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FraNcisco J. Ruiz AND JOSE L. TORREA

In this note we find for each p, 1 < p < c0, a necessary and
sufficient condition on the pair (¢, v) (where p is a measure on R**1 =
R" X [0,00), and v a weight on R") for the Poisson integral to be a
bounded operator from L?(R", v(x) dx) into L? R, p).

1. Introduction. In this note we find for each p, 1 <p < o0, a
necessary and sufficient condition on the pair (1, v) (where p is a measure
on R"*! = R X [0, o) and v a weight on R") for the Poisson integral to be
a bounded operator from L?(R”, v(x) dx) into LZ(R"*%, ).

Our proof follows the ideas of Sawyer [7] and the condition we find is
(Fp) f [.//l(vl"P'xQ)(x, t)]pdy(x, 1) < Cf ' (x) dx < +o0
Q Qo

for all cubes in R” (cube will always means a compact cube with sides
parallel to the coordinate axes).
For .# we denote the maximal operator

(*) .//{f(x,t)=51(12p é_lfg I (x)|dx, xER,t>0,

where the supremum is taken over the cubes Q in R”, containing x and
having side length at least ¢.
As usual Q denotes the cube in R”.* with the cube Q as its basis.
Carleson [1] showed that .# is bounded from LZ(R" dx) into
LP(R"*Y p) if and only if y satisfies the so-called “Carleson condition”

(1) 1(Q) < C|Q| for each cube in R”.
Afterwards, Fefferman and Stein [2] found that
(2) sup (%) < Cv(x) ae.x
x€Q Q

is sufficient for ./ to be bounded from L”(R", v(x) dx) into L?(R%*, p).
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Recently F. Ruiz [6] found the condition

u(Q)( 1 oy )”_1
3 === v?(x)dx <C
@) o igi )

to be necessary and sufficient for the boundedness of the operator . from
L?(R", v(x) dx) into weak-L?(R™*Y, u). The condition (3) will be denoted
by (C,) asin [6].

The paper is set out as follows: in §2 we give results and some
consequences, whilst §3 contains detailed proofs.

2. Results. Throughout this paper, Q will denote a cube in R” with
sides parallel to the coordinate planes. For » > 0, rQ will denote the cube
with the same centre as Q diameter r times that of Q. |Q|, will denote
Jo v(x) dx.

We shall say that Q is a dyadic cube and we shall write Q € 2, if Q is
a subset of R” of the form 1" ,[x,, x, + 2¥), where x € 2¥Z" with k in
Z. We define the dyadic maximal operator .4 associated with the Poisson
integral by

(%%) ./V'f(x,t)=szp ré—lfg If(x)]ax, xeR,t>0,

where the supremum is taken over the dyadic cubes in R* containing x
and having side length at least ¢.

The main results in this paper are the following:

THEOREM A. Given a weight v in R", a positive measure p. in R, and
p,1 < p < o0, the following conditions are equivalent.

(1) The operator # defined in (%) is bounded from L?(R", v(x) dx) into
LP(R, p); ie.

L. [#5Ge 0)7 dpx, ) < € f 17 o(x) d.
R R
(ii) The pair (u, r) verifies (F,).

THEOREM B. Given a weight v in R", a positive measure p in R and
P, 1 < p < oo, the following conditions are equivalent.
(i) The operator N defined in (**) is bounded from L?(R", vx dx) into

LP(R™ 1, p).
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(i) The pair (p, v) verifies
f~ [./V(UI“P'XQ)(x, t)] Pdu(x, 1) < C/ P (x)dx < +o0
Qo o
for all dyadic cubes Q in R".

The above results have certain consequences. (I) In the particular case
in Theorem A where v(x) = 1, the condition ( £,) reduces to

j@ [#(x0)(x, )]7 dp(x, 1) < cfQ dx = C|0|

and since A (x,)(x,t) =1 for (x,?) € O, we see that Theorem A gives
us Carleson’s result mentioned in the introduction.

(II) If the measure p in R%*!= R" X [0, o0) is of the form d(x) =
u(x) dx concentrated in R" X {0}, then (F,) is equivalent to Sawyer’s
condition

(s,) M0 x ) ()| ulx) dx < C[ ' 7 (x) dx < + o0
P fQ[ ( Q) ] ,/Q
where Mf denotes the Hardy Littlewood maximal operator.
Since # f(x,0) = Mf(x), x € R". Then from Theorem A we obtain

THEOREM (Sawyer [7]). Let 1 < p < oo. Given weights u and v in R"
the following statements are equivalent:

(1) (u, v) satisfies the (S,) condition

(i) frr (MF(x))?u(x) dx < C, [ |f(x)]P0(x) dx.

(III) Hunt, Kurtz and Neugebauer [3] have shown by a direct proof
that if a weight v belongs to the 4, class, 1 < p < oo, of Muckenhoupt,
ie.

sl el <o

then v satisfies the (.S,) condition in (II) with u = v.

In our case it can be shown, see [6], that if the pair (u, v) satisfies the
(C,) condition, 1 < p < oo, and v belongs to the class 4, of Muckenhoupt,
then the operator .# is bounded from L?(R", v(x) dx) into L?(R"%, u)
and this tells us that in particular (p, v) will satisfy the (F,) condition.
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In the particular case considered in (II), this suggests that for a pair of
weights (u, v) satisfying the 4, condition, 1 < p < oo, of Muckenhoupt,
ie.

1 sl L [ () a P
sgp(rQ—'/Qu(x) x)(@/gv (x) x) <C
the fact that v € 4, is sufficient for (u, v) to satisfy the S, condition.
(IV) If a weight v is given and we call F,(v) (respectively C,(v)) the
set of measures p on R"%'! such that (p,v) satisfies the F, condition
(respectively the C, condition) we can state that for 1 < p < ¢

Cy(v) c E(v)c C(v)C --- € F(v) c C(v)C ---

The inclusion C,(v) € C,(v) is proved in [6]. To see that F,(v) C
C,(v) let us observe that for (x, 1) € O
, 1 ,
MNP x,t)=>— [ vt? d
and this implies for p € F,(v)

(G o7 ) x| wi@) < € o7 () a.

So p € C,(v).

Now, given p < g, and p € C,(v), using the Marcinkiewicz interpola-
tion theorem between the boundedness of # from L?(R”, v(x) dx) into
weak-L?(R%*’, ) and the trivial L* boundedness, we obtain u € F,(v).

REMARK. If, for a given p, v belongs to the 4, class of Muckenhoupt,
then it can be shown that C,(v) = Cy(v), p < g < oo, see [6]. This fact
and the fact that for v € 4, there exists ¢ > 0 such that v € 4,,_, allows
us to obtain that

F,(v) =C,(v)=C,/(v)=F/(v), p<gq<oo.

3. Detailed proofs. The proof of the implication (i) = (ii) is the
same in both Theorems A and B, the only difference being the use of non
dyadic or dyadic cubes.

Firstly, let us see that [, v! ~P(x) dx < + oo for all cubes. If

f P (x) dx =f (v"(x))plv(x) dx =
Qo o
this would imply the existence of a function f € L?(v) such that

fo(x) w= j;zf(x)v_l(x)v(x) dx = + o0,
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and in particular # f(x, t) = + oo for (x, t) € R"*! which contradicts the
hypothesis:

me [Af(x,1)]?dp(x,t) < wa fP(x)v(x) dx < +o0.

To show the inequality in (ii) it is sufficient to choose f(x) =
X o(X)v* “7(x) in the hypothesis.

Proof of (ii) = (i) in Theorem B. In order to handle a Calderén-
Zygmund decomposition we introduce the operators

NRf(x, t) = sup —l-f If(x)ldx, xe€R",t>0,
o 2%

the supremum being taken over all dyadic cubes in R” containing x and
having side length at least # and at most R.
Observe that & Rf(x, t) = 0 for t > R and that

I{.im N Rf(x,t) =Nf(x,t)

with increasing limit.
Let @, be the set

Q= {(x,1): /R (x,0)> 2%}, kel

LEMMA. For each k € Z there exists a family {Q*}, j € J,, of dyadic
cubes in R" such that

(i) 1/Qffgr 1f(x)| dx > 2.

(ii) The mterzors of O are disjoints
(111) ﬂ JEJk Qk

Proof of the lemma. If (x, t) € Q, it means that there exists a dyadic
cube with x € @, I(Q) > #, ((Q) < R and 1/]Q|/,|f(x)| dx > 2*. This
implies the existence of a dyadic maximal Q¥ such that Q c Q%, I(Q%) <
R, I(Q%) > tand

1
1047

In particular, (x,12) € Q" The fact that the interiors of Q" are
disjoint is an obvious consequence of the same property for the Q" ’
Now let us consider the sets

= O\{(x, 1): #Ff(x, 1) 2 21}

If(x)]dx > 2k,
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Then we have a family of sets { Ef}; , with disjoint interiors and

Jopud L 77 O (. 0) < B [ 14 (5, 0] d(x, 1)

< Za% (B < 2 Sl f) s [ o)

Following the ideas of Sawyer [7] and Jawerth [4], we introduce the
following notations:

o(x)=0v""7(x), o(Q)= fQ o(x) dx
o(Q’.‘) )p’

Yjk = ”(E/k) Qk

_ {1 1/ (x)] !
gjk - (O'(Qf) '/.Q,k G(X) o(x) dx)
X={(k,j):keZ,jeJ,} withatomic measurey,.

T(A) = {(k, j) € X: g, > A},
Then we can write

f ['/VRf(x’t)]de'(x’t)S 2PZijgjk
Rn+1 j’k

=2"/:° y{(k,j):gjk>}\}d}\=21’f0

00 o(Qk) ?
=2r EF)| ——=LL| dx
fo (k,j)yé:r(x)“( j)( 1071 )

2Pf0°° j; (M)pdp.(x,t)dk,

k
(&, nerm 107

calling Q, the maximal cubes of the family {Q}‘: (k, j) € T'(A)}. This is
equal to

fZ )D fE(g(—Q’ﬁ)—) dp(x,t) d\

{ T wjar

(k,j)eT(A)

Il

J (k.)ETR) 107
Qfco,
Szpf Y X f (JVR(OXQ)(X t)) du(x,t) d\
0 i (k /)ETA)

Qfco,
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by the disjointness of the E/’s. This is less than
27 [ N R(o x, 1)) du(x, t) dA.
fo Z f@ | (A R(oxp,)(x, 1)) dp(x, 1)

Following hypothesis (i) this is less than
2Pf Z(f a(x) dx) d\ = 2P[ o(UQ,) ar

=2fol U offar

(k,)H)erx)
The definition of I'(A) states that
U 0fc {x:No(m)(x)>>\1/1’}
(k,/)ET(A) ¢

where

N,(x) = sup ——< [ g(x)a(x) dx,

1
a(Q) /o

the supremum being taken over all dyadic cubes in R” containing x.
Then we have

L. [5G 0]” du(x. ) < 27 { ( ( )(x)) }
_zpf ( (—f—)(x)) o(x) dx

£ (x)1”
<2F) ———o(x)dx
‘[R" o(x)” (x)
since the dyadic maximal operator with respect to any positive measure »
maps L?(dv),1 < p < oo, into itself.
The proof ends by applying Fatou’s lemma and observing that

ol P =yp.

Proof of (ii) = (i) in Theorem A. The proof of this part follows easily
from the ensuing lemma due to Sawyer [7].

LEMMA 2. Define for eachy € R”

"W f(x, 1) = sup Té‘l J, 1wl
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the supremum being taken in all cubes Q with x € Q, side length less than t
and such that the set Q — y = {u — y: u € Q) is a dyadic cube. Then,

‘ dy
M¥f(x,t) < C A Hf(x, 1) Sa

where the constant C depends only on the dimension.

By #R we mean the maximal operator obtained considering cubes
with side length less than R.

Observe that the proof of Theorem B can be repeated for the operator
A 4" where the dyadic cubes are now of the type I ,[x,, x,,+ 2¥) with
x —ye2kzn,

Then, by Lemma 2 we have

[ [5G 0] dux, o)

R
< C/ dp(x t)[f YN f(x,t) dy ]p
- m_+1 > [_2k+2,2k+2]n ’ 2n(k+3)

= C[‘/[’ 2k+2 gk+2pn 2"(k+3)(f |f(x)| /) dx) p]p

= [ If()[ v(x) dx.

By letting k — oo we conclude (i) in Theorem A.

The proof of Lemma 2 follows along the lines of the corresponding
result in [7] and is therefore omitted.
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