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We show the ‘‘Fefferman-Stein decomposition” of smooth bump
functions. As an application of this we get one result about the singular
integral characterization of H”(R"). Our method does not use sub-

harmonicity.
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1. Introduction. In this paper functions considered are complex-
valued unless otherwise explicitly stated. Cubes considered have sides
parallel to the coordinate axes. For a function f(x) € L] (R"), let

If v = sup [|£(x) = fldx/I1],
I 1

where the supremum is taken over all cubes in R”, |I| denotes the
Lebesgue measure of I and

fi= f/(x) dx /1.

A function f(x) is said to belong to BMO(R") if || f || gm0 < + 0.
Let 6,(%),...,0,(§) € C*(S,_,), where

Sn——l = {‘g € R" |$l: 1}

and

=160 18] = (2 g)

217



218 AKIHITO UCHIYAMA
For h € L*(R") let
Kh=(0,(¢/18)RE)),  j=1,....m,

where ~ and ~ are the Fourier and inverse Fourier transforms. As is well
known [see Stein [29] p. 75], there exist a, € C and £ (x) € C*(S,_,)
such that

and

Xy
|x — |

K,h(x) = a,h(x) + P.V, fszj( )|x — | "n(y) dy
for any h € L?*(R"). For g € L*(R") let
K,g(x) = a;g(x)

+P.V./{Qj( !;‘ :il )|x—y|"_szj(ﬁy')lyf”xwpu}g(y) dy

where x » denotes the characteristic function of a set £ C R". In [32], the
author showed

THEOREM A. If

=2 onS

n—1°

(1) rank( 0,(¢) ---0,(¢) )

0,(—¢)---6,(—¢)
then for any f € BMO(R") there exist g,,...,g,, € L(R") such that

m
f= 2 K,g;, (modulo constants)
j=1

and
m
E ”gj”OQ = Cpllf llsmos
J=1
where C, | is a constant depending only on 8,,...,0,.
REMARK 1. The case when K,...,K, ,, are the Riesz transforms and

the identity operator is the case considered by C. Fefferman [13] and C.
Fefferman-Stein [14].
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REMARK 2. In [32] we assumed that f has compact support. But this
restriction can be removed.

Consequently, if (1.1) is satisfied, then the singular integral operators
K,,...,K, characterize H'(R"). In this paper, we continue this research.

In the following, f(x) = ( fi(x),....f,(x)) and g(x) denote C™-valued
functions. We use the following notations:

m 12
= | £ 1per)
Kn(x) = (Kh(x),...,K, h(x)),

K- f(x) = ﬁlKjfj(x),

K* - f(x) = gK;];(x),

where KFh(x) = (0—j($/|§|)ﬁ($))v(x). I(x, t) denotes a cube in R” with
center x and side length ¢.

DEFINITION 1.1. Let
S = {f S LZ(R",C’"): K* - f(x) = 0},

where L*(R",C™) denotes the set of C™-valued functions f(x) with
fis---sf, € LAR").

DErINITION 1.A. [Coifman-Rochberg [9].] For a real-valued function
fe L (R"),let

loc
If oo = sup [f(x) — inf f(y) dx/|1],
I I yel

where I is taken over all cubes in R”. A function f(x) is said to belong to
BLO(R") if || f|lgLo < + o0. [Note that|| - || o is not a norm.]
Our main result is the following.

THEOREM 1. Suppose that (1.1) holds. Let f € C'(R",C™),

(1.2) f(x)l = (1+[x) ",
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and

(1.3) [%f(x)

J

< +x)"%  j=1,2,...n.

Let w(x) be a nonnegative function defined on R" such that

(1.4) | —log wllgLo < ¢,-
Then there exists g € L*(R",C™) such that
(1.5) f-ges
and that

(16)  lg(x)|= Cl.zW(X)(f[(O’I)W(y) dy)fl(l +x) ",

where c, and C, , are positive constants depending only on 8,,...,0, .

REMARK 3. If f(x) is R™-valued and if 6 (§) = 0,(—&) forj = 1,...,m,
then we can take g(x) to be R”-valued.

REMARK 4. If we apply Theorem 1 to the case when K| = the identity
operator and f(x) = ( f(x),0,...,0), then (1.5) implies

m

f(x)=g(x)+ 2 Krg, (x).

Jj=2

This is the reason why we call Theorem 1 the Fefferman-Stein decomposi-
tion of smooth bump functions. The point is the fact that we can
dominate g,,...,8,, pointwise by a “function” on the right-hand side of
(1.6).

The idea of this theorem comes from P. W. Jones’s recent work “L*
estimate for the  problem in a half-plane” [25]. We explain the relation
between Theorem 1 and Jones’s result in §3.

The proof of Theorem 1 is given in §5. The Main Lemma in §4 is
crucial and is itself a partial result related to the Fefferman-Stein decom-
position of certain weighted BMO spaces in terms of singular integral
operators K,...,K, . The Main Lemma is proved in §§6-9. Its proof is a
refinement of the argument in [32].

As a corollary to Theorem 1, we get one result about the singular
integral characterization of H?(R"). Let ¢ € %D(R") be a fixed real-valued
function satisfying [y(x) dx = 1. For h € &'(R"), let

h* (x) = sup|(h = §,)(x)],

>0
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where ,(x) = ¢t "Y(x/t). For +o0 >p >0, let
s =[P |-
Forh = (h,,...,h,) ES'(R") @ --- BS'(R"), let
h* (x) = sup|(h * ¢,)(x)| = sup [((By* 9)()s- s (B = 9 )(x))]

t>0
It is known that || - || ;» is essentially independent of the choice of .
[See C. Fefferman-Stein [14].]

DEFINITION 1.B. For g > 0 and for a measurable function f(x) let

q l/q
M f(x) = sup ( [y av/in)
IEFRN
where [ is taken over all cubes containing x.

THEOREM 2. If (1.1) holds, then there exist p, € (0,1) and C,; € R,
depending only on 0,,...,0,, such that

(Kh)+ (x) = C).SMpo(M1/2(|Kh'))(x)
for any x € R" and any h € L*(R").

REMARK 5. For & € L%(R") and h € L(R",C"), let

htt(x) = sup (7= P,)(2)],
ZER™: x <t ‘
h**(x)= sup [(h=*P)(z2)l,

>0,
ZER": [x—2z<t
where P,(x) is the Poisson kernel, that is,
P(x)=c,t/ (|x|2 + 12)(n+1)/2, ¢, =T((n+1)/2)/a("tH/2,
Then in the above inequality, we can replace (KA)™ (x) by (KA)* " (x).

COROLLARY 1. If (1.1) holds and if max(1/2, p,) <p < 1, then

m
(1.7) ¢y llhll e = 2 ”thﬂu, = ¢, l|Allnr
j=1



222 AKIHITO UCHIYAMA

for any h € L*(R") and

) P 1/p
Jim K, (1« £)(x)[ ax

09 ade=3 ([
S

for any h € HP(R"), where c, , and c, s are positive constants depending only
oné,...,0,andp.

REMARK 6. For h € H?(R"), p < 1, we define & * P, by (h(£)P,(£)),
which is known to belong to L'(R") N L*(R") N C(R"). It is also known
that for any » € H”(R"), lim,_, ., K;(h * P,)(x) exists almost everywhere.
[See Stein [29] p. 201.]

REMARK 7. Inequality (1.7) with p = 1 holds for any 4 € 5'(R"),
whose Fourier transform is an integrable function on some neighborhood
of the origin, if we define K;4 = (0,h) in the sense of distributions and if

we define
“th“L, = +4+o0

for the distribution K4 that does not belong to L'(R™). [In Corollary 1 of
[32], we showed the above. But the statement in [32] was somewhat

ambiguous.]

As another application of Theorem 2, we get the following extension
of the results of Csereteli, Gundy and Varopoulos. [See [12], [18] and [34].]

COROLLARY 2. Let

(1.9) § |0,(¢) — 0j(——§)| #0 forany¢E€S,_,|.
j=1

Let h be a finite complex measure on R" and let dh = fdx + ds, where
f € L'(R") and s is singular. Then

i { SR 3 | Jim Ky(h e B)(x) > A} = Cylslr.
where C| 4 is a positive constant depending only on 0,,...,0, and where ||s|| ,,

is the total variation of s on R".
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REeMARK 8. It is known that for any finite measure 4
lim K(h + 2)(x)

exists almost everywhere.
Proofs of Theorem 2 and corollaries are given in §2.

NOTATION. A dyadic cube is a cube of the form

l[k-j2~k,(kj+1)2—'<],

T

J

where k,,...,k, and k are integers. For a cube I, x,, /(1) and Q(/) denote
the center of I, the side length of I and

{((x,t) eR*:x 1,1 €(0,1(1))},

respectively. For a > 0, al denotes a cube concentric with /7 and with
l(al) = al(I). Z,,,_, denotes {¥ = (»,...,7,) € C™: 7 |y} = 1}.|»|
denotes (27, |»,")'/?. For v € C™\{0}, U(») denotes »/|v|. [For the
sake of convenience, let U(0) = (1,0,...,0).] For » and p € C™, (v, p)
denotes 27 (Re »;Re p; + Im »;,Im p), i.e., the inner product in R*™. For
6 € C*(S,_,) and £ € R"\{0}, 6(&) denotes .0(¢{/|&]). The letter C
denotes various positive constants depending only on 6,,...,6,

Acknowledgements. The author would like to express his deep grati-
tude to Professor P. W. Jones and the Department of Mathematics at the
University of Chicago for their kindness during the academic year 1981-
1982.

2. Proofs of Theorem 2 and Corollaries.

LEMMA 2.A. [See Coifman-Rochberg [9].] If h(x) = 0 and if M h(x) =
+ oo, then

[[log Mlh”BLO =G,

Proof of Theorem 2. By dilation and translation the proof of Theorem
2 can be reduced to the inequality

@1 | [KAGUx) ds|= €M (3,o(1KH))O)
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Put e = ¢,/2C, . Take any v € X,,,_,. Applying Theorem 1 to f(x)
= Y(x)rand w(x) = M, ,,(|KA[)(x)"%, we get g(x) such that

K* - (y»—g) =0
and such that

o)1= s RDG) ([ o a(k) )

x (1 w‘—|x|)—"_‘/2
< CM, ,,(|KA|)(x) "M, ,(JKA)(©O) (1 +|x)) """,
Thus

I/Kh )dx - v

I/Kh(x g(x) dx

=< [IKh(x)| lg(x)|dx

= CMx/z(IKhI)(O)EfM,/z(lKhl)(x)"8(1 Flx) 2 ax

= CMl—s(M1/2(IKhI))(O)‘

[In the first and the second formulae of the last string of inequalities, -
denotes the inner product in C™.] This concludes the proof of (2.1).
Remark 5 follows from the same argument. O

Proof of Corollary 1. Let h € L* and max(1/2, p,) <p < 1. From
Theorem 2 and the Hardy-Littlewood maximal theorem, it follows that
(2.2) c||[Khllnr <|[KA|Lr <|[KA] s,

where
KAl e =[|(K2) | .

From the boundedness of singular integral operators on H?, it follows
that

(2.3) KA < ¢, ] -

On the other hand, by (1.1) there exist multipliers homogeneous of degree
zero

0,(¢),...,0,(¢) € C=(S,_,)
such that

f} 6(6)0,(5)=1 ons,
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So

(24) [kl =] Z(0,(6)(K;n)(£))

Thus, from (2.2)-(2.4), we get (1.7).
Let h € H?. Applying (1.7) to 4 * P,, we get

o= cpz ”th”ﬂp = cpHKhHHp.

m
(2.5) crallk * Pl yr < 2 HKj(h * Pz)”” = ¢, sl * Pl o
J=1

It is known that
hxP —-h mmH? ast- +0
and that

sup |K,(h * P)(x)| € L*.
>0
Thus by the Lebesgue dominated convergence theorem, we get
P 1/p
|k (h=P)|,, — (f| lim K (h s P)(x)| dx) ast - +0.
Therefore, letting t —» +0 in (2.5), we get (1.8). U

LEMMA 2.1. Let u(x,t) be a nonnegative function defined on R" X
[0, + o0) and continuous on R" X (0, +o0). Let ¢ > 1. If

(2.6) u(x,0) = lim u(x,t) a.e.x
- +0

and if

(2.7) {x ER": supu(x,t)> )\}’S AT
=0

for any A > 0, then
(2.8) tim Mi(u(-, 2))(x) = My(u(-,0)(x) a.e.x.

Proof. Take any € > 0. By (2.6) and (2.7) there exists ¢, > 0 such that
| G|< &, where

G= {x € R": sup |u(x, ) — u(x,O)[ = 8}-
1E€]0, 1]
Since

/ supu(x,t)dx < Ce /4
G =0
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by (2.7), there exists a measurable set £ such that
|E| < Cel~V/D/2
|M(u(-, 1))(x) = My(u(-,0)(x)| < Ce7V/D/2 + ¢
for any x € E¢and any ¢ € [0, ¢,]. Since ¢ > 0 is arbitrary, we get (2.8). J
Proof of Corollary 2. Put §, =1 and K, = the identity operator. By

the usual argument about maximal singular integral operators and the
Hardy-Littlewood maximal theorem, we get

A < Cl|h||m

{x ER": g sup |Kj(h*P,)(x)|>}\}

Jj=0 >0

for any A > 0 and

(2.9) limsupA < ClIs||pm-

A—-+o00

{x € R": é) fgg ]Kj(h * Pt)(x)|> A}

It is also known that

5 (x) = lim K;(h = B)(x)

exists almost everywhere and that x(x) = f(x) a.e. By (2.9)

{x € R™ Ml/z( '2 |x ])(x) >>\}

(2.10)  limsupA

A—+o0

=< Cl|s]|ar-

Applying Lemma 2.1 to

u(x,t) =

and g = 2, we get

Ml/z(jﬁ ]Kj(h*P,)])(x)—aMl/z(g [) x) ae.x ast- +0.

|~,1))<x>

a.e.x ast— +0.

Similarly

m

(2.11) MPO(M,/z(JE |Kj(h*P,)}))(x)eMpo(M,/z(j

=0

Ibds
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Since 0,,...,0,, satisfy (1.9), 6,,...,0,, satisfy (1.1). By Remark 5,
(h*P)""(x) = (Ko(h=P))" " (x)

oo -

for any ¢ > 0. Letting r —» +0, we get

(2.12) h* (x)=CM Po( l/z(zlle))(x) a.e. x

form (2.11).
On the other hand, [18] and [34] showed

(2.13) %\iminf}\[{x ER AT (x) >N} =c|s|m,
- + o0

where ¢ > 0 depends only on the dimension.Thus, for a sufficient large A,
we have

lIsllp = C}\l{x € R": MPO(M,/Z(E ]K,b))(x) > A}l

< CN 7 MI/Z(E \Kj')(x)po dx
{M, 2k N(x)>A/2)

= C)\Fpo{ 1/2(2 "‘ ) >)\/2}| “5”1;/31

by (2.10). Therefore
>‘) 1,2 Zi" )(x)>}\ ‘>CHSHM as\ — +o00.
Repeating the same argument, we get

A {I§O|xj(x)[>)\}

Since A{|ko(x)]|> A} |= 0 as A = + oo, we get Corollary 2. O

=C|s|a asA - +oo.

3. Jones’s formula. In this section, we explain the relation between
Theorem 1 and Jones’s recent work [25].

DEFINITION 3.A. A complex measure on the upper half-plane R% =
{(x,1): x € R, t >0} is called a Carleson measure if

sup ul(@(1)) /1] = lule < + o0,

where |u| is the total variation of u, 7 is taken over all intervals.
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Suppose that ||u||, = 1. It has been shown by Carleson [3] [see also
Hormander [19]] that there exists F € L*(R) such that

3. |F == C
and such that
(3.2) J1CIF(x) dx = [[ (x, 1) dulx, 1)

+

for any f € LY(R) with supp f C [0, + o), where
fx, 1) = [ BO)Ax —y) dy,
R

P(y) =t/ (m(y* +1?)).

Recently, Jones [25] gave an explicit formula for the construction of F.

DEFINITION 3.B. [Jones [25].] For a measure p on R? let

(3.3) J(#,x,f):%(x~§l;l(lf—§—)
X SRt
exp(0<lmj;j;1m§ x—7  ¢{—7 |l (n)

where i = (—1)!/2, and ¢ and 7 are complex numbers. [We identify 7 with
(Ren, Im7) € R%]

THEOREM 3.A. [Jones [25].] Let ||u}|, =< 1. Set

F(x) = [[ I, %,8) di(§).

Then,
IF |- = C
and (3.2) holds.

Our Theorem 1 can be regarded as a generalization of the formula
(3.3). In Jones’s argument, we can replace the formula (3.3) by Theorem 1.
In the following, we sketch it.

Let H be the Hilbert transform, that is

Hf = (—i(sign §)/(£))

v
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Fort > 0 set
u(x)= [f 71 +]x = yl/s) 2 alpl (s 9).
0<s=r
yER’

LEMMA 3.A. [See [9] and [22].] Let ||p||, =< 1. Then,
ludlpro = Cs.
and

/u,dx =< G, |1
I

for any cube I with I(I) = t.
Set e = ¢,/C; ;. Then e *“(* satisfies (1.4) and

+
[ e a0

y—t

for any y € R. So, by applying Theorem 1 and Remark 3 to K, = the
identity operator and K, = — H and by using dilation and translation, for
each (y,t) € R% we get real-valued functions 81 y(Xx) and g, »(x)
such that

P(y—x)— gl,(y,t)(x) - Hg2,(y,t)(x) =0,
P ~3/2 .
18).0r.0(X)| = Ce™ ™1 (1 +1y — x| /1) / (j=1,2).
Set
F(x) = [[ g100(x) + i85,.0(x) du(3, 1).
R}
Then

F(x)| = C [f e (1 +]y = /1) dip (3. 1)
R3

._Cffexp(—e ff (1 +[x —ol/s) 3/2dml(v,s))

0<s<t

W +ly —xl/) " dlpl(y,0)

eole s“(wx—un/s)mdw(m”)]

t=+o00
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and

J1FG) dx = [[ dp(3,0) [(816.0(5) + i825.0(0)) () d

= [[ du(y. 6) [B(y = x)f(x) dx = f[f(y, t)dp(y, 1)

for any f € L(R) with supp f C [0, + o).
4. Weighted BMO. In the following, we assume (1.4).

DEFINITION 4.1. For a measurable set E let

m, (E) wa(x) dx

E
and

w(E) = sup w(x).

x€E

DEFINITION 4.2. For f(x) € L} (R",C™), let
I lomow = sup [|(x) — £,]dx/m (1),
1

where the supremum is taken over all cubes in R” and f, = [, f dx/|I|.

For the scalar-valued case, this definition is due to Muckenhoupt-
Wheeden [26]-[27].

We prepare some easy lemmas.

LEMMA 4.A. If|if llgmo w = 1, then for any cube I and any A > 0,

|{(x € I: 8(x) = £ > A} |/11] = Gy e o/,

LeMMA 4.B. For any cube I and any A > 0
[{x € I: —logw(x) > —logw(I) + A} /|I|< C, e~ 2"/,
These follow from [21], (1.4) and {9].

LEMMA 4.1. For any cubes I and J and for any t > 0,
(41) I{XEIZ w(x)StW(I)H/lIISC4.11C42/CO,
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(4.2) fw(z) — w(x) dx/m(I) < Ccy i.e.(1+ Ceo)m,(I)=w(I)|,
I

(4.3) ifJ D I, then W(J)/w(]) < C(|J|/II|)CO/C4_2,

(4.4) if{1|=|J|, then w(J)/w(I)=<C(1+]|x; — le/l(l))con/c“.

LeEmMMA 4.2.

[wllamo w = Ccy.

The above two lemmas are easy consequences of Lemma 4.B.
DErFINITION 4.3. For 0 <e < 1, let

I lupe = sup [f(x) — £(¥)l/Ix = y[',
X,y X7y
o |l 0
I fip2 = 2 |51

e 8xj

Lip1

LEMMA 4.3. If 1 = € = ¢yn/C,, and if suppf C I(0, t), then
If lsmo w = Ce[If {|eip e/ w(1(0, 1)).

Proof. We may assume ¢ = 1. Take any cube 7 in R”. If /(1) > 1 and
I N I0,1) # &, then

JI8e) = tax/m, (1) = Yt 2/m, (1) = CIE e/ w( 0, 1).
If(I)<1and I N I(0,1) # &, then

JJ8Ge) = tld/m, (1) < CUTYIE fipe/ (1) = CIE /(2. 1)

by (4.3). O
MAIN LEMMA. Let ¢, > 0 be small enough depending only on 6,,...,0,.

Let t > 0. Suppose that (1.4),

(4.5) If lsmo w < <o

and

(4.6) suppf C 1(0, 1)
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hold. Then there exists g(x) such that

(4.7) lg(x)| = w(x)(1 +|x|/2) """
and
(4.8) f-ges.

We prove this Main Lemma in §9.
S. Proof of Theorem 1. Let h(¢) € C*®([0, + 00)) be such that
(5.1) h(t) =0, supph C[1/4,1],
and
§ h(t)=1 on[l,+o0),
k=1

where
(5.2) h(t)=h(Q27%) fork=1,2,3,....
Set
(53) h()=1- 3 hy(0).
Then
()= 3 hu(li)
and

"hk(lx')f(x)”BMOw = C2h,f ||Lip1/W(I(0’2k)) = C27*"* D /w(1(0,1))
by (1.2), (1.3) and Lemma 4.3.
Applying the Main Lemma in §4 to each A, f, we get g, such that
hf—g, €S,
g (x)] = 5 'C27+ Dw(x)(1 + 27Hx)) "2 w(1(0, 1)).

Set

o0

g(x) = 2 gu(x).
k=0
Then (1.5) is clear and (1.6) follows from

3 Il =65 o) S22 w10, 1)

< c5'ew(x)(1 +|x|) "2 /w(1(0,1)). O
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6. The property of the space S. The hard part in our argument is
the problem, “What property does the space S have?” Since 6,,...,6,,
satisfy (1.1), 8,,...,0,, satisfy (1.1). Then by Lemma 2.2 of [32] there exist
functions

0,(¢&,v) €CP(S,o) X Dapey)s 1=j=m,

such that
2 0: (g)ej($3 v) =1,
j=1
Re X 7(0,(¢,v) +0,(—¢,9)) =0,
j=1
Im 3 7(0,(¢,v) —0,(—¢,»)) =0.

j=1
This fact tells us that for any » € Z,,, _, the set of real-valued functions
{{(p(x),v):p € S}
is a sufficiently large class of functions. More precisely, we obtain

LEMMA 6.1. Let v € Z,,,_,. Let I be a cube. Let b(x) be a real-valued
function such that

(6.1) supp b C 31,

(6.2) fb(x) dx =0,

(6.3) IBlleip2 < (1),

Then there exists a C™-valued function p(x) such that
(64) peES,

(65)  [o(x)dx =0,
(6.6) (p(x),»)=b(x),
6.7) |p(x)|=C(1 +|x — x| /(D))"

(6.8) 'a—i;pm

\

<sc(n) (1 +x—x|/(1)"%  j=1,....n.

Proof. Set
p(x) = — (8;(£&, »)(Re(K* - (bv))) (£))(x)
—i(©,(¢, iv)(Im(K* - (b»))) (£))(x)
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and
p(x) = (5(x).- - Bn(x)).
By the properties of {0} and by the same argument as in Lemma 2.3 of
{32],
K*-p=—K*-(bw), [B(x)dx=0, (p(x),»)=0.
Set
p(x) = p(x) + b(x)w.

Then (6.4)-(6.6) hold. Since p,(x) can be written in the form of a linear
combination of b and its images by Calderon-Zygmund singular integral
operators with smooth kernels [see Stein [29] p. 75], (6.7)-(6.8) follow
from (6.1)—(6.3). See Lemma 2.3 of [32] for details. d

LeMMA 6.2. The function p(x) of Lemma 6.1 can be decomposed as
follows:

p(x) = X 277"*"B(x), suppB, C 2/,
j=4

1Bl = C/(2/1(1)),
B(x)dx =0,
(B(x),v)=0 ifj>4, (Bu(x),v)=b(x).

Proof. Let h,(x) be as in (5.2)—(5.3). Then

p(x) = [mo(2 aDplx) + i) [ 3 melo () v/ fbl) b}

o0

+ 2 {hJ(IXI)p(x) - h,;;(le)féhk(lyl)p(y)dy//h,wx(lyl)dy

j=5

sl f S mleo) a/ [ o) ]

k=;+1

gives the desired decomposition. See Lemma 3.5 of [32] for details. O
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7. Weighted Carleson measures. We continue to assume (1.4).

DEFINITION 7.1. For a measure g defined on R”"', let

lellew = sup lwl(Q(1))/m,(I),

where I is taken over all cubes in R”.
We prepare some easy lemmas.

LEMMA 7.1. If||u|l..,, = 1, then for any cube I

Jf waGe, 1) dipi(x, 0) = il

N

Proof. [For the definition of w(I(x, t)) recall Definition 4.1.] We may
assume that [ is a closed dyadic cube. Let {1, ,}7, be the maximal closed
dyadic subcubes of I such that

w(I, ) <27%w(I).
By (4.1)
> lIk,jl < Gy 27 k|1,
J

So
J Wi ) = S S ff 24 (r) " din

e k=0 J o
=ow(1) ' 2 22 'm (1)
k Jj

< m(z)“%zk“ S22 w1 |

= CY C, 2~ ko < 1. O
k

DEFINITION 7.2. For nonnegative real numbers {A,};, where I is taken
over all dyadic cubes, set

Uk(x) = 2 >‘1(1 + 2k|x - xll)_nhla
I (DH=2"*%
q0) = 3 (3] 0.

J=0
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LEMMA 7.2.
(7.1) A< (14 24x — x)" ne(x) if(I) =27%,
(7.2) me(x) < (1+ 25 = )" ni(n),

(7.3) e (x) < (14 24x — y)" e (»).

Since this is easy, we omit the proof.

LEMMA 7.3. Let ¢, > 0 be small enough in (1.4). Let

(74) ” 2A21I1|6(x,,/(1)) cow? =1
Then
(7.5) n(x) =g (x) = Cw(I(x,2_k)),
+ o0
(7.6) Y e(x)8.,4 =,
k=—o00 c,w?

where 8, ) is the Dirac measure concentrated at the point (x, t) € R and
8, denotes the measure induced from n-dimensional Lebesgue measure on

the hyperplane t = a in R,
Proof. Since A ; < Cw(J),

nx)<C 3 (14 2%dist(x, J)) " 'w(J)
Jol(J)=2"*

<CY () T (I(x,27%)) by (4.4)
= Cw(I(x,27%)).

|
2

= Cw(I(x,27%)).

Condition (7.6) follows from almost the same argument as Lemma 3.2
of [32] with slight additional estimates about the order of growth of w as
in the proof of (7.5). We omit the proof. a

So,
g(x)=C

w| N

) wlrx,274)

J

w| N

IA

C

[ SRV E

)jzﬂofw(l(x,rk)) by (4.3)
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8. The decomposition of weighted BMO functions. We continue to
assume (1.4).

Following Chang-R. Fefferman [7], we decompose a weighted BMO
function f(x) and the weight function w(x).

LEMMA 8.1. Suppose that suppf C 1(0, 1) and |f ||gmo » = 1. Then there
exist C™-valued functions {b,(x)}; and nonnegative real numbers {\},,
where I is taken over all dyadic cubes in R", such that

(8'1) f = 2}\11)]’
I
(8.2) A, =0 if3Inf0,1)= g,
(8.3) suppb, C 31,
(8.4) [brax =0,
(8.5) b/ flLip2 = CI(T) 7,
(8.6) ;Az,llib‘(xh,(,» 2 =C.

Proof. We use the idea of Chang-R. Fefferman [7]. Take a real-valued
function ¢(x) € %(R") such that

suppp C {x ER": [x|< 1},
+oo
f ¢ (&)t 'dr=1 forany¢ e R\ {0}).
0

Set

1,2

-1/2 2
A=) (ff |, « £(p)] ™" dr dy
T(I)

and

b (x) = [f @(x =)@+ () drdy/A,,
T(I)

where we define 0/0 = 0 and
T(I)={(x,t):x €L, t € (I(1)/2,1(1))}.

Then (8.2) is clear. Conditions (8.3)—(8.5) follow from the same argument
as in Lemma 3.1 and Remark 3.1 of [32]. See [32] for details.
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Since
2 _
S8l = [ o 1) dedy
IcJ o)
= [[1t(x) = 1, dx = Clajw()’
37
for any dyadic cube J by Lemma 4.A, (8.6) holds. O

Lemma 8.2. Let k > 0. In Lemma 8.1 set

f(x) = 2 Ab(x).

I ()=2"%
Then
(8.7) suppf, C 1(0, 3),
(8.8) [f,(x) = f,(»)|= Cw(I(x,27%))2x — y|

provided |x — y|< 27

Proof. Set
P = (j;wq‘J(té)zt_ldt)v

1
= lim (8 —f * t“dt),
em+0ins’ \ O J, b P
where §, is the dirac measure concentrated at the origin. Since
f, =1 +2k"@(2F ),

(8.7) is clear. (8.8) follows from |f || gpo,» = 1 and from

£,(x) = £,(») = [{(z)2"(@(24(x — 2)) = @(2"(y ~ 2))) dz. D

From Lemmas 8.1-8.2 we get

LEMMA 8.3. Let |ff|lgpmow = o Let suppf C I1(0,1). Let M be a
positive integer. Then there exist £,,(x), {b;(X)};. ayaqic @nd nonnegative real
numbers {A; 1}, ayadic SUCh that

(8.9) f=3A,b,+fy,
I
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8.10) A ,=0 if3INI0,1)= B orifi(I)=2"M,
1.1
(8.3)-(8.5),
(8-6)/ 2>‘2f,1|1|3(x,,1(1)) = ch,
I c,w
(8.7) suppf,, C 1(0, 3),

(8.8)  [fp(x) —fp(»)|= Ccow(I(x,Z_M))2M|x =
provided |x — y|<2™M,
LEmMMA 8.4. Let ¢y > 0 be small enough in (1.4). Let M be a positive

integer. Then there exist real-valued functions wy(x), {b;(X)};. ayagic and
nonnegative real numbers {X, r};. 4yagic SUch that

(8.11) w= DA, b+ Wy,
(8.12) Aw‘,zlo i (1)=2"M,
(8.13) supp b; C 31,
(8.14) fb,dx =0,
(8.15) Il = C1(1) 77,
(8.16) ;Azw,,llw(xh,(,» . = Cc,
(8.17) we(x) = 3w([(x,2;"))/4,
where k = M and
w(x) = > Ay rbi(x) + wy(x).

I:27M>[)=27k

Proof. Take the same ¢(x) as in the proof of Lemma 8.1. If /(1) <
27 M then set

1/2

N -
A= V(ff lp, * w(y)| ¢ "dt dy
T(I)

and

bi(x) = [[ o(x =)@« w)(yp)e  dedy/n, ;.
T(I)
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If (1) =27™, thenset A, ; = 0 and b;(x) = 0. Set
w(x) =w(x)— 2 A, b(x).

I (n<2—M

Then (8.11)-(8.12) are clear. Conditions (8.13)—(8.16) follow from Lemma
4.2 and the same argument as in the proof of Lemma 8.1.
Let kK = M. Take the same @ as in the proof of Lemma 8.2. Then

w, = w = 2kn@(2F),
PutJ = I(x,2~*). Since

() = ()] =| [ (02) = w22 (x =)

=Cf W) = w(y)ldy/l|= Cegw(J)
2J
by (4.2)-(4.3), we get (8.17). O

LeMMA 8.5. Let j be a positive integer. Assume that {b;(x)};. 4yagic and
{}\I}l: dyadic Satis]y (84)’ (86)9

(8.18) suppb, C 271
and

; -1
(8.19) bl = (270(1)) .
Let a > 0. Set

fx)= 2 Xb(x).
I (1)<a

Then
(8.20) If [lemo w < C277,

where C is independent of a.

Proof. Take any cube J (not necessarily dyadic). Let 2% < /(J) <
274*1 Set

f= 2 Ab,
I [(Dy=27/"kt1
and

f= > Ab,.

I I(I)y<2777%+1
IN3J# @
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Then
(8.21) f=f+f onJ.

Note that
j+k—1

822) Ji(x)—fy)= 2 X Alb(x) = by(y)

h=—o0 [([)=2""
=2 227 x = ylx ey (x)
= 2Mx — | 2 BA27T X 0(x)
< 24x — y2/"w(I(x,27%))

provided | x — y|< 27%. By (8.4), (8.6), (8.18), (8.19) and by Lemma 3.3 of
[32] we get

1/2

(8.23) IF Ilesczf"( 2 A%ill)
I [(I)y<2/~k+1,
IN3J~ @

< c2mw(J))">.

Thus by (8.21)~(8.23)
fJ t(x) — K(x,)|dx/m,(])

~ 2 172
sC( [l = i) ax/l) = can o

9. Proof of the Main Lemma in §4. We may assume ¢ = 1 in (4.6)
and
(9.1) w(1(0,1)) = 1.

In this section Cy, is a large constant depending only on @,,...,6,,. Let M
be a large integer depending only on 6,,...,0, and Cy,. Let ¢, >0 be
small enough depending only on 6,,...,0,,, Cy, and M. In particular

(9.2) C, 27 ™<1 and C$2M"+2c <1.

First, we give a rough explanation of the procedure to construct g(x).
We construct a sequence {g, }%- such that

(1) |gu(x) = Wk(x)x:(o,4>(X),
(i) f, — g, + (small errors) € S.
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[For the definitions of w, and f,, recall Lemmas 8.2 and 8.4.] Then by
letting k - + oo, we get g such that

lg(x)ls W(x)XI(OA)(X)’
f — g + (small errors) € S.

Next we estimate the weighted BMO norms of the error terms and repeat
the same procedure for them.

In order to meet the condition (i), we must adjust the length of the
vector-valued function g,. We must do this adjustment under the restric-
tion (ii). Here we use the property of the space S that was proved in
Lemma 6.1.

Now we go into details.

By Lemmas 8.3-8.4, we get

f0(x), {(b;(x)}/. ayaic and {)\f.l}zzdyadic
WM()C), {bl(x)}lzdyadic and {Aw,l}l:dyadic

such that (8.9)~(8.10), (8.3)—(8.5), (8.6)'~(8.8)’ and (8.11)~(8.17) hold.

Set
(9.3) }\,=}\f‘,+)\w,, if l(I)<2‘M,
(9.4) A, = cow(I) if I(I)=2"M,
(9.5) A,=0 if l(I)>2*M.
LeEmMMA 9.1.

= Ccl.

c,w

EAZIIIIS(XI,/([))
I

This is clear from (8.6)" and (8.16).
From these {A,};, we define 1,(x) and ¢,(x) by Definition 7.2. Then
by Lemmas 9.1 and 7.3 we get

LEMMA 9.2. If x € I and (1) = 27, then
CA = (x) =g (x) < Cecqw(I).

LEMMA 9.3.

0

2 ek(x)28,:2—k

k=—o0

< Cc}.

C,Wz
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We inductively construct
{ou(x)}i=p+ and {Bl,j(x)}lz dyadic, [(1)<2™M; j=456,...
with the following properties (C.1)—(C.8). Put
M=1
(96)  p(x)= Z 2770708, ,(x),
j 4
9.7) Pro (x) = 2 Zﬁj(”ﬂ)ﬁ (x)
(9.8)  gulx)= fM(x),

9.9)  gulx) =1 (x) + 2 2 )\Ipl,x(x) - 2 @u(x)

h=M+1 1. (n)=2"" h=M+1

fork=M+1, M+2,....

(C.1)  suppBy, C 270, B,y = Coa270(1) ", [By dx =0,
(C2) B, (x)=0 if INI0,4) =2,
(C3) Pyt P2 ES,
(C4)  oulx)| = Cree(x)2M0 D /w(1(x,274)),
(C.5)  |ou(x) = @ ¥)] = C1eg 2" D, (x)2%]x — )

provided |x — y|< 27k,
(C.6) suppog, Csuppg, CI(0,3+27" + 2724 ... 427k+M)
(C.7)  ge()[=wi(x),
(C.8)  lgelx) — gu(¥)| = Coie(x)2|x — y| provided [x — y|<27%.

The construction of the above functions is explained at the end of this
section. We accept this construction temporarily and prove the Main
Lemma. By the same argument as [32], we can show that § = lim,_, . g,
exists in L*. By (C.6)—(C.7), we get

(9.10) suppg C 1(0,4)
and

(.11) 200)| = wlx).
By (9.9)

(012) B0 =fx0)+ 3 A - S elx).

I (H<2—M h=M+1
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Set
(9-13) Pz(x) = 2 )\IPI,z(x),
I (n<2~M
o0
(9.14) e(x)= 2 @x).
h=M+1
LEMMA 9.4,

f-(E+tp+eo)ES.

Proof. Since

g=1+ 2 Al(pl,l + l’/,z) P9

I (ny<2™M
by (9.12), the lemma follows from (C.3). O
LEMMA 9.5.
(9.15) supp @ C 1(0,4),
(9.16) lllemo w = CCg'1c§2M 2.

Proof. Condition (9.15) is clear from (C.6). Take any I (not neces-
sarily dyadic). Then

Y lex)|dx/m, (1)

Tpoa—kcuny
= C92.12M(n+2)/ 2 sk(x)zw(l(x, 2_k))~l dx/mw(l)
T2k <y
by (C.4)
— -2
< G20 [ Sy (x)w(I(x,274) " /]

< CC2,c22M+)

by Lemmas 9.3 and 7.1. On the other hand,

S (9uln) ~ a0))|/wlD) = Ccae
k:27k=4(T)
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if x, y € I by (C.5). Thus

J

Z ‘Pk(x)_ 2 (pk(x,) dx/mw(I)SCC;Ic§2M("+2)_ ]

k=M+1 27%= (1)
Set
f2 = Q,
w .
f;= E 27/ 2 )\IBI,j,
J=M+1 I ()27
f, = > 270D B, L, k=4
S I (=273,
(NH<2™M
LEMMA 9.6.
o0
2 f, =@ +p,.
k=2

LemmA 9.7, For k = 3,

(9.17) suppf, C 1(0,2%),
(9.18) ffk dx =0,
(9.19) Ifillsmo w = CCy1e2 ™ M27HFD,

Proof. We show only (9.19). If £ = 4, then

0

”fk”BMOw = 2 2 2_j(n+l)}‘l”BI,j”BMow
JEM+k=2 I (1y=2k7"3

< 3 32770 FNCe, = Y27/ D e 20
JI J
< Ccy2 M27HKtD,
If kK = 3, then
o]
Ifslemon = 2 277D

j=M+1

2 AIBI, J

I (=27 BMO w

0
< Y 27Ccy=Ccy2™™ byLemmas8.5and9.1. O
J=M+1
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From Lemmas 9.4-9.7, we obtain the following.

LEMMA 9.8. Assume the hypothesis of the Main Lemma. Then there
exist §(x) and {f (x)}iZ, such that

(9.20) f— (g + .225.) €S,
j.___
(9.21) suppf, C 1(0,2),
(9.22) Il aso o = Co0( M, €g)277**D,
(9.23) |8(x)| = w(x),
(9.24) supp g C 1(0,4¢),
where

a(M, c;) = C(Cy 27 + Cf ¢ 2M"+D),

Since we have assumed ¢ = 1 at the beginning of this section, we
showed the above only for the case r = 1. But the general case follows
easily from the case ¢t = 1.

Proof of the Main Lemma. We continue to assume ¢ = 1. Take M and
¢, SO that
(9.25) 1+ a(M,cy) <274
Applying Lemma 9.8 to f, we obtain § and {f;}?2, with (9.20)—(9.24).

j=2
Next, applying Lemma 9.8 to each f;, we obtain g, and {f;,}7-,.
Repeating this process, we obtain {g; .} and {f; .} such that

o0
G ii™ (gjl,.A.J. + kzzfj.,...m,k €5,

Suppfjl""""k c 1(09 2j'+“'+jr+k)>

< i1y —=(ji+ -4+ k)(n+ D)
”fjla~'~1ink”BMOw = Co 2 4

8,..i()] = @2 Gt (),

suppg;  C1(0,4 -2/ "),

Set
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Then
f— (gi-i— | 2 ffl,‘-.,/',ﬂ) €S.
Jisees Ji+1
Set
g=lim g'.
1> 00
Since 3,  f; . tendsto0in L®asi- oo, g satisfies (4.8). On the
other hand,
o0
k=1s:1=<s<k/2 ji,....jJs: 1+ - +j=k
o0
=g+ 2 (9:26),
k=1
and

supp(9.26), C 1(0,4 - 2%),

[(9.26) | = 27 %" Dy(x) N as( k+ts—1 ) = 27K/ Dy (x)
s: 1=s<k/2 s—1

by (9.25). Thus, (4.7) holds. 0

Construction of {B; ;} and {@,}.
We construct these functions inductively. We define g,, by (9.8). Then

(9.27) supp g,, C 1(0,3)
by (8.7)'. Since
wy(x) = C27 oMy (1(0,1))
by (4.3) and (8.17) and since
|f2(x)| < Cco M,

we get

(9.28) |82 (x)| = Wy (x)

if ¢, > 0 is small enough depending on M. By (8.8) and (9.4)
(9.29) |81 (x) — 81 ()] = Cep(x)2"]x — y|

provided |x — y|< 2~ M. [Recall that ¢(x) is defined by Definition 7.2
from {A,} defined by (9.3)-(9.5).]
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Let kK > M. Suppose that
{Bl,j}2‘M>1(1)>2—’<,j=4,5,6,... and  {@,}p=mt1,. k-1
have been constructed and that g, _, defined by (9.8)—(9.9) satisfies
(C.6) suppg,_; CI(0,3+27" +272 4 .. 427 G171
(C7) g% = weoi(x),
(C8)Y  gi—i(x) — &)= Co.18—1(x)2° 7 Hx — y|
provided |x — y| <27%*1

Notice that by (9.27)-(9.29) g,, satisfies the above (C.6)—(C.8).

LEMMA 9.9. If | x — y|< 2™, then
'gk—l(x) - gk—]()’)' = C9.12M("+1)8k—1(x)2k|x =l

This follows from (C.8)" and (7.3).
Set

(9.30) Wi(x) :lgk—l(x)l + B EBI)AW,IbI(x)

where 2 is taken over all dyadic cubes I such that

I(I)=2"% and

9.31
( ) IﬂI(O,3+2_1+2_2+...+2—(k—1—M))$Q.

[Recall that {b,} and {b,} are defined by Lemmas 8.3-8.4.]

LEMMA 9.10. If | x — y|< 27X, then
Iwk(x) - Wk(y)l = CC9.18k(x)2k,x ")’I-

This follows from (C.8)’, the first two inequalities in Lemma 9.2 and
(8.13)—(8.15).
From now we explain how to construct

{Bl,j}l(l)=2"‘,j=4,5,6,... and ¢,.
For each I with (9.31) we apply Lemma 6.1 to
v = Ulg—(x,)),
b(x) = N, Ibl (x)— <}" br(x), V>
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where
>\,w,1 = )\w,l/)\l,
}\},I == Af,[/)\l'

[For the sake of convenience, we define U(0) = (1,0,...,0) and 0/0 = 0.]
Then we get p,;(x) satisfying (6.4)—(6.5), (6.7)-(6.8) and

(6.6) <P1(X), U(gk—l(xl))> = Nw,lbl(x) - <}\},,b,(x), U(gk~1(x1))>'

Applying Lemma 6.2 to p;(x), we get {B; ;}°2,. Define p;,(x) and p; ,(x)
by (9.6)—(9.7). Then (C.1)—(C.3) are clear.

Set
(9.32) q/(x) = P1,1(x) + A},lbl(x),
(9.33) h(x)= 3 Aq,(x),
I: (9.31)
(9.34) k(x) =g,_,(x) +h(x).
Then

(9.35) suppq, C 2M71,
(9.36) g, (x)|=C(1+24x—x]) ",
937)  la,(x) — q,(»)[= C24x = yl(1 + 24x —x,|) "
provided that |x — y|<27%,

039 l= B Maol=Calx) by (030

(9:39)  Ih(x) = h(y)|=ZAlq;(x) = q,(»)= Cnu(x)2%]x — y|
provided |x — y| <2 % by (9.37),
(9.40) suppk C 1(0,3 + 27! + 272 4 - .. 427K+ M)
by (C.6)" and (9.35),
(941)  [k(x) = k()| =lgr1(x) — g i()]+h(x) = b(»)]
< (Coeer()/2 + Cr())24x = ]
=3Coe(x)2"x — y|
provided |x — y| < 27* by (C.8)" and (9.39)

since Cy, is large enough.
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Set
(9.42) ky(x) = (k(x), U(ge—1(x))) Ulgs-1(x))
and
(9.43) k,(x) = k(x) — k(x)
=h(x) = (h(x), Ulge—1(x))) Ulge—1(x))-
Then k, and k, are orthogonal. Set
(9.44) v/(x) = <‘I1(x)’ U(gk—l('x)) - U(gk-l(xl))>‘
Then
(9.45)  (q,(x), Ulge—(x))) = (a,(x), Ulgy—(x,))) + v, (x)
= (pra(x), Ulgi—i(x,)))
+ <)\},ib1(x)a U(gk~1(xl))> + v;(x)
= <P1(x)’ U(gk—l(x[))> +oeet
=N, b (x) + v,(x)

by (9.32) and (6.6)’. Thus

(9.46) k(x)_gk 1x)+<h gk (%) >ng ] ))
'"Wk(x)U(gk-l( )) +I_(§31)}‘101 X)U(gk—l( ))

by (9.33), (9.45) and (9.30).

Take any dyadic cube J with /(J) = 27X,

Lemma 9.11. (i) If

(9.47) |gk~1(x1)ls 3wk-l(x1)/4a
then
|k(x)|= 7w, (x)/8 onlJ.

(i) If
(9.48) ’gk~l(xj)| = w,_(x;)/2,

then
lgi—1(x)|=w(J)/4 on2"J.
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Proof. By (8.17) and Lemma 9.2,
wi(x) > (1 = Ceg)w,—(x).
By (9.38) and Lemma 9.2,
Ih(x)[ = Ceqw,(x).

Thus (i) holds since ¢, is small enough.
Let x, y € 2MJ. Then, by Lemmas 9.9 and 9.2

lgk~1(x) - gk—l(y)l = CC9‘12M(n+2)CoW(J)~

Since ¢, is small enough depending on M and C,,, (ii) follows from
(8.17). O

LEMMA 9.12. If (9.48) holds and if | x — x,|, |y — Xx,|< 2M7*, then
(9.49) ‘U(gk—l(x)) - U(gk-l(y))t
= CC9.12M("+1)8k—1(x)2k_llx —yl/w(J),
(9.50)  [U(k(x)) = Uk(y))|= CCy 2" Ve, (x)24|x — y|/w(J]).
The first inequality follows from Lemma 9.9 and part (ii) of Lemma

9.11. The second inequality follows from (9.41) and part (ii) of Lemma
9.11.

LemMMA 9.13. 11 (9.48) holds, then
(9.51) oy (x)|= CC9.12M(n+2)8k-l(x)(l +24x — xl‘)‘n‘l/w(‘]) onlJ,
(9.52) [o;(x) = v;(»)]

< CCy 2M"*2g, _ (x)2K|x —yl(l + 2K|x — x,l)ﬁn_l/w(.]) onlJ,

(9.53) 2 Ao(x)[=CC 2M e (x)my(x)/w(J) onl,
I:(9.31)

(9.54) 2 Ao(x) — 2 Ao (y)
I: (9.31) I: (9.31)

= CC9.12M‘”+2’8k—1(X)nk(X)2"lx - J’f/W(J) onJ.

Proof. (9.51) follows from (9.35)—(9.36) and (9.49). Note that
vl(x) 74 )’) <‘Ir(x) QI(y)’U(gk—-l(x)) - U(gk-l(xl))>
+ <‘l1()’)a U(gk—l(x)) - U(§k—1()’))>'
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Condition (9.35), (9.37) and (9.49) take care of the first term and condi-
tions (9.36) and (9.49) take care of the second term. Thus, (9.52) holds.
Conditions (9.53)—(9.54) follow from (9.51)—(9.52). O

LEMMA 9.14. If (9.48) holds, then

(9.55) k,(x)|= Cn(x) onJ,
(9.56) ky(x) = ky(p)| = Cni(x)2%|x — y[ onJ.

Proof. (9.55) follows from the last formula of (9.43) and (9.38). Note
that

(9.57) 'U(gk—l(x)) - U(gk—l(y))’ = 2" x =)
by (9.49), Lemma 9.2 and (9.2). So, (9.56) follows from the last formula of
(9.43), (9.39), (9.38) and (9.57). O

LEMMA 9.15. I (9.48) holds, then
(9.58) | [k(x)|— W (x)| = CCy 2M Ve, (x)?/w(J) on,
(9:59)  |(Ik(x)| = w(x)) — (Ik(»)] = ()]

< CC22M0 Ve (x)2x — y|/w(J)  onJ.
Proof. Set ri(t) = (1 + 1)/ — 1. Then

(9.60)  [k(x)] = w,(x) = ([k,(x)]” +]lo(x)[) " = W, (x)

5 2
{ wi(x)+ )}\ ,0,(x) ) +|k,(x)] } — W (x) by (9.46)
I: (931

= W () (220, 0,(x) /0 (x)
+ (DA, (0w (x))” + (Ika(x)] (2)))

= W (x)ry(x).
Then by (9.53) and (9.55)
(9~61) I"z(x)l = CC9.12M("+2)£/<(X)2/W(J)2~

So, (9.58) holds.



FEFFERMAN-STEIN DECOMPOSITION 253
By (9.60), the left-hand side of (9.59)
=(x) = m(2)lr(x) + 5 (P)ralx) = ()]
=W (x) = W (»)lr(x)
+Cm (|| A0 (x) = ZN0, ()] (%)
+ N0, ()| ) = ()7
| Ia()” = o) ] (x)°

+ ()] (x) 72 - Wk(y)‘2|}'

Lemma 9.10 and (9.61) take care of the first term. Conditions (9.54),
(9.53), Lemma 9.10, (9.56) and (9.55) take care of the second term. [

Let £,(x) = 0 be such that

(9.62) t(x) =0 if g, (x)] = we_i(x)/2,
(9.63) n(x) =1 if [ge_ (%)= 3w,_,(x)/4,
(9.64) (%) = 1 (y)] = 2% =yl

Set

Pe(x) = 1,(x)(Jk(x)] = W (x)) Ulk(x)),
g:(x) = k(x) — @ (x).

By (9.32)—(9.34) this definition of g, coincides with (9.9).
Condition (C.4) follows from (9.62) and (9.58). Condition (C.5)
follows from the inequality

|‘Pk(x) - ‘Pk(J’)I Sltk(x) - tk()’)l , lk(x)| - Wk(x)l
+1,(1)](k(x)] = W(x)) = (Ik(y)| = W (1))
+ ()] 1UK(x)) — Uk(y))],

when combined with (9.62), (9.64), (9.58), (9.59), (C.4), (9.50), Lemma 9.2
and ¢,2M"*H < 1. Condition (C.6) follows from (C.6)’, (9.62) and (9.40).
Condition (C.7) is clear from the definition of ¢,(x), part (i) of Lemma
9.11 and (9.58). Condition (C.8) follows from (9.41) and (C.5) if ¢, is small
enough depending on M and G, ,.
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10. Proof of Remark 3. In the proof of Main Lemma, if f is
R™-valued, then f,, and {b,} are R™-valued. By Remark 2.2 of [32], if
vER"NZ,, , and 6,(§) = ,(—¢§) for j=1,...,m, then we can take
p(x) in Lemma 6.1 to be R”-valued. Thus, if f is R™-valued, then we can
take § and {f;} in Lemma 9.8 to be R™-valued. Thus we can take g in
Main Lemma to be R™-valued.
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