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Let p be a fully invariant congruence on the free completely regular
semigroup F£R of countably infinite rank. Let pm i n and pm i n be the least
congruences on FχR with respectively the same trace and the same kernel
as p. Let pmax and pmax be the greatest congruences on FχR with
respectively the same trace and the same kernel as p. These congruences
are shown to be fully invariant. We construct a network of varieties
corresponding to the congruences , pmax, pmax,p, pm i n, pmin, (ft™)1™,
( ρ m m ) m i n , and their intersections. Intervals between successive joins
of the network, in the lattice of subvarieties of completely regular
semigroups, are characterised as direct products of particular subinter-
vals. By comparing the network with the chain of varieties that are each
generated by a free completely regular semigroup of finite rank we get
information on the network and the chain.

1. Introduction. Completely regular semigroups are semigroups that
are unions of their subgroups. They may be regarded as universal algebras
with an associative binary operation (multiplication) and a unary opera-
tion (inversion). As universal algebras, completely regular semigroups
form a variety determined by the identities

(1) x = JCJC"1*, xx'1 = x~λx, {x~ιY = x.

Let CR denote this variety and LCR denote the lattice of subvarieties of
CR.

Descriptions of sublattices of LCR have proliferated in recent years.
The sublattices for which detailed results have been obtained are all
bounded above by BG V O where BG denotes the variety of all bands of
groups and O denotes the variety of all orthodox completely regular
semigroups. We will see that these sublattices lie at the bottom of LCR.
Varieties under BG V O include the variety G of all groups, the variety B
of all bands and the variety CS of all completely simple semigroups. The
lattice of subvarieties of B has been fully described in [1], [6] and [7]. The
lattice of subvarieties of CS has been studied in [17], [18], [21], [28] and
[31] while other sublattices of LCR have been investigated in [15], [19], [24],
[25], [27], [30] and [22].
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We will see in the final section of the paper that if p is the universal

congruence on Fξ* then the varieties induced by p ^ , pm i n, ( ρ m i n ) m i n and

( ρ m i n ) m i n respectively are G, B, BG and O. The variety BG V O is induced

by (p^^min Π (Pmin)111111 a n c * s therefore near the bottom of our network.

The paper begins with preliminary notions and with two results on

fully invariant congruences. Basic properties of pm i n, p™11, p m a x and p m a x ,

where p is a congruence on a regular semigroup S, are derived in §3. The

min-network p, pπύa9 p 1 ^ , (p™11)^, (p^n)™11*-.., with intersections, is

shown to be a sublattice of the lattice #(<£) of all congruences on S; this

generalises a construction of M. Petrich and N. R. Reilly [29] based on the

universal congruence of an inverse semigroup.

In §4 we see that if a congruence p on F£R is fully invariant then so is

Pmin> P™** Pmax ^ d Pm a x W e s e e i n § 5 t h a t t h e max-network for a fully
invariant congruence is a sublattice of ^(FχR). The major result concern-
ing the congruence network for a fully invariant congruence p on F£R is
that, as intervals of the lattice of fully invariant congruences on F£R,

= [Pmin Π P

m i n , P m i n]

The corresponding result holds for [p, p m a x V p m a x ] . We restate these

results in varietal terminology and compare them with some results from

the literature. If p is not the equality relation then our network of varieties

is infinite with supremum CR.

We also prove that for distinct integers m and n the free completely

regular semigroups of ranks m and n generate distinct varieties. The free

completely regular semigroups of finite rank are not fundamental while

FχR is fundamental.

For undefined notation or terminology see [11] or [16].

2. Definitions and preliminary results. Let S be a regular semi-

group. Denote by E(S) the set of idempotents of S and by V(x) the set of

inverses of x e S. We make use in the text of Nambooripad's sandwich set

S(e, f) for e, f e= E(S) (see [22] or [23]). Specifically

S{eJ) = [p e E(S)',pe=p=fp, epf=ef}.

We note that S(e, f) c E(S) Π V(ef).

The description in [10] and [38] of the free completely regular semi-

group F£R on a set X is via a description of the free unary semigroup F%

on X\ that is, the free object on X in the variety of all semigroups with a

unary operation. Let X = X U {( , )"1} where ( , )" 1 £ X. By [9], / ^ is
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the smallest subsemigroup of the free semigroup Fχ on X such that
XQF$ and (w)"1 €Ξ Fg for all w e F^. Define the content o f w e f f to
be the set

c (w) = {letters of X appearing in w }.

If w = Z>(α or u = )̂~XZ? where # e ( F ^ ) 1 and £ e i7^1 we say that the
occurrence of ( or )~* respectively is unmatched. If υ e Fχ let v & Fχ
denote the word obtained from υ by successively deleting unmatched
occurrences of ( and )~\

Define the left indicator L(w) ofw&Fχ by L(w) = a where α is the
shortest initial segment of w such that c(a) = c(w). Similarly the right
indicator of w is i?(π>) = Ί> where & is the shortest final segment of w such
that c(w) = c(6). It follows that L(w) = ux for some w e ( F ^ ) 1 and
x e X\c(w)andi?(w) = jo for some v e ( F ^ ^ a n d j e X\c(y).

As a notational convenience write w""1 in place of (w)"1 in Fχ. Let λ
be the congruence on F£ generated by the pairs (w, ww~ιw)> (ww~x, w~ιw)
and ((w"1)"1, w) for all w e F^. The following summarizes Theorems 3.1,
42 and 5.4 of [2]

THEOREM 2.1 [2]. Let w, v e F ^ .

(i) F X

C R s F x

u /λ.
(ϋ) uλ^vλ if and only ifc(u) ==

(iii) uλ&vλ if and only if L(u) = ΛJC and L(v) = Z?JC /or some
i e (F^) 1 such that (a, b) e λ or a = & = 1.

In the remainder of the paper we assume X is a countably infinite set.
Every element of F£* can be written in the form w with w e F^. We
hereby assume that w = v in F ^ R if and only if the identity w = v is a
consequence of the identities xx"ιx = x, XJC"1 = JC"XX and (x" 1 )" 1 = JC.

Accordinly if V is a subvariety of the variety CR of all completely regular
semigroups then we shall write the identities that hold in V in the form
w = v where w, v e Fχ.

A binary relation ί o n a semigroup S is said to be fully invariant if for
every endomorphism φ of S and every pair (JC, y) e θ then (xφ, yφ) e 0.

LEMMA 2.2. Let S be a semigroup and θ be a fully invariant reflexive,
symmetric binary relation on S. Then the congruence p on S that is generated
by θ is fully invariant.

Proof. By [35] (α, b) e p if and only if there exist pi9 qt e S1 and
(α / 5 &,) G ^ for 1 < i < n, some w, such that
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Let φ be an endomorphism of S and put lφ = 1. Suppose (a, b) e p.

Then (Pibjqjφ = (Pi+ιai+ιGi+ι)Φ and, since θ is fully invariant,

(<z,φ, btφ) e θ for all i. So (αφ, 6φ) G p.

LEMMA 2.3. LetSfbe a category of semigroups with a free object Fχon a

countably infinite set X. Let θ be a fully invariant equivalence relation on Fχ.

Then the largest congruence p contained in θ is fully invariant.

Proof. By [3; Lemma 10.3] we have

p = {(a, b) e θ; (paq, pbq) <= θ for all/7, q e ( i ^ ) 1 } .

Suppose (α, 6) G p. There exists xl9...9xn G X such that α and fe are

products of elements from {x l 9..., xn}. Select z l 9 z 2 e ( J ί u { l } ) \

{x l 9... ,JCW}. Let φ be an endomorphism of Fjfandp, q e (Fjf)1. Define

an endomoφhism ψ of i ^ s u c h that

xh\p = jcΛφ for all A, 1 < Λ < «, z tψ = /? and z2ψ = ήr.

We assume p = 1 if and only if zx = 1 and # = 1 if and only if z 2 = 1.

Since (zxaz2, z^bzj) G 0 and θ is fully invariant then ((z1αz2)ψ,(z1Z?z2)ψ)

e ^, so (p(aφ)q, p(bφ)q) G ^. This follows for all />, ̂  G ( i 7 ^ ) 1 so

(αφ, bφ) G p.

With the obvious modification to the description of p in the proof it

can be seen that Lemma 2.3 holds for any variety of algebras of finite type

r.

We note that since completely regular semigroups are unions of

groups then surjective semigroup homomorphisms preserve the unary

operation. Conversely, unary semigroup homomorphisms are semigroup

homomorphisms. Hence we need not distinguish between semigroup

congruences and unary semigroup congruences on a completely regular

semigroup.

In the text we consider the following lattices and their sublattices; the

lattice ^(S) of all congruences on a semigroup 5, the lattice C(F£R) of

all fully invariant congruences on i ^ R , and the lattice LCR of all subvarie-

ties of CR.

If p is a fully invariant congruence on F£R then denote by Vp the

subvariety of CR determined by the identities w = v for all (w, v) e p. If

V is a subvariety of CR denote by Fχ the free object in V on X, and by p v

the congruence which is induced on FχR by the natural homomorphism

FχR -> Fχ. Then p v is a fully invariant congruence. Moreover,
ι ) ^ L C R ; p -* Vp
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are mutually inverse anti-isomorphisms between the lattices LC R and
C(F£R). For more detail see [11, §§ 24, 25, 26].

3. Congruences on regular semigroups. We make extensive use of
the kernel-trace description of congruences on regular semigroups. The
description was introduced for inverse semigroups by H. E. Scheiblich [34]
and extended to regular semigroups by R. Feigenbaum in [4] and [5]. We
use the notation of [26].

Let S be a regular semigroup. Recall that tf(S) denotes the lattice of
congruences on S. The kernel of a congruence p on S is the union of all
p-classes that contain idempotents, that is,

(2) kerp = ( J C E 5 ; xpe for some e G E(S)}.

The trace of p is the restriction of p to E(S), thus trp = p\E(S). For any
congruence p define

By [4] and [5; Theorem 4.1] a congruence p on S is completely determined
by its trace and kernel; in other words

(4) {τ} = κpnτp.

It readily follows that Kp and Tp are convex subsets of
For p G <V(S) define pm i n = CiTp. Then trpm i n = trp and pm i n is the

least element of Tp. Hence pπήn is the congruence on S which is generated
by the relation trp. Therefore, if p, θ G Ή(S), then

t r p c t r t f implies p m i n c ί m i r l .

Recall the definition of sandwich sets. For p e <g(S) let ρmin be the
congruence on S which is generated by the relation

(5) {{x,e)\ x e kerρ,e G S(x'x9 xx') for some jt' G K(JC)}.

It follows from this definition that, for ί , p e #(S),

(6) kerp c ker0 implies pm i n c Γ i n .

If θ ^ Kp and x e kerβ = kerp then by [36; Lemma 1.2] we have
(JC, e) <Ξ θ for every x' G F(X) and e G ,S(X'X, xxf). Thus pm i n c β and in
particular pm i n c p. Hence, by (2), (5) and (6), kerpmin = kerp. We have
shown that pm i n is the least element of Kp.

A congruence on S is idempotent separating if its trace is the equality
relation on E(S). We see, using [14; Theorem 5], that the greatest
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idempotent separating congruence μs on S is characterized by

(7) μs

 = {(*> y) G -^ f o r s o m e ( a n y ) χ f G K *) and

/ <Ξ F(j>) where (*', y') e ^T then x'ex = y'ey

for each idempotent e < xx'}.

Let p G # ( £ ) . Using Lallement's Lemma ([20] and [16; II Lemma 4.6])
we see that a congruence θ belongs to Tp if and only if pTΏin c θ and θ/pπήn

is idempotent separating on S/pmin. Hence the congruence ρmax on 5 given
by

(8) xpmaxy if and only if x

is the greatest element of Tp (we let p*: S -> 5/p denote the natural
homomorphism).

L E M M A 3 .1. Let S be α regular semigroup and P , 9 E ^ ( S ) . Then

t r p c t r f l implies pm a x c «max.

Proof. For any congruence σ on 5 and a, b ^ S define an equivalence
relation J^ t r σ by

α^ t r σZ> if and only if flίσ^JTfcίσ^)* in 5 / σ ^ .

Let /x be the greatest congruence on *S that is contained in ^ Γ σ . Since
μ 2 σmin then μ/oπήn is the greatest congruence on S/στrύn that is contained
in 3tf\ hence μ/onήn = μS/σmim' So by (8) and since t r σ ^ = trσ then
/* = (σmin)maχ = σmaχ W e h a v e tr p c tr ^ so pm i n c θ^ and h e n c e ^ r p c
jr t r,. It follows that P m a x c 0max.

For p e ^(5) let p m a x be the congruence on S given by

p m a x = {(x9 y) ^ S X S; for every^, # G 5 1,

kerp <=> /7yήr e ker p).

By [35] p m a x is the greatest congruence such that kerp is a union of its
classes. It readily follows that pm a x is the greatest element of Kp. A
congruence on S is idempotent pure if its kernel coincides with E(S). By
Lallement's Lemma a congruence θ belongs to Kp if and only if pm i n c θ
and 0/pmin is idempotent pure on S/p"**.

If p, θ G ^(S) and kerp c ker0 (or even p c 0) it does not follow
that p m a x c 0m a x. To see this consider the inverse semigroup S that is a
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direct product of a non-trivial group G and the two element semilattice
/ = {0,1}. Let p be the equality relation on S and θ be the Rees
congruence on S which has G X {0} as its non-trivial class. Then p Q θ
b u t p m a x $ 0 m a x .

The following result summarises part of our findings.

THEOREM 3.2. Let p be a congruence on a regular semigroup S. Let Kp

and Tp be given by (3). Then there exist congruences p ^ , pmm> pm a x, p m a x

such that as intervals of^(S)

Tp=[Pmin,PmJ and Kp=[p™,p™].

Ifp,θe <#(S) then

txpQtrθ implies P m i n c θ^and PmaxQ θmax,

kerpckertf implies p™" c imin

It should be noted that the characterization of Tp first appeared in
[33; Theorem 3.4]. For inverse semigroups Kp is characterized in [12;
Theorem 3.3].

We next generalise a result of Green on inverse semigroups [12;
Theorem 3.8].

THEOREM 3.3. If p is α congruence on α regular semigroup S then

P = Pmin V P™ = P m a x Π p — .

Proof. Since P m i n c P m i n V p™ Q p then P m i n V p m i n e Tp and since
P m i n £ Pmin v p™" c p then P m i n V p™15 e tfp. Hence Pπύn V p1"1" e Tp n
ίΓp = { p}. A dual proof gives the other equality.

THEOREM 3.4. If p is a congruence on a regular semigroup S then

Pmin Π P ^ - ( p ^ U V ί p ^ ) ^ € Γpmin Π I Γ ^ .

Proo/. Since p m i n c p and ( p ™ " ) ^ c p™11 then by Theorem 3.2
(Pmin)min V ( P 1 " ' " ) ^ c p 1 ^ . Similarly since p m i n c p then (PaUB)

min V
(P™ 1 1 )^ £ PtaiB. Hence ( p ^ ) ™ " V ( p m i n ) m i n c P m i n Π p m i n . Since

( P m i n ) m i n £ (Pπ.n)'1"11 v ί ^ U c P m i n n p ^ " c P m i n

it follows that (PnJ™ V (p™111)^ and P m i n Π p™n are in J ^ . From

fp™11) . c (p . ) m ί n vίp™") . c p . n p™11 c p"1"1

\ r /mm — VPmin/ Vr /nun — ^min ' ' r — P
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Prnin1

Ίin n / > m ι n =(/> r jmin vminj

FIGURE 1

it follows that ( p m i n ) m i n V (p™ 1 1)^, and P m i n n p m i n are in Γpmin. We have

proved that ( ρ m i n ) m i n V ( ρ m i n ) m i n and p m i n Π p m i n have the same trace and

the same kernel; they are equal by (4).

We remark that some of the congruences depicted in Figure 1 may

coincide. It will be shown in Theorem 5.12 that when S = F£R and p is

different from the equality relation then p m i n Φ ( p m i n ) m i n .

COROLLARY 3.5. Let p be a congruence on a regular semigroup S.
Inductively define the congruences yi9 8t and ρtfor i > 0 as follows:

Then { yι9 8i9 pz; i > 0} forms a sublattice of &(S) where

Pi Ώ p I + 1 , γf 2 γ / + 1 , 8, 2 δ / + 1

If we assume in Corollary 3.5 that the congruences p., for all / > 0,

form a infinite chain where γ7 and 8i are not comparable then the

sublattice of the Corollary can be depicted as in Figure 2. We thus obtain

a network of congruences on S that generalises the network of con-

gruences on an inverse semigroup obtained in [29; §5].

We conclude this section with an observation on fully invariant

congruences.

THEOREM 3.6. Let τ be α fully invariant congruence on a regular

semigroup S. Then p m i n and p m i n are fully invariant.
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FIGURE 2

Proof. Let φ be an endomorphism of S. Then φ maps E(S) into E(S).
It follows, since p is fully invariant, that tr p is a fully invariant relation on
S. Since a ^ ker p if and only if there exists e e E(S) such that (a,e) e p
and since p is fully invariant it also follows that φ maps kerp into ker p.
Hence, from (S(x'x, xx'))φ c ^ ( ( C'ΛOΦΛXX OΦ) for any x e 5, we see
that relation (5) is fully invariant. The congruences pm i n and pm i n are
respectively generated by trp and relation (5). Hence by Lemma 2.2, pm i n

and p m m are fully invariant.

4. Fully invariant congruences on a free completely regular semi-
group. In the following X will be a countably infinite set and F£R the
free completely regular semigroup on X. Recall that Vp is the variety of
completely regular semigroups determined by the fully invariant con-
gruence p on F£R. The free object in Vp on X is F^ = F£R/ρ

THEOREM 4.1. Let p be a fully invariant congruence on FχR. The
subυariety VPm of CR is determined by all of the identities of the form
ww~ι — vv~ι which hold in Vp. The subυariety Vpmin of CR is determined by
all of the identities of the form w2 = w which hold in Vp.

Proof. By Theorem 3.6 pm i n and p11"11 are fully invariant. The con-
gruence pm i n on FχR is generated by trp = {(ww'ι9 vv~ι) e p ; w, v e
FχR} hence the description of Vp . Since pm i n is the least congruence
with the same kernel as p and since w ^ kerp if and only if (w, w2) e p
then the description of V mm follows.
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THEOREM 4.2. Let p be a fully invariant congruence on FχR. Then pm a x

is a fully invariant congruence on i ^ R . The identity w = v holds in VPmaχ if
and only if{pwq)p^{pvq)p^ in F^ for allp, q e (F£R)1.

Proof. Let φ be an endomoφhism of F£R and T = FχR/p. Since p is
fully invariant we can define an endomorphism ψ of T by xp*ψ = xφp$. It
is easy to check that the equivalence relation Jfon a semigroup is fully
invariant. Since the greatest idempotent separating congruence μτ on T is
the greatest congruence under the ̂ relation on T then by Lemma 2.3 μτ

is fully invariant. In particular μτ is invariant under ψ, so by (8) pm a x is
invariant under φ. Thus pm a x is fully invariant. Since μτ is greatest under J^
then by [3; Lemma 10.3]

μΓ = {(wp#, ϋp#); w, ϋ e i ^ R such that (pwq)ptJ^(pvq)ρt

for all/^e^)

Since Γ = F£R/p = i 7 ^ then the description of p m a x follows by (8).

We remark that the proof of Theorem 4.2 shows that for any category
of regular semigroups in which free objects exist and on which p is a fully
invariant congruence, then pm a x is fully invariant.

As a notational convenience if S is a completely regular semigroup
and w G S, then we write w° = ww~ι = w~ιw.

m a x
THEOREM 4.3. Let p be a fully invariant congruence on FχR. Then p

is a fully invariant congruence on F£R. The identity w = v holds in Vpmaχ //
and only if, for each p,q e (FχR)ι

9 the following are elements o/ker p;
(i)pwq(pvq)-\

(ii) pvq(pwq)~\
(iii) (pwq)°(pvq)°

Proof. Let T be the relation on i ^ R consisting of the pairs (w, v) such
that for each/?, q e ( i ^ 1 1 ) 1 the products (i), (ii), (iii) and (iv) are in kerp.
Let ττ denote the transitive closure of T. It can be easily seen that ττ is a
congruence on F£R.

We now check that ττ is a fully invariant congruence on F^ R .
Suppose(w, v) e τandselectx, ^ e Jί\(c(w) U c(y)). Thenjcvvy(xty)"1,
χyy(xwy)"1, (xwy)°(xvy)° and (xty)°(xvvy)° are in kerp. Let φ be an
endomoφhism of F£R. There exists an endomoφhism ψ of i ^ R such that
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for any p, q e FχR then zψ = zφ for all z e c(w) U c(υ), xψ = p and
j ψ = q. In the proof of Theorem 3.6 we showed that endomorphisms map
kerp into kerp, so we have p(wφ)q(p(vφ)q)~ι, p(vφ)q(p(wφ)q)~1,
(ρ(wφ)q)°(p(vφ)q)° and (p(vφ)q)°(p(wφ)q)0 in kerp. We may choose
p or q to be 1; in such cases let x or y respectively be 1. Hence
(wφ, vφ) G T . S O T and ττ are fully invariant.

Say (w, v) e p. Then wv~\ υw~ι

9 w%° and v°w° are in kerp; this
follows since u e kerp if and only if up* e E(FχR/p), Since p is a
congruence then (/nv#, /w#) € p for all/?, q e (F£*)\ SO p c T. Similarly
pmax c T since ρm a x has kernel kerp. We next show that ker rτ = kerp.

Suppose (w, ϋ) e T and H> e kerp. We consider three cases.

Case 1. Let vv^y in F^ R . With p = 1 = q in (ii) it follows that
mv"1 e kerp. Since w e kerp then wp* is an idempotent, so (yw~1)ρ* ==
(vw)p$ is an idempotent. Also with p ~ υ and ^ = w in (ϋ) we get
vvw(vww)~ι € kerp. Since w2p# ~ >̂ P* and (^w)2ρ* = (υw)ρ% then
(y2w)p* = (vvw(vww)~ι)ρ% is an idempotent. Notice that by Theorem 2.1
UW, v2w and t>° are ^-related in FχR, It follows that (vw)ρ$, (v2w)ρ$ and
ϋ°ρ* are ^-related idempotents. Hence (υwv°)p* = v°ρ$ so ί vvy =

== v and likewise v2wvpv. But then vρv2wvρv2, so y β kerp.

2. Suppose c(w) 3 c(v). We may assume c(w) = {xl9...9xi}
and c(^) = {^i^.. ,Xj} where j < i. Let φ be an endomorphism of F£*
such that xhφ — xhiί h <j and xhφ = xy if Λ > J. Then vφ = v and since
Φ maps kerp into kerp then wφ e kerp. Since T is fully invariant then
(wφ, v) e r. Furthermore c(wφ) = c(v) so by Theorem 2.1 vvφ^o. Thus
by Casel v e kerp.

3. Suppose c(w) 2 ^(^) By (iii) w°v° e kerp. Since w e kerp
then (w,w°) G p so (wiΛw°ϋ°) e p and hence wv° G kerp. We have
wv°rυυ° « y since T is a right compatible relation. Since c(wυ°) D c(y)
and yτwί;0 e kerp then by Cases 1 and 2 it follows that υ G kerp.

We have seen that if (w, v) e T and w e kerp then t; e kerp. It
follows that if (vv? ϋ) G τ r and w G kerp then v e kerp. Hence if v e
ker τ r then (y0

? y) G τ r and since v° G kerp then v e kerp. Thus ker τ Γ

c kerp. But since p c T C rτ then kerp c ker ττ. So kerp == ker τ r .
We have shown that ρm a x c T C τ r . But since kerp = k e r τ r then

rτ c p m a x . So p m a x == T and the Theorem is proved.

COROLLARY 4.4. Let p and θ be fully invariant congruences on F£*. If
kerp c ker θ then p m a x c ^ m a x .
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Proof. Define τ as in the last proof. Define τθ as for T but with ker 0 in

place of ker p. It follows easily that τ c τθ. We saw that ρ m a x = T, SO

0 m a x = τθ; hence the result.

Theorem 3.2 and the results of this section together give the following.

THEOREM 4.5. If p is a fully invariant congruence on F^ then p m i n ,

p m i n , p m a x and p m a x are /w//y invariant congruences on FχR. Moreover, if p

and 0 are fully invariant congruences on FχR then

tr p c tr 0 zm/?//es p m i n c 0m i n ond p m a x c 0m a x,

ker p c ker 0 implies p m i n c 0 m i n an J p m a x c imax

5. Sublattices of the lattice of all completely regular semigroup
varieties. The lattice of fully invariant congruences on F£R is denoted by

C(FχR). Let p be a fully invariant congruence on FχR. Then

Kp={θe C{F<*); kerp = kerfl} = Kp n C ( f « )

(^ e C ( F « ) ; trp = trβ} = Γp n C ( F « )

are intervals of C ( F ^ R ) . Indeed, according to Theorem 3.2,

^ p = [ p m i n , P m a x ] and Γ p = [ P m i n , p m a x ] in C(F™).

In the following result we look again at the situation described in

Theorem 3.4.

THEOREM 5.1. Let p be α fully invariant congruence on FχR. Then as

intervals of C(F£R)

by the mutually inverse isomorphisms given by

Proof. Let 0 e [pm i n n p m i n , p]. Since ί c p then clearly

* v Pmin e [Pmin, p] and 0 V p - n e [p™, p ] .

By Theorem 3.4 we have

so by Theorem 4.5 P m i n c ( P m i n ) m a x c 0 m a x . Thus 9 c 9 v P f f l i n c 0 —

and so ker 0 = ker(0 V p m i n ) . In a similar way we get tr θ = tr(0 V p m i n ) .
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Hence since

ΘQ(ΘV PmJn(θv P™)ς:θv Pπήn

then

Similarly

tr

Consequently, by (4),

Let us now suppose that ξ G [pm i n, p], η G [pm i n, p] and ί = f Π η.

Then 9 e [Pmin Π p m i n , p]. Since η c p then by Theorem 4.5 η m i n c p m i n c

£. Hence η m i n c ξ Π r? = 0 c η.

Thus by the first part of the proof we have tr η = tr θ = tr(0 V p m i n ) .

Furthermore, since p m i n c η C p a n d p™11 c 0 V p m i n c p then

ker ij = kerp = ker(^ V p m i n ) .

Hence by (4), η = θ V p m i n . Similarly ξ = θ V p m i n . Thus the mappings

described in the Theorem are mutually inverse bijections.

It is easy to see that the mapping given by θ -> (θ V ρm i n, θ V p m m ) is

a complete V -homomorphism and that since the domain and range of the

mapping are complete lattices then the mapping is a lattice isomorphism

with the required inverse.

We remark that in a similar fashion we can show that, as intervals of

[Pmin Π p m i Π , P ] S [Pmin Π p™, P m i n ] X [Pmin Π p™, pm i n]

by the mutually inverse isomorphisms

Using Theorem 4.5 we can prove the following result. The proof is

similar to the proof for Theorem 3.4 along with that of Theorem 5.1.

THEOREM 5.2. Let τ be a fully invariant congruence on FχR. Then

Pmax v p m a x = ( p m a x ) m a χ π ( p m a x ) m a x e Tp^ n Kp_

and as intervals of C{FχR),

\n n \/ n m a x l "̂  ί Λ m a x A \/ A m a x 1 V Γ A A \/ A m a x l
I P ' Pmax V P J = IP ? Pmax V P J X LPmax' Pmax V P J
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\max n / n max\
max j π \P ) max

FIGURE 3

by the mutually inverse isomorphisms given by

We remark that in a similar fashion it can be shown that as intervals

[p,P m a x Vp m a x ] = [p,pm a x] X [ p , p m j

by the mutually inverse isomorphisms given by

θ -» (θ n P

ma*,0 n P m J , α , η ) - f v η .

Again, some of the congruences of Figure 3 may coincide.

THEOREM 5.3. Let p be a fully invariant congruence on F£R. Define the
congruences γz, δ, and pz, i > 0, fl5 I/I Corollary 3.5, αwd inductively define
the congruences γ_i9 8_i and ρ_t as follows:

Ύ-/-1 = ( δ _ J m a X , 8-/-1 = (Y-/)maχ? P-/ = Y-/ V δ-/

{ γ , δ7, p7; y w an integer) forms a sublattice of C(FχR), where

a n d yjn8j =

for any integer j . As intervals ofC(F£R), [pj+v py] = [γ7, p7] X [δy, p7].

Proof. This follows immediately from Corollary 3.5, Theorem 5.1 and
Theorem 5.2.

Recall that CR is the variety of all completely regular semigroups and
LC R is the lattice of sub varieties of CR. Define U, , V,. and W, to be, in the
notation of Theorem 5.3, the subvarieties of CR which are determined by
the fully invariant congruences yi9 p, and δ, respectively for each integer i.
We obtain a sublattice of LCR as depicted in Figure 4. However some of
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y

Ύ:

y
ι+i

W-j-2

depicted varieties may coincide, in which case the lattice {U, , V), Wrf; i is an
integer} is a homomoφhic image of the lattice of Figure 4.

THEOREM 5.4. For p e CiF^) define the fully invariant congruences
yi9 δ α^ί/ pz /or βαcΛ integer i as in Theorem 5.3. jFbr each i put Ui = Vγ,
Wf. = Vδ and V. = Vp. ΓΛβn m L C R

[v^v^il s [v^m xίv^w,] s [uί5vi+1] χ[w^vi+1]

ί y ίΛe mutually inverse isomorphisms

V^fVΛϋj.VΛWi), (Y.Z)^YVZ

and

V->(V VU,,V V W,), (Y,Z)^YΛZ

respectively. The lattice UίlW^^U,]; j ώ an integer) is modular. If V
[Vy, V,+ 1] ίΛe« /r^ M a subdirectproduct of F^ Λ w -
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Proof. That the mappings are mutually inverse isomorphisms readily
follows from Theorem 5.1, Theorem 5.2 and the remarks following these
theorems. The interval [W^-^UJ of LCR is anti-isomorphic to the interval
[Y/> δ/ -il of C(F£R). From the definition of yi and δ, for any /, it follows
that trγ, = tτδi_v Hence the interval [γ, , β^J is embedded in Γγ., by
Theorem 3.2. By [33; Theorem 3.4] Ty is modular. Consequently^ the
interval [γ, , β^J of C(F£R) is modular, as is the interval [WZ_1?UJ of
LC R. Since, by the first part of the theorem,

it is now a routine exercise to check that U^W ^ U J ; i an integer} is a
modular lattice.

Let V e [V/5 V/+1]; that is, ρ v e [pi+ι, pj. As in the proof of Theorem
5.1 we have that kerp v = ker(pv V γz) and t r p v = tr(p v V δ,). It follows
that ( p v V γ^/Pv is an idempotent pure congruence on F£R/px = F%
and ( p v V δ,)/p v is an idempotent separating congruence on F%. Conse-
quently ( p v V γ.O/Pv Π ( p v V δ^/py is the equality on Fχ9 hence i 7/ is
a subdirect product of

V δ,.)/pv)* = F, C R (p v V δ,)# =

and

The first part of the following corollary has been proved by Hall and
Jones [15; Corollary 5.7] and Rasin [32; proof of proposition 1].

COROLLARY 5.5. Let B, RB and CS be the varieties of bands, rectangu-
lar bands and completely simple semigroups respectively. Then
[RB, B V CS] = [RB,B] X [RB,CS]. Furthermore, i ^ v C S is a subdirect
product of the free band F% and the free completely simple semigroup Fcs

x
Proof. Let p = pRB. Then pnύn = p c s , p

m i n = p B and the result follows
from the Theorem.

The first part of the next corollary is due to Petrich [24] and [25;
Theorem 3.3]. Let L v denote the lattice of subvarieties of a variety V.

COROLLARY 5.6. Let B, G and OBG be the varieties of bands, groups
and orthodox bands of groups respectively. Then LOBG = LB X LG. Further-
more F°BG is a subdirect product of the free band F* and the free group
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Proof. Let p be the universal relation on Fχ*. Then ρmin = pG and
pmin = p B . Let BG and O be the varieties of bands of groups and of
orthodox completely regular semigroups respectively. It is fairly easy to
see that (ρB)min ^ PBG a n d bY [Φ Theorem 2.4] that (p G ) m i n = p0. Hence
by Theorem 5.3

OBG = O Λ BG = B V G.
We note that the result OBG = B V G is indirectly (and not so easily)
proved in [25; Proposition 3.2]. The Corollary now follows from Theorem
5.4.

We remark that the above corollaries are only samples of what we can
achieve using the techniques developed in this paper. These techniques
may facilitate the proving of various results in the existing literature.

In the following the aim is to show that for any fully invariant
congruence p on JFCR that is not the equality relation, the lattice
{y., δi9 pέ; i an integer} of Theorem 5.3 is infinite.

LEMMA 5.7. Let p be a congruence on a completely regular semigroup S.

Let D be a S^ class of S such that xp = {x } for every X G S with Dx> D in

S/Q. Then x( p™") ^ = { x} for every x G S with DX>D in S/Q.

Proof. If x G kerp then (x, xx~ι) e p, so x e ker(p Π Si). Thus,
since p Π Θis a congruence on S it follows by Theorem 3.2 that p m m c
pnSci

The restriction ρ\D of p to D is a congruence on the completely
simple semigroup D. It is easy to see that (p|Z>)min is an idempotent
separating congruence on D. Since xp111111 = {x} for every x & S with
Dx> Din S/Q, since p™11 c Θ and since (p|2>)min c pmin\D we see that
ρmin\(S \D)U ( P P ) ™ 1 1 is a congruence on S. Also since pm i n c 2then

kcτiplD)™* = kerp|£> = ker p^D

so

kcr(pπάn\(S\D) uiplD)™) « kerp^.

Consequently p11*1 = pmin\(S\D) U ( p j ί ) ) ^ , and p^11 separates the
idempotents of D. Let ιD be the equality on D. Then pm i n |(5 \ D) U ̂  is a
congruence on S with trace trpm i n. Thus (p 1 " 1 1 1 )^ c pmhl\(S\D) U tD.
Hence (ρmin)mill|2> = ιD and the result follows.

Let FW

CR denote the free completely regular semigroup on an n
element set and FΛ be the variety of completely regular semigroups
generated by
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THEOREM 5.8. Let p e C(F^R) be different from the equality relation.
Then, in the notation of Theorem 5.4, X}2n-i ^ ^nfor every integer n > 1.

Proof. Let Y be a finite subset of X. By Theorem 2.1 the set Dγ of all
w <E F£R with content c(w) = Y is a ̂ -class. Let Cn = U|y|<n Dγ for each
integer n > 1, where Co = D. In the notation of Theorem 5.3 we have
Ϊ2(Λ+i)-i = Ϊ2M+i = (yin-i^nήn Hence, by a simple induction argu-
ment utilizing Lemma 5.7 we get wyln_1 = {w} for all w e Cn and each
integer n > 0. For w > 1, any subsemigroup of i ^ R generated by n
elements of X is isomorphic to FfR and is contained in Cπ. It follows that
F^R is embedded in FχR/y2n_1 = Z^"- 1 for each integer n > 1. Since
U2,2-i is the variety generated by F^2*-1 we conclude that Fn < U2 n_1.

COROLLARY 5.9. In the notation of Theorem 5.4, ifp ^ 1 1

V uw = V vn = V w, = V FM = CR.

The following theorem tells us that if p e C(F£R) is different from
the equality relation then pτrάn c p or p"1111 c p.

THEOREM 5.10. Let p e C(F^R) W p , ^ = p = pm i n

equality relation.

Proof. If Pĵ n = p = p1™11 then in the notation of Theorem 5.3, p =
(pmin)min == Ύi β y induction, p = γ2 π_i for every integer n > 1. Hence by
Corollary 5.9, p = Γ\n>ι Ϊ2«-i is the equality relation.

LEMMA 5.11. For any infinite set Z the equality relation is the only
idempotent pure and the only idempotent separating congruence on F£R.

Proof. Let υ, w e F£R and w Φ v in F£R. Let c(ϋ)Uc(w) =
{JC 2,...,JCW_ 1} c Z and select distinct elements xl9 xn e Z\(c(v) U
c( w)). Put / = (*! xn)°. From Theorem 2.1 then w/ and y/ are not
^-related in i ^ R . Hence the congruence on F?R that is generated by
(υ, w) is not idempotent separating. Furthermore since xl9 xn £ c(v) U
c(w) then by [38; Theorem 4.1 and Definitions 3.2, 3.5 and (07)] it
follows that fvf and /W/ are distinct; they are ^related by Theorem 2.1.
Thus the congruence generated by (v, w) is not idempotent pure.

We note that with more rehance on technical detail from [38] it can be
shown that a free completely regular semigroup on any set has no
non-equality idempotent pure congruence.
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THEOREM 5.12. For any p e C(F£R) that is different from the equality

relation, the chain {U2π_1; n > 1} of Theorem 5.4 is strictly increasing.

Proof. Suppose the chain is not strictly increasing and n is the

smallest positive integer for which V2n_1 = U 2 n + 1 . Then y2n_λ

 = Ϊ2»+i> s o

Ϊ2«-i = (ϊ2«-i)min = (Y2*-i)min an<* by Theorem 5.10 yln_x is the equal-

ity relation. Thus y2n_1 < 82n_2 or y2n_x = 82n_2 and 5 2 w _ 2 < γ2 / 1_3. In

the former case 82n_2 is a proper idempotent separating congruence on

F£R and in the latter case γ 2 w _ 3 is a proper idempotent pure congruence

on F£R. By Lemma 5.11 this is impossible.

In the following we shall show that the chain of varieties {Fn; n > 1}

is also strictly increasing. We suppose xv...,xn+2 e X, and define ele-

ments un, vn e F£R inductively for integers n > 1, as follows:

u0 = xx, v0 = x2 and, for n > 0,

^ f y _ ι y 0 0 0 ;.O 0 _ ( M 0 0 \ ° 0 ί W °/; 0 > i 0

W Λ + 1 "~ UnϋnXn + 3Unϋn9 Vn + 1 ~ \UnVn) Xn + 3\UnVn) '

Clearlyc(wM) = c(vn) = {xl9...,xn+2} forn > 1.

LEMMA 5.13. Let p be the universal relation on F£R. In the notation of

Theorem 5.4, ¥n+ι < U2rι for all integers n > 0. For any n > 0 let the

identity un = υn be defined by (9). Then u® = υ® is satisfied in V2n but not in

F n + 2

Proof. Since p is universal then γ 0 = prίήn is the least group congruence

on FχR. Then F£R/y0 is a free group. Since any x e l generates the free

cyclic group as a subsemigroup of F^ [2; Proposition 3.3] then wy0 = {w)

for any w e F ^ R where \c(w)\ = 1; that is, for w e Cx. We may continue

as in the proof of Theorem 5.8 to get Fn+ι < U2n for all n > 1.

The identity u® = υ$ determines the variety of all groups, namely Uo.

By [2; §6] the identity w X = ( w X ) ° is not satisfied in JF 2

C R , SO U°Q = i g is

not satisfied in F 2 . Suppose that u°n = υ® is satisfied in \J2n and that
unvn = (unvn)° * s n o t satisfied in F r t + 2 . We proceed by induction. Since

{u°n>vϊ)ey2n then ( I I ^ 0 , u°n) e γ2 r t so ttχ e ker δ 2 w + 1 . Thus

( w ^ , ( w ^ ) ° ) e δ 2 π + 1 and since δ 2 n + 1 is a congruence then ( « n + 1 , υn+ι)

e δ 2 w + 1 . Hence by [16; Theorem 1.5.6],

Un + lY2n + 2\°2n + l/Ύ2n + 2) = ίWlY2« + 2\"2« + l/'2«-f2/

It follows, since δ 2 w + 1 / γ 2 n + 2 is idempotent separating on F£R/y2n+2 =

S that un+lΎ*n+2J(rvn+1y*n+2 so (M^+I, ^ ° + I ) e γ 2 w + 2 . Hence u°n+1 =

in U 2 π + 2 . The left indicators of u®+ι and v%+ι art unvnxn+3
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(unvn)°xn+3 respectively. Since we may regard Ff*2 and Ff*3 as being the

subsemigroups of F£* generated respectively by {x1?.. .,xn+2}

{ JC1?. . . 9xn+3), then by the induction assumption u%υ% Φ (u°υ%)° in

Hence by Theorem 2.1, u®+1 Φ v®+ι in Ff*3. So u°n+1 = v®+ι is not an

identity in F π + 3 .

In order to complete the proof we must check that u®+1v®+1 Φ

«+iV°n+i)° in FΛ<*. Let / = {xλx2 xn+3)°. Since both sides of the

following are idempotents then by Theorem 2.1

Then

7 + 3

Since ( w ^ ) 0 , iιjjι;° and ( w ^ ) 2 each have content c(/)\{xM + 3} and are
distinct by the induction assumption then by [38; (θ) and Corollary 4.2]
/wX^M +3Λ/(«X0)0^«+3/and/(wX)2x / 1 + 3/are distinct free generators
of a n ^ c l a s s of F™3. So u°n+1v°n+1 Φ (u°n+1v°n+1)° in

COROLLARY 5.14. For integers n > 0 let un and vn be given by (9), and

let [u® = v®] be the variety of completely regular semigroups determined by

the identity u°n = i £ Then Fn+1 < [u°n = v°n] Π Fn+2 < Fn+2.

REMARKS. Suppose p is the universal congruence on F£R. In the
notation of Theorem 5.4 then Uo = G is the variety of all groups, Wo = B
is the variety of all bands, Vx is the variety of all orthocryptogroups
(orthodox bands of groups), L^ = BG is the variety of all cryptogroups
(bands of groups) and Wx = 0 is the variety of all orthogroups (orthodox
completely regular semigroups). The congruences (po)min a n d (PBc)min

respectively induce U2 and W2. According to Theorem 4.1, U2 is determined
by all identities of the form ww~ι = vv~ι which hold in 0 and W2 is
determined by all identities of the form u2 = u which holds in BG. Since
0 V BG = U2 A W2 we have that 0 V BG is determined by all identities
of the form ww~ι = vv~ι which hold in 0 and u2 = u which hold in BG.
Furthermore by Theorem 5.4 the free object F° v B G is a subdirect product
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of the free orthogroup F° and the free cryptogroup FχG. These observa-
tions partially answer the question of Petrich [27; Problem 2].

Since (δι/y2)^: F^2 -> F™1 = Fχ is idempotent separating and since
F® is orthodox it follows that the core of F^2, that is, the idempotent
generated part of F^2, is a cryptogroup. Using Lallement's Lemma one
easily shows that every homomoφhic image of F^2 has the same property.
Hence the core of every S ^ U2 is a cryptogroup. Conversely, if the core
of a completely regular semigroup S is a cryptogroup and if μs is the
greatest idempotent separating congruence on S then using Hall's char-
acterization of μs [14] we easily see that S/μs e O. Since tτμs is the
equality relation on E(S) it follows that S satisfies all identities of the
form ww'1 = υvι that hold in O. Thus S e U2. We conclude that S G U 2

if and only if the core of S is a cryptogroup. In particular, by Theorem
5.13 the core of FfR is a cryptogroup.

By the dual of Theorem 2.1(iii) ((pvp)°(pup)°)° and
((pup)°(pvp)°(pup)0)0 are-^related idempotents of FfR for all u,v,p<^
F 2

C R. In fact since \c(w)\ < 2 for all w e F2

C R we get that

((pwp)°((pvp)°(pup)°) ) and ((pwp)0((pup)°(pvp)°(pup)0) )

are ̂ re la ted idempotents of F 2

C R . Let

a = ((x4x3x4)
0((x4x1x4)

0(x4x2x4)
0(x4x1x4)°) ) ,

b = ((x4x3x4)°((x4x2x4)°(x4x1x4)°) ) .

Then ab = a is an identity satisfied in F2. By Green and Rees [13] (see [16;
Lemma 4.6]) Theorem 2.1 holds for free bands with the free unary
semigroup Fχ replaced by the free semigroup Fx on X and with λ
replaced by the congruence generated by {(w, w2); w ^ Fx). If ab = a in
F f then by this version of Theorem 2.1 R(ab) = R(a) in Fχ and again by
Theorem 2.1 L(R(ab)) = L(i?(α)). But L(R(ab)) = ^ ^ ( ^ x ^ ) 0 * ^
while L(R(a)) = Λ^Λ ^.X ^ . X ^ ) 0 * ^ . Theorem 2.1 demands that Λ:X = x2

so we conclude that ab = a is an identity not satisfied in B. Since
B < O < U2 we then have that F2 < U2.

Since Fx is the variety generated by the free cyclic group then Fx is the
variety of all abelian groups. Uo is the variety of all groups so Fx < Uo.

Let FΠ

CR be freely generated by a set Z of n elements Let Dn denote
the S-class of elements of content Z. Then Dn is a completely simple
subsemigroup and ideal of FM

CR. Define a relation T on i^CR such that T is
the equality relation on Fn

CR \Dn and T is the ̂ relation on Dπ. Since J?7 is
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a congruence on Dn then we see by Theorem 2.1 that r is a congruence on

F Π

C R . In fact τ is idempotent separating. We see that F^R/τ has an ideal

that is an / X / rectangular band where, by Theorem 2.1, / is a countable

set. Hence since varieties are closed under the taking of homomorphic

images and the taking of subsemigroups we see that Fn contains the variety

of all rectangular bands RB.

Note also that Fn contains the variety of all groups since by [2; §6]

FW

C R contains subgroups that are free of countably infinite rank. Thus

RB V G < F 2 < U2. We summarise these remarks for U2.

THEOREM 5.15. Let p be a universal congruence on Fξ*. In the notation

of Theorem 5.4, S G U2 // and only if S is a completely regular semigroup

whose core is a cryptogroup. Furthermore RB V G < F 2 < U2.

The following theorem is an easy corollary of the results of the paper

and the remarks.

THEOREM 5.16. For any non-empty set Z, Z is infinite if and only if the

only idempotent separating congruence on F^ is the equality relation.

Proof. Necessity is by Lemma 5.11. Sufficiency follows from the

construction of the congruence T on jFn

CR in the remarks preceding this

Theorem.
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