oylz, Ap is the
usual localization of A with respect to the multiplicative set A — p,
namely

Ap = [a/s\a E A, s E A — p),

A(P)= k A K ^ A; and sέ ^A^p}.

If / C A is a homogeneous ideal, then / will mean the extended ideal of /
in A and

hP) = {bi/Φi e 1 n Ai a n d *ί e A,•- P) •

Let/EΛ,, and/¥= 0.

AU) = μ,//'k e A,} and /(/) = {bι/f\bι G / Π ^.}.

μ(I) = minimal number of generators of /, μ ^ ) Ξ minimal number of
generators of Ip in Ap and β(I(p)) = minimal number of generators of Iip)

in A(p). Ap {A(p)) is a complete intersection if it is isomorphic to the
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quotient ring of a regular local ring B modulo and ideal 91 generated by a

regular 5-sequence. A (A^ ̂ ) is an almost complete intersection if it is

isomorphic to the quotient ring of a regular local ring B modulo an ideal

9ί minimally generated by ht(9ί) + 1 elements. In this case the first ht(3ί)

elements can be taken to be a regular 5-sequence.

Let k[x0,... ,xn] be a polynomial ring in indeterminates xθ9...9xn

and let P C k[x0,... , x J be an ideal. P is an almost complete intersection

if μ(P) = hί(P) + 1.

3. Notes.

LEMMA 1. Let R — ®t>0Ri be a Noetherian graded ring with Ro a

field, and let m — Θ / > 0 ^ z be the irrelevant maximal ideal. Let 9ί C R be a

homogeneous ideal Then (1) 9Ii?m Π R = 21; (2) ju(2t) = μ(9ίi?m); and (3)

The minimal generating set of 2ί can be chosen to consist of homogeneous

elements.

Proof I. It suffices to show that 9ί Rm Π R C 9ί. Let/ E 91 Rm Π i?

and write/ = g/ί, where g E 91, ί E i? — m. There exists s E R — m such

that ^(/r - g) = 0. Let st = aQ + ax + - - +au, sg = gc + g c + 1

+ +g^ and f = fr+ " +fΌ9 where α,., gi9 fλ E i?, and a0 Φ 0, for

some nonnegative integers c, d, r, u, v. Then α 0 fr — gc E 9t and r = c

because 9ί is a homogeneous ideal. Thus fr E 9ί. Also aQfr+λ + aλfr —

g c + 1 E 91. It follows that / r + 1 G Si. Inductively, we get / E 9ί for / =

r,...,v9 and h e n c e / E 9ί. Thus 9t i?m Π i? = 91.

For (2). Since R is noetherian 9t is of finite type. It is known [B, Cor.

2, p. 248] that μ(9ί) = dimΛ (3l/m3ί. As

9ίi?m/9l - mRm ^ 9 ί Rm ®Rm Rm/mRm ^ ( 9 ϊ ®RRm) ®Λ m i? 0

s » ®Λ (Λm ®Λ m Λ o ) s 2ί ®R Ro s 9ί/m9ί,

it follows that

μ(9li?m) = dimΛ o(9ίi?m/9ί - xnRm) = dim Λ o (9t/9ί m ) - ^(91).

For (3). 9ί is homogeneous. Therefore 9ί has a set of generators

consisting of homogeneous elements. Let {hl9...9hr} be a minimal set of

homogeneous generators. Then r > μ ( 9 ί ) . Let hx,...,hr be the residue

classes of hλ,...,hr in the /x(9ί)-dimensional vector space 9l/m 9ί over
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Ro. We select a vector basis, say {h,...,hμ{Sίί)}. Then, by [B, Cor. 2, p.

248], {hλ,...,hμ{%)} form a minimal set of generators of 2t. Therefore

LEMMA 2. Lei 4̂ = Θ^o^ί, be a noetherian graded domain and let

I <Z A be a graded ideal. Let p be a graded prime ideal of A contained in

®i>0Ai such that there is rλ <ΞAχ-p. Then (1) μ(I(p)) = μ{Ip)\ (2)

depth A{p) — depth Ap\ and (3) dim Ap = dim A{p);

Proof. It follows from [Kl, Theorem 2, ρ.456] and [DE, Theorem 1]

that Ap = A{p)[rq]m[rι] and rλ is transcendental over A(p), where m is the

maximal ideal of A(p), and a similar argument yields Ip — 7 ( / ? ) [r 1 ] m [ r i ] .

= dimA(p)/mAJl{p)/I(p) • mA(p)).

Since Ap/pAp — k(rλ), a transcendental field extension over k =

)> a n d

P = UiP) ̂ Λp^mim) ®ApAp/pAp

{A, ®ApAp/pAp) « / ( p ) 9Aw k{rx)

Therefore (1) M ( ^ ) = /i(/ ( j > )). For (2),

which is of depth 0. A(p) -* Ap is a local flat homomorphism. It follows

from [M, Cor. 1, p. 154] that depth A{p) = depth Ap. (3) [DE, Corollary to

Theorem 1].

PROPOSITION. Let A = Θ,>0 Λ, 6e a noetherian graded domain with Ao

a regular ring and let p be a graded prime ideal of A such that there is

rλE.Aλ- p.

(1) A(p) is a complete intersection if and only if Ap is a complete

intersection.

(2) A(p) is an almost complete intersection if and only if Ap is an almost

complete intersection.
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Proof. Since A is Noetherian, A is finitely generated ^40-algebra. Let S

be a polynomial ring over Ao, say S — AQ[xθ9...9xn] and let / C

(x09... ,xΛ) be the homogeneous prime ideal of S such that A = S//. Let

P C S b e the inverse image of/?. Then Ap = (S/I)P/I — 5^// SP. Let Lj

be an element of S of homogeneous degree 1 such that rx is the image of

Lx inAx. Then

A(P) ~

where S ( L j ), P ( I # i ), / ( L j ) are dehomogenized 5, P and / with respect to L1?

respectively. That Ao is regular implies S — A0[xl9... ,xn] is regular. Thus

Sp is regular and so is S(P) by [Kl, Theorem 2e, p. 457]. Ap and A(p) are

thus quotient rings of regular local rings. ht(/ ( P )) = ht(/P) because dim SP

= dim S(P) and dim Ap — dim v4(/>). (1) If Ap is a complete intersection

then, by Lemma 2, μ(IP) = ht(/P) = ht(/ ( P )) = μ(/ ( P ) ). Therefore ^4(/7) is

a complete intersection, and conversely.

(2) If Ap is an almost complete intersection then μ(IP) = ht(/P) + 1

= ht(/ ( P )) + 1 — μ(I(P)). Therefore A(p) is also an almost complete inter-

section, and conversely.

Note. (1) Also follows from a more general result [A, Theorem 2, p.

1413]: Let/: (B, 3t) -» (̂ 4, m) be a flat local homomorphism of noetherian

local rings. Then A is a complete intersection if and only if the same is

true of B and of A <8>BB/m. But our proofs is simple and direct for the

case involved.

THEOREM. Let B — k[xQ, xl9... ,xn] be a polynomial ring over a field k

in the indeterminates xθ9...9xn. Let P C B be a homogeneous prime ideal

such that P is an almost complete intersection. Let A = B/P. Then the

following are equivalent:

(1) P 2 is P-primary.

(2) For allp E proj(v4) with ht(p) = 1, the local ringA{p) is a complete

intersection.

(3) Pi is P primary for all integers i > 0.

Proof. For (1) <+ (2). Let ht(P) = r. Let M = (JC0,. .. ,xn) - B. Then

by Lemma 1, μ(P) = μ(PBM) = r + 1. Since for each β G Spec(ΰ) and

Q^ P, μ(PBQ) < r + 1 and h t ( P ^ ) = ht(P) = r. Thus in the regular

local ring BM, P BM is locally a complete intersection or an almost

complete intersection.
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P 2 is P-primary if and only if P 2 BM is P - i^pr imary . By [K2,

Theorem 1, p. 15] P2BM is primary if and only if for each q E Spec(^4m)

with ht(#) = 1, the local ring Aq is a complete intersection, where m =

M/P. Since A is a noetherian graded domain and m is the irrelevant

maximal ideal, and suppose q above is homogeneous, then by the above

proposition A{q) is a complete intersection. Conversely, if A{q) is a com-

plete intersection for all homogeneous ideals q of height 1 in proj(^4), then

Aq is a complete intersection by the proposition. Let qf E Spec(^l) and

q' £ proj(^4) and ht(g') = 1. Then by [S, Lemma 1, p. 618] Aq is a normal

local domain. Since dim Aq, — 1, then Aq, is a regular local ring, in

particular a complete intersection. Thus Aq is a complete intersection for

all # E Spec^l and ht(#) = 1. Since Lemma 1(2) implies PM is an almost

complete intersection and [K2, Theorem 1; p. 15] implies P^ is P-primary,

P2 is P-primary.

For (1) «-> (3). As 5 is a polynomial ring, 5 is Cohen-Macauley and BP

is regular. It follows from [H, Theorem 3.1] as quoted in the introduction,
that P 2 = P ( 2 ) if and only if P ' = P ω for all integers i > 0. Since
p(i) _ pi tf a n c j o n jy |f pi j s p Γ i m a Γ y ? (i) i s equivalent to (3).

COROLLARY 1. Let P, S be the same as in the theorem. Let V be the

projectiυe variety in the projective n space P£ defined by P. // V is free of

singularities of codimension 1, in particular V is locally normal, then Pn is

P-primary for n > 0.

Proof. V is locally normal implies V is free of singularities of codi-

mension 1. Let A be the homogeneous coordinate ring of V. Then A{p) is a

regular local ring for each homogeneous prime ideal/? of height 1. Thus by

the theorem, Pn is P-primary for all integers n > 0.

COROLLARY 2. Let P C k[x0, x 1 ? . . . , x j be the homogeneous prime

ideal of a nonsingular irreducible projective curve which is also an almost

complete intersection. Then Pn is primary for all integers n > 0.

Proof. This follows from Corollary 1.
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