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THE ORDERING STRUCTURE ON BANACH SPACES

G. A. EDGAR AND JUNFENG ZHAO

Suppose X, Y are Banach spaces. The binary relation X < Y means
X = N T**~![Y], where the intersection is taken over all bounded linear
operators 7: X — Y. We use this definition to study sums of Banach
spaces and the spaces J(w,), Cyg -

Introduction. In this paper we use the binary relation defined by
G. A. Edgar in [5] to investigate some relationships among some sequence
Banach spaces.

Notation and terminology used in this paper follow [5] and match
Diestel and Uhl [1], Dunford and Schwartz [2], Kelley [8], Lindenstrauss
and Tzafriri [9]. If X is a Banach space, its dual will be denoted X*, its
bidual X**. The subset of X** canonically identified with X will simply
be written X.

In [5], G. A. Edgar established a binary relation “ < > for Banach
spaces which is defined by

DEFINITION. Let X and Y be Banach spaces. Then X < Y means
X=N1T**"'[Y]

where the intersection is taken over all bounded linear operators T
X-Y.

Let F(X,Y) =NT**"[Y]. F(X,Y) is called the Frame.

[5] points out that the definition can be rephrased as follows: X < Y
if and only if any @ € X**, such that 7**(«a) € Y for all bounded linear
operators 7. X — Y, must be in X.

In this paper we use this ordering to consider the ¢,-sum of Banach
spaces, /;-sum of Banach spaces and to compare them with ¢, space, /;,(I)
space respectively. We find out that under some natural conditions the
ordering is preserved (see Propositions 3,5. More generally also see
Proposition 4.) In this paper we also consider some function Banach
spaces. We find out that the long James space, J(w,) is a predecessor of
the continuous function space C, ,, | in this ordering (see Proposition 7),
but J(w,) and Cj ,, both are not predecessors of /., (see Propositions
8,11).
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In [5] it was determined for which sets I' is /;(T') < /;,. We will show
that cy(I') < ¢, for all sets T, but /_(1') < I, only for countable sets I'. In
[S] was investigated conditions under which ( ® _r X)), <. We will
investigate similar conditions for (&__.X )y < coand (&__.X,)o < /.

For any abstract set I', let c,(I') denote the Banach space of all scalar
valued functions on I' which vanish at infinity (i.e., for which {y:
|f(y)| > €} is finite for any ¢ > 0) with the norm || f{| = max . {|f(¥)I}.

1. PROPOSITION. Let T be any abstract set, then c,(I') < ¢,

Proof. Case (i). If T is finite, then ¢ (I') is reflexive, so according to
Proposition 1 [5], ¢,(I') < ¢, holds.

Case (ii). Assume I is infinite. Suppose a € (cy(I))** = I (T'), a =
(a(¥)),er> but @ & co(T'). There is a positive number &, > 0 such that
K, = {v: la(y)| > &} is an infinite set. Choose distinct v, € K, n =
1,2,..., and define an operator T by (Tx)(n)= x(v,), n=1,2,...,
where x € ¢y(I') and x = (x(v)),<r-

Let (ey);—, be the unit vectors in ¢ and (e¥), o be the unit vectors
in (co(I'))*. For any x € cy(T),

(T*ey, x) =(er, Tx) = x(v,) = (e}, x).

so T*ek = e;“",n =1,2,..., s0
T**(a)(n) = aT*(n) = <a, ej”> = a(y,).
By the hypothesis |a(y,)| > &, n=1,2,... . Therefore T**(a) & c,,

hence ¢y (I') < ¢,.
Let ' be any abstract set, for each y € T, let X, be a Banach space.
Define a space by

X = {(x(v))yer: x(v) € X,, and for any ¢ > 0,

{y: lx(y)| > 8} is finite},
X has the norm ||x|| = max, c||x(y)], X is a Banach space. X is called the
co-sum of the X_’s, written X = ( D r X,),. The dual of X is denoted by

X = {(/(M)yer: f(v) € Xpand [/ = T ()] < +oof,

vyell

where X is the dual of X, for each y € I', X* is called the /;-sum of the
X3’s, written X* = ( GBYGFX;")I. The bidual of X is denoted by

XH* = {(D&(‘Y))yeI‘: a(‘y) € X*;," and ||a|] = Sl;[l)‘ “a(Y)” < 00},
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where X¥* is the bidual of X, for eachy € I'. X** is called the /_-sum of
X7*’s, written X** = (@ __ X7¥),.
For each y € T define a mapping J.: X, = X by

N [xX(y) ify =,
ey = {0 ify # v,
which is called the coordinate embedding (see [5]). For each y € T" define
a mapping P;: X > X, by P,x = x(y) which is called the coordinate
projection (see [S]).

Godefroy and Talagrand [7] say that a Banach space X has property
(X) if and only if any @ € X** such that a(X f,) = X a(f,), for every
sequence ( f,) C X* with X|f,(x)| < oo for all x € X, must be in X. (The
sum X f, is taken in the weak* topology of X*.)

[5] proves that if X is a Banach space, the X < /, if and only if X has

property ( X).

2. PROPOSITION. Let T’ be a set with [ \(I') < I,. For eachy € T, let X,
be a Banach space and X, have Property ( X). Then
(@x]~(g%),

1

vyel vyel 0

Proof. By Proposition 10 [5], for each y € ', X, < /; and by Proposi-
tion 15 [S], (&__. X,); < /. Since (®yEPX'Y)O is not reflexive, it follows
from Proposition 2 [5] that /; < (EBYer X,)o- So (& X)) <
( ®yer XY)O'

yeI‘

3. PROPOSITION. Let T be an abstract set and for each y € T, X be a
Banach space with X, < I,(T'). Then ( ®y€FXY)1 < I(T).

The proof is very similar to the proof of Proposition 15 [5].

4. PROPOSITION. Let T be an abstract set for eachy € T, let X, Y, be
Banach spaces such that X, < Y,. Then X < Y where X = (®y€FXY)O’

Y= (@, .Y

Proof. Suppose a = (a(Y)),er>, X** = (eayeer‘*)w, but a & X.
There are two cases we have to consider:

1. If there is a y, € T such that a(y,) & X, . By the hypothesis there
is a linear bounded operator T, : X, — Y, such that 7 **a(y,) € Y, . Let
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Tx = J, T, P, (x). This is a bounded linear operator from X into Y, where
P is a coordinate projection from X into X, J, is a coordinate embedding
from Y, into Y. So T** = J **T **P **. So T**a = J **T **a(v,) & Y,
since T.**a(v,) € ¥, .

2. Suppose a(y) € X, for all y € I" and there is &, > 0 such that the
set {v: [la(y)|l > &} is infinite. Suppose {v,}7-1 C {v: [la(v)|l > &}
For each k choose f, € X7, ||f, |l = 1 such that { £, , a(yk)> = |la(y,)|| >
&y, and choose y(y,) € Y, || y(v,)|l = 1. Now we define a linear bounded
operator T from X into Y by (Tx)(y) = T,x(y), for all y € T, where
T x(y)=0,ify # v,

Tx(v) = (f,, x(¥))y(v), fy=v,k=1,2,....
Since the range of T is a finite dimensional space which is reflexive, so
T;:*(X('Yk) = <fYk’ a(Yk)>y(Yk)9 k = 172,-- R

the others T¥* = 0. B
Let (Ta)(y) = T¥*(a(v)), vy € I. Now T is weak*-weak* continuous
on X** By definition T|, = T. So T = T**. According to the definition

IT**(a)(v)ll = [{ £, «(v) y(v:))|
=lla(y)] > &, k=1,2,....
So T**a & Y.

5. COROLLARY. Let T be any abstract set, for each y € T, let X, be a
Banach space such that X, < c,. Then

X=(@XY) < ¢p-

yel 0

Proof. By the hypothesis and Proposition 4 we have
(@%) <[ @) =cMNx),
yel' 0 yel 0
where N indicates the integers. According to Proposition 1
co(NXT) < ¢

is true for any I'. So the Proposition holds.

[S] proves that if X is a Banach space, then the following are
equivalent.

(@ X=<1,
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(b) If a € X** is weak* continuous on all bounded weak* separable
subset of X*, then a € X.

We use this characterization to prove next proposition.

6. PROPOSITION. Let I' be an abstract set, for each y € T', let X, be a
Banach space such that X, < 1. Then X = (eyeer)O <1,.

Proof. Suppose a € X** = (@ GFX;"* w @ =(a(¥)),er, a(y) €
X;*, vy € I and sup, 1 |la(y)|l < +oo. Suppose a € F(X, /). We can
claim that for any y € I, a(y) is weak* continuous on any bounded
weak™ separable set B(y) in X7. In fact, suppose B(v) = { f(v): f(¥) €
Xr}. Let A = { P¥f(v): f(y) € B(v)}, where P} is the adjoint operator
of the coordinate projection P,: X — X,y € I'. 4 is also bounded weak*
separable in X*. Since a is weak* continuous on A, then a(y) is also
weak* continuous on B(y), for all y € I'. So by Proposition 6 [5] and the
hypothesis we get a(y) € X, for all y € I. We will show that a € X.
Suppose a & X. So there is g, > 0 such that the set {y: [|a(y)|| > &} is
infinite. Let {y: ||a(y)]| > &} 2 { v+ }%-1- By the Hahn-Banach Theorem
we choose g, € S(x7} ) such that a(v,)(8,,) = &, (a(vx)) = |la(v,) ||, where
S(X7) is the sphere of X3, k=12,....Leth, =Prg ,k=12,...,
and 4; = {h, }7¥_, U {0}. 4, is bounded weak* separable and

w*
h, — 0.

')’kk__)°°

la(hyk) =|°‘('Yk)gykl =”a(7k)” > Eok:’wo = a(0).

Contradiction. So a € X.

Suppose w, is the first uncountable ordinal number. Let [0, w,] have
the order topology. Cy, ,,; consists of all continuous functions on [0, w;]
with max norm. The dual of Cy, ,, consists of all functions f on [0, w,]
satisfying || f || = X, <o, w | f(¥)| < + 00, written Cp ;= l[0 . The bid-
ual of Cp ; consists of all functlons a on [0, w,] satlsfymg l|el] =
SUD, e0, w ]|a(y)| < oo, written C, , T*

Let [0, w,] have the order topology. J( "’1) is the James-type Banach
space which consists of all of the functions x on the ordinal space [0, w,]
satisfying

@) x(0) = 0;
(ii) x is continuous on [0, w, ];
(i) (||, = sup(Zi_ [x(v,) — x(¥;-)|*)*? < + 005
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the sup is taken over all finite sequences y, < v; < --- < v,in [0, w;] (see
[6]). Cy, ., consists of all of the continuous functions x on the ordinal
space [0, ;] with the norm ||x|| = max_ ¢ ., j|*(¥)}

7. PROPOSITION. J(w,;) < Cyq ,, ;-

Proof. According to [6] we know that J**(w,) can be identified with
the set of all x on [0, w,] satisfying (i) and (iii). Suppose a € J**(w;) but
a & J(w;). Define a bounded linear operator from J(w,) into Cy, , ; by

Tx = x, forallx € J(w;).

So T**(a) = a & Cy , ;- This completes the proof.
8. PROPOSITION. J(w,) % /.
In order to prove Proposition 8, we need a lemma.

9. LEMMA. Suppose A is a weak* separable bounded subset in I,
Then thereisa B € [O w,) sothatf=0on (B, w,) forallf € A.

""1].

Proof . Suppose { f,} is weak* dense in 4. Since f, € l , there are at
most countably many points {Yn,} Jj=12,..., so that f ty,, ) # 0 for
n=1,2,... . Since w, is uncountable ordinal number, so

qu{{Ynj}\wl}=Bn<wl’ n=1’27""
J

Let 8 = sup,{ B,}. For the same reason we get
B < w;.
Suppose f € A4, { f;} is a subnet of { f,} and f; 5 f. We will show
that f = 0 on (B, w,). Suppose ¢ is an arbitrary point in ( 8, w;). Then
(1) If ¢ has an immediate predecessor, the characteristic function
X (13 € Clo, ) 5O

f(2) = <f’x{t}> = 1i§n<f8sX{t}> =f(t)=10

since f; = 0 on (B, w,) for all 4.

(2) If ¢ has no immediate predecessor, then there exist ¢, < ¢, ¢, = ¢
and 1, > B, n=12,..., X(t,.1 € Clo, w,)* (Since [0, w,] is a well-ordered
set, so any element in [0, w;] has an immediate successor, so X, €
C[O, “’1].) SO

<faX(t,,,t]> = li;n<fssX(t,,,t]> =0
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ie, X, < <. f(Y) = <f, x(,m,]> = 0 for all n. Since
ﬂ(l‘n, t] = {t} and ,f X(t,,,t]l S,f, = 11[0,‘,1]-

n

Using the dominated convergence theorem we get

f(O)=Xf(0)=tm ¥ f(y)= Tm (f x¢.00) =0,

1, <y<t

fis arbitrary in 4. This completes the proof.

10. COROLLARY. Suppose A is weak* separable bounded subset in L, o
Suppose anet { fs} C A, f€ A. If

w+
f& _S)f’
then lim; fs(w,) = f(w;).

Proof. According to Lemma 9 thereis a0 < < w, so that f =0 on
(B, wy) and f; = 0 on (B, w;) for all &. Since x4 ) € Cip, w,}> SO

folo)) = (fos X @) flo) = (fi X pa))-
Therefore lim fy(w,) = f(w,).

Proof of Proposition 8. Recall that according to Proposition 2 [6] and
Proposition 3 [6] the transfinite sequence { &, = X(y, 4} y<w, 18 @ trans-
finite basis for the Banach space J(w;); the transfinite sequence
{€y}ye(0,w Is @ basis for the Banach space J(w,)* which is the dual of
J(w,), where e_(x) = x(y), for all x € J(w,), for all y € (0, w,].

Suppose f € J(w)*. Then f =X, o u,¢,(f)e,, where ¢, € J(w,)**
are the coordinate functionals, J(w,)** is the bidual of J(w,). Since
<ey’ h,3> = X(8. o (V) B €[0,w,), so LoewiC(f) = (fsho) con-
verges. So there are at most countably many coefficients which are not
zero, say cYI_( f)#0,j=1,2,.... Since w, is the first uncountable ordinal
number 50 B; = sup;{{v;} \ @;} < w;. Soc,(f) =0, for any y € (B, w,).

Let A be a bounded weak* separable set in J(w;)*. Then there is a
B < w,sothatc (f)=0foranyf e A4 and forany y € (B, w,).

Indeed, suppose { f,};_; is a weak* dense in 4. So B = sup,{ B, } <
w,. Suppose f € A4, { f;} is a subnet of { f,}5_; and

w*
fa_;f’

and fs = X, ¢ (0, w,1¢y(f5) €y, for any 8.
Suppose t € (B, w,).
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If 7 has an immediate predecessor ¢ — 1, then x,, € J(w,). x(,, =

h, .y~ h,so <f’ X{z}> =¢(f), <f8’ X{t}> =¢,(fs) =0s0
Ct(f) = <f9 X(t}> = h§n<f89 X{t}> = hgnct(fa) =0.

If ¢+ has no immediate predecessor, let 7, <¢, ¢, > ¢ and ¢, > f,
n=1,2,..., and ¢, non-limits, X1y X(1.1] € J(wy)),n=1,2,....
Z cy(f) = <f’ X(tl,t,,)> = 11?1<f5, X(tl,t,,)> = 0.
.Ye(tlytn)
Similarly 2. (,m,]cy(f) =0, for all n. Since . . (©, )¢, (f) converges, so
im )} c(f)= X c/(f)
"R ye(y,t,) YE(4, 1)

So

o
Il

X oof)= X of)+elf)

YE (h,t] yE(, 1)

im Y ¢, (f)+c(f)=c(f)

This shows that there is 8 < w, such that ¢ (f) = 0 for all f € 4 and all
Y € (Ba (01).
Since ¢, (f) = (f: X (g, Ca(f) = {fs» X (5, 01)> for all & So

limgc, (f3) = ¢, (/)
Let

0, ify <,
1

ar) - |
a(0) = 0 and ||| j»» = 1 < + 00, 50 @ € J(w;)**. But a & J(w,). From
= f
in A4 it follows that limsc, (f;) = ¢, (f). So limsa(f;) = a(f). So a is

weak* continuous on 4. 4 is any bounded weak* separable set in J(w,)*.
By Proposition 6 [5] « € F(J(w,), [,,). This means that

F(J (@), 1)\ (@) # 2.

, fy=w.

SoJ(wy) 4 1,.
11. CorOLLARY. Cpg ;% /.

Proof. Suppose Cy, ,,; < /.. By Proposition 7 we have
J(wl) < C[O,wll'

So J(w;) < [_.. This contradicts Proposition 8.
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12. COROLLARY. Suppose T is an abstract set. Then | (I') < 1, if and

only if T < No-

Proof. If T > R, then Cyy ,, ;< Io(T). If ,(T) < [, then Cpy ,, ;<

I, this contradicts Corollary (11), so [ (T") < [.

(1]
(2]
3]
(4]

(5]
(6]

(7

(8]
19

The other direction is easy to check.
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