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OF CYCLIC SELF-ADJOINT OPERATORS. II

J. DOMBROWSKI

A bounded cyclic self-adjoint operator C defined on a separable
Hilbert space H can be represented as a tridiagonal matrix with respect
to the basis generated by the cyclic vector. An operator J can then be
defined so that CJ — JC = —2iK where K also has tridiagonal form. If
the subdiagonal elements of C converge to a non-zero limit and if X is
of trace class then C must have an absolutely continuous part.

1. Introduction. A bounded cyclic self-adjoint operator C defined
on a separable Hilbert space H has a tridiagonal matrix representation
with respect to the basis generated by the cyclic vector. The spectral
properties of C are studied in [1] under the assumption that the main
diagonal elements in the tridiagonal representation are zeros. In this case
C is the real part of a weighted shift operator, and if J is the correspond-
ing imaginary part then CJ — JC = 2iK where K is diagonal. It is shown
in [1] that C has an absolutely continuous part if K is of trace class.

The purpose of this paper is to extend the above result to tridiagonal
matrices with non-zero diagonal. This extension is significant for the study
of systems of orthogonal polynomials which satisfy a three term recursion
formula. The coefficients in the recursion formula correspond to a unique
tridiagonal matrix whose spectral measure is the measure of orthogonality
for the system of polynomials. If the measure is symmetric about the
origin (as in the case of the normalized Legendre polynomials) then the
diagonal entries of the corresponding tridiagonal matrix will be zero. See
{1] for further background.

Suppose now that C is a bounded cyclic self-adjoint operator with the
following tridiagonal matrix representation with respect to the basis { ¢, }:

by a4 0 0
a b, a, 0

(1.1) C= 0 a, b3 a, b a, > 0.

Then ¢, = P,(C)$, with P,(A) = 1, P,(A\) = (A — b,)/a, and for n > 2,
(A - bn—l)Pn—l(A) - an—2Pn—2(}\) .

a,1

P,(A) =

47
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It follows that C is the real part of the operator T defined by T¢, = b9,
+ 2a,9,.1- If J=@Q/2i)(T + T*) then CJ — JC = —2iK where K =
[k, ;] has tridiagonal form with

(1.2) k;=—a’>,+a} (a,=0),
ki,i+1 = ki+l,i = Eai(bi - bi+1)'

The aim now is to analyze the spectrum of C if ¥|k;| < oo and X|k; ;|
< oo. Note that in this case lim a, and lim b, exist. If lima, = a (a # 0)
and limb, = 0 then the spectrum of C at least contains the interval
(—2a,2a). Note also that the diagonals of K are absolutely summable
whenever K > 0 so that T is hyponormal. For if K = [k;;] is positive then
{a}} is an increasing sequence and |k, |* < |k,||k; . It follows that

1 1,2 1/2
-2—Z|ai||bi+1_bi|s(Zl_az'z—1+az'2|) (Z|_ai2+ai2+1|) .
Furthermore, the following is true:

THEOREM. The operator K in (1.2) is of trace class if and only if
Ylk| < ooand XLk, ;4| < oo.

Proof. Assume that the diagonals of K are absolutely summable. It
follows from Jensen’s Inequality that

L{(K*K)"9,,8,) < L(K*K9,,9,)"
and a direct computation shows that if K *K = [ p, ;] then
pu=a; +i(—-ab, + alb2)2a
pi=1%(—a, b, + ai—lbi)2 +(_ai2—1 + aiz)z
+3(—ab, + ab,,. )’ fori>1.
Since
Y pi? <V2(a} + | —ab, + ayb,|)
+\/—Z(2| a;, b1 +a;,_ 1b|+| 11+ai2|
+31|—ab, + ab,+1|)

K is of trace class.

Suppose K is of trace class. Write K = D + W where D is diagonal
and W is the real part of a weighted shift operator. Since X |{ K¢,, ¢,)| <
oo, D (and hence W) must be of trace class. Furthermore, W with weight
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sequence { w; } is unitarily equivalent to W’ with weight sequence { |w,|}. If
V denotes the unilateral shift operator then W'(V + V*) with diagonal
elements |w;|, |w| + |w,|, |w,| + |ws),..., is of trace class. Hence the
diagonals of K are absolutely summable.

2. The absolutely continuous part of C. If C = [AdE, let H,(C)
denote the set of x in H for which ||E,x||? is an absolutely continuous
function of A. The subspace H,(C) reduces C and the restriction of C to
H (C) is called the absolutely continuous part of C. If C is represented as
a multiplication operator on L%(p) these ideas are related to the decom-
position of the spectral measure p.

The following lemma is needed for the proof of the main resulit.

LeEMMA. If
N+1
SN+1(}\) = a12P12(}‘) + Z [(_ar21—1 + af)Pf(?\)
: n=2
+an—1(—bn—1 + bn)Pn—l(A)Pn(}\)]’
then
SN+1(}‘) = a,zvp,zv(}\) - aN(A - bN+1)PN(>‘)PN+1(}\) + a12v+1P1\2/+1(>‘)-
Proof. Note that
Szo\) = a12P12()\) + al(_bl + bz)Pl(A)Pz()\)
“‘11(}‘ - b1)Pz(>‘)Pl(>‘) + angz(A)
= alzplz()\) + al(b2 - )\)P1(A)P2()\) + angz()\)-

Assume that the result has been verified for N = 1, ..., k and recall that
ay P 1(A) = (A = b)P(N) — ay_1Pr_1(A). Then

Sev1(A) = ai 1 PEy(N) — a, (X = b)) P4 (M) P(N)
+aiPi(A) =[(A = b) Pi(A) = a1 P (M)
+ag 1 PLa(N) +(—agby + apby 1) P(A) Py (A)
= a;P}(A) = (A = b ) PL(M)[(A = b ) Pi(A) — a1 Py _1(A)]
tag 1 PLa(A) +(—apby + apby 1) P(A) Py ()
= a;Pl(N) — ap (X = b)) P (M) Py (X) + af PE(A).

THEOREM. Let lima, = 1/2 and limb, = 0. If ¥| — a?_, + a?| < «©
and ¥|a,_(—b,_, + b,)| < oo then the spectral measure of C is absolutely
continuous on (—1,1).
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Proof. The plan is to first consider an operator obtained from C by
replacing a finite number of constants in such a way as to simplify the
structure of K and make use of the absolute summability of the diagonals.
Given k > 1 choose R(k) such that

Y|-aiatall<sgmr, Xlana(-bi+b)|<357
R+1l ' I 32k R+1 ! ! 32k
and such that if n > R then [4a? — 1| < 1/16k, |b,| < 1/16k. Obtain C,
from C by replacing the constants b,,...,b; by 0 and the constants

a,,...,agz by 1/2. It will now be shown that the spectral measure of C, is
absolutely continuous on (—1 + 1/k,1 — 1/k). Since C is a trace class
perturbation of C, the same result will then hold for C.

Let A be a subinterval of (=1 + 1/k,1 — 1/k) and for C, = [AdE,
let p(A) = ||E(A)¢,||*>. With J and K defined as before,

(2.1) (KE(A)¢,, E(A)¢,)
= a2(E(A)¢y, )|

# 3 [ra(—bu + BCE@) 000, )(E(B) 0.0,

+(=a2, + a2)|(E(A)on, 4[]

|

_ 2
=a,

2
+ 2 [an—l(—bn-l +b,) [P,_1dp [ P,du
n=2 A A

‘/;Pldp,

+(aﬁ_1 + aﬁ) fP,, dp
A

Several cases need to be considered.
Case 1. Suppose [, P2dp. < p(A) = [, P2dp for each n. Then

(KE(A),, E(A) ;)

= alzl"'(A)lz - ”'(A) i [lan—l(_bn——l + bn)l(‘/‘Pnz—ldl")l/2

n=M+1
12
X(fP,fdy) +|—ai_, + af,fP,?d,u]

> ()3 - 157
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Case 11. Suppose [, P2dp < p(A) = [, P2dp except for a finite num-
ber of n. Then there exists N such that [, PZdp = max [, P?dp. Adding
and substracting

P«(A)Z f[an (=b,_, +b,)P,_,P, +( ai_ 1+a,21)Pn2]d,u

to the expansion of ( KE(A)¢,, E(A)¢,) in (2.1) and using the expression
for S, given in the lemma it follows that

(KE(A)oy, E(A)¢,)

= b flan-rPuna®) = 3 = )2V
+ flad = 3= b, BR)| )
~b(8) ., flan st + )P+ (a2 ]
+Z{ ~b,_y+ b)) [Poydp [ Pydp

+(_ar21—1 + arzc)

2}

/Pndu
> 70(8) f[4a3 = (8 = b V] PR du = gru(a) [P

2 3
> [w(8) 557

Case I11. Suppose there exists a subsequence { P, ;} such that [, P>, dp
> p(A). Choose L sufficiently large such that

f P, d;ﬂ

< 1(8) ¥ [Ja, (=t + B[+ a2, + a2] = s lu() .

L+1

Z [an—l(—bn—l + bn)an—ldp‘./APndp‘ +(_a3—1 + az)

L+1

Choose M > L such that [, P dp > p(A). Then there exists N such that
Ja Py dp = max, _, _» fa P} dp. Using the same approach as in Case II it
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can be shown that

(KE(A)¢y, E(8)$,)

> w(8) [|ak - (0 = 5| POV d
~p(4) ; Jlaws(=b, 1 +8,)P, \Pdp +(=a}, +al)P}] dp

+ Z I:an~l(_bn—-l + bn)_/Pn—ld“and“
n=2 A A

2
+(—a3_1+a3 ]

)fAPndu

= u(8) f[ @k = § N = 5P| PEO)
—n(a) [ P,adu;[la,,_l(—bn_l +b,)|+|—a2_, +a?|]

M
'—I"‘(A)./;P]\zldp' Z [Ian—l(_bn—l + bn)|+|_ar21—1 + ail]
n=2

Z[an (=5, 1+b)]fP ldudep

M+1
2
+(=a2, +al)( [P.du)

> 1(8) 337 [PRdn - 5 ln(8) = gz w(d)F.

In each case, therefore, (KE(A)¢,, E(A)¢,) = (1/16k)|u(A)|% It
can also be shown (see the proof of Theorem 2.2.4 in [4]) that

[(KE(A)éy, E(A)é,)]| < 11T |A] | E(A), |

where |A| denotes the length of A. It therefore follows that |u(A)| <
8k||J|||Al. Let B be a Borel subset of (—1 + 1/k,1 — 1/k) of Lebesgue
measure zero. Then for any &€ > 0 there exists a pairwise disjoint sequence
of intervals {A;} such that A, c (-1 +1/k,1—1/k), B<UA; and
L|A)| <e. Since p(B8) < Lpu(4)) < 8k||J||X|4,| it follows that u(B) = 0.
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Hence the spectral measure of C, is absolutely continuous on (—1 +
1/k,1 — 1/k). By the Kato-Rosenblum Theorem the same result holds
for the spectral measure of C.

COROLLARY. Let lima, = a (a # 0) and lim b, = b. If
Zl_arzz—l + aﬁl <o and }l|a,,(=b,,+b,)|< oo

then the spectral measure of C is absolutely continuous on (—2a + b,
2a + b).

Finally it should be observed that the above theorem becomes false
under the weaker condition that K is compact. To see this assume that the
main diagonal elements of C are zero and define a3, , =1, ai, =
(n+ 1)%/n? for n=1,2,.... Since PX0) = (a2_,/a_,)P?2 ,(0) it fol-
lows that P2 (0) =0 and P2, ,(0) = 1/(n + 1)2. Therefore A = 0 is an
eigenvalue. (See Stone [5].)

Note. A similar result has recently been attained by Mate and Nevai
in [2] with very different techniques.
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