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ON THE RADIAL MAXIMAL FUNCTION OF
DISTRIBUTIONS
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We show that if the radial maximal function of a distribution
f€ 2(R"Y belongs to L”(R"), then f belongs to H”(R"). This gives
an affirmative answer to the question posed by Aleksandrov and Havin.

1. Imntroduction. Functions and distributions considered are real-
valued. For x = (x,...,x,) € R", t >0, a > 0 and for a measurable
function A(x) defined on R” let

n 1/2
|x|=(2x3) ,
i=1

B(x,t)={yeR"|x—-y|<t},
Q(x,t)={(y,s): y € B(x,1),s € (0,1)},
(h) (x) =1t"h(x/1)

and

41y, = swp_nf erof o 1h() = PO,

where the infimum is taken over all polynomials P(y) of degree < a. Let
A (R") = {h & Li(R"): |, < +oo}.

For a multi-index a = (a,,...,a,), where a,’s are nonnegative integers,
let

n
lal = Z a;,
i=1

xazxixl oo x%
and

gl
- axixl .« o ax‘xrx :

n

Da

467
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A linear functional f defined on Z(R"), which is the set of all
C>-functions with compact support, is said to belong to 2(R")’ if to
every compact set K C R” there correspond positive constants ¢ and a
such that

|f(0)<c X 1D,
a: laj<a
whenever § € 2(R") and supp b C K.

A linear functional f defined on 2(R") is said to belong to ¥ (R")’
if there exist positive constants ¢ and a such that

1f(0)<c X |0 +]x)*DO(x)] .=
o laj<a
whenever 8§ € 9(R").
Let

(11) ¢ <€92(R), f p(x)dx =1 and suppe C B(0,1).
Rn

For f € 2(R") and x € R", let
fo(x) = suglf*((p)z(X)I,

where fx6(x) = f(6(x — -)). In their celebrated paper [2], C. Fefferman
and E. M. Stein characterized H?(R") as a subspace of #(R")’. Among
several other characterizations of H?(R”), they showed that H?(R"),
0 < p < + o0, can be identified with

(1.2) (fe?(RY): [} e L?(R")}.

[They showed this fact more generally for rapidly decreasing functions ¢
satisfying [z ¢(x)dx = 1. See [2] Theorem 11.] Consequently, the space
(1.2) turns out to be independent of the choice of ¢. In the proof of
“(1.2) € HP(R")”, the condition fe& &% (R")" is used to take Fourier
transform and to give certain estimates on the growth of the function
f*(9) (x) defined on R"*'= {(x,t): x € R",t > 0}.

Recently, in “Linear and complex analysis problem book” [4] p. 346,
Aleksandrov and Havin asked whether the condition f € %(R")" in (1.2)
can be replaced by the condition f &€ 2(R")’, namely whether (1.2) is
equal to

(1.3) (fea(R"): f{ € L?(R")).
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[As they pointed out, if p € [1, + o0), then the answer is YES.] In this
paper we answer their question affirmatively. It is enough to show that

(1.4) (1.3) c #(R")
for all p € (0,1). The argument in this paper is a refinement of the
author’s paper [7].

For ¢ > 0 let

g.e(X) = sup ]|f*(q>),(x) B

te (0,¢

Our result is the following.

THEOREM. Assume (1.1). Let e > 0, p € (0,1), f € 9(R")’, x, € R",
to >0, Yy € D(R") and suppy C B(x,,t,). Then

1/p

rwlself SO I N

n(1/p-1’
(x0,(1+¢€)1g)

where C is a constant depending only on ¢, p, ¢ and n.

In particular we have

(1.5) 1f(0)|<C, .l fill,l0

for any p € (0,1), any f € P(R”)’ and any 8 € Z(R"). Now, we explain
how (1.4) follows from (1.5). Let p € 2(R") and p(x) =1 near the
origin. Put o(x) = p(x/2) — p(x). Then for any 6 € P(R") we have
6(x) = 0(x)p(x/2%) with k sufficiently large depending on the support
of 8. Thus

Awayp-1)

f(8) =f(0(-)(P(') + i "(?)))

= 10030 + £ {00)e( 7))

because 27_, is actually a finite sum. This equality combined with (1.5)

tells us
1012 G 5 {1000 I, + £ JoCro( 5],
< Gondl il T 141D D) -

a:loj<n(l/p—1)+1
Therefore, f; € L? implies f € #(R")’ and we get (1.4).
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The author would like to thank the referee for his very helpful
suggestions.

2. Proof of the Theorem.

MAIN LEMMA. Assume (1.1). Let 0 < a < band e > 0. Let £ R"*!
be a measurable set that satisfies

2.1 dyds < Cy;t"*?

( ) f L%Q(x ) ly 2.1

for any (x,t) € R"*'. Let y € A, (R") and

(2.2) suppy € B(0,1).

Then there exists a measurable function k(x, t) defined on R"** such that
(2.3) k(x,t)=0o0né&,

(2.4) k(x,t) =0o0n R"*I\(B(0,1 + ¢) X(0,¢)),

(2.5) |k(x,1)| < C,, min(z° ety ,,)

and

(2.6) v = [ [ (@0 - 0k(9) B,

where C,, and C,, are positive constants depending only on a, b, €, @
and n.

We prove this in §3.

LEMMA 2.1. Let 0 <a < a’. Let h € A_(R") and supph C B(0,1).
Let v be a signed measure on R"** such that supp v is bounded and that

(2.7) i(Q(x, 1)) < "+

for any (x,t) € R"*Y where |v| is the total variation of v. Let

g) = [ [, ).z =»)dv(y.9).
Then

gy, < Casllh ”A,,/’

where C, ; is a constant depending only on a, a’ and n.
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Proof. We may assume ||4||, , = 1. Take any ball B = B(z, t), where
z € R"and ¢t > 0. Put

D, ={(y,s)e R se (0,1), |y —z|<t+s}

and
D,={(y;s) €RY s 21,y —z]<t+s}).
If x € B, then

g(x) ff ) (x —y dv(y,s)+/f(h x—y)dv(y,s)

= gl(x) + gz(x)-
By (2.7)

@8 [la@la<|al, [ [ dvi(ys) <o

On the other hand, since

gl < [ f) 1BY I, divls [ [ 57 dy|
= j{-" C(21t f ‘/1.3 N(Q(2,27 1\Q(2,2'1)) id
<Y c@in)2IN" by (2.7)
=Ct*“ bya >a,
we get
(2.9) inf [ |g(x) = P(x)]dx <||g]la, """

P:degP<a’ VB

< Cta—a’tn+a’ = Cth+e,
Combining (2.8) and (2.9) gives

(2.10) sup inf t'"””f lg(x) — P(x)|dx < C.
zeR",t>0 P:degP<a’ B(z,1)

It is known that if @’ > a and if supp g is compact, then the left-hand

side of (2.10) is equivalent with ||g||, . [For example see Taibleson and

Weiss [6].] This concludes the proof of Lemma 2.1. O
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LEMMA 22. Leta >0, g> 1 and h € L' (R"). Let v be a positive
measure on R"*! that satisfies (2.7) for any (x,t) € R**". Then

1/(q(L +a/n))
} < Gyl lles

{./ -/R"H lh * s_nXB(O,s)(}’) |q(l+a/n) dV(y, s)

where x p denotes the characteristic function of B and where C,, is a
constant depending only on q, a and n.

This is due to L. Carleson and P. Duren. [See [1]. This is proved in [7],
p- 583, too.]

Now, we begin the proof of our Theorem. In the following part of this
section the letter C denotes various constants that depend only on ¢, p, ¢
and n. We will show that if Y € 2(R") satisfies (2.2), then

Anasp-n°

1/p
(2.11) |f(¢)lsC{L(OMG);,S(x)"dx} lv

Our Theorem follows from (2.11) combined with translation and dilation.
In order to show (2.11) we may assume

(2.12) f fo (x)7dx < + 0.
B(0,1+2¢)

Let 4 > 1 and
(2.13) &= {(y,s) € R" X(0,¢):

/2 —n
17 5(0). I > 4727+ 5 X0, (1))

LEMMA 2.3. Let p, €, ¢ and f be as in the Theorem. Let & be defined by
(2.13). Let (y,s) € (B(0,1 + &) X (0,€))\&. Then

/2 /2
V*(‘P)s(y)lp sA(f;,e)(z?(o,nze))p *§ XB(O,s)(y)'

This is clear from the definition of &.

LEMMA 24. Let p, €, ¢, fand & be as in Lemma 2.3. Then
(2.14) / f dyds < Cy A7 t"*1
ENQ(x,1)

for any (x,t) € R"*' where C, 5 is a constant depending only on n.
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Proof. Since £ C R" X (0, &), it is enough to show (2.14) only for the
case t € (0, &). First note that

/2
) < |fx(e)F
EN(B(x,t/2)X{t}) B(x,t/2)

e,

-1

/2
v (2)? dz} dy

by the definition of &

»st)

/2
<[ 1rse) W@
B(x,1/2)

-1
A * (2 p/zdz}
{ fB(x,z/z) v.e(2)

<A™tn.
If 0 < s < ¢, then dividing B(x, t/2) into the union of the balls of radius
s/2 with bounded overlap gives

f dy < CA™4",
EN(B(x,t/2)X{s))

Thus

f '/‘;”Q(X’t) bds = ./: & ‘/c;”ﬁ(B(x,t)X{S}) dy < CATH" m]

We return to the proof of (2.11). Since f &€ Z(R")’, there exist
constants a, and c,, depending on f and ¢, such that

(2.15) | £(0)| < col| 0]l 4,
whenever
(2.16) 6 € 2(R") and suppf < B(0,1 + 2¢),

[where Aa, means A, . It is easy to show that if 6 satisfies (2.16), then

C161l ., dominates Ty, < , | D°6]l =] Let
(2.17) =n(l/p — 1)
and

(2.18) b = max(a, a,) + 1.

Let C,,(a,a,, & ¢) and C,,(a,a,, & @) be the constants C,; and C,, .
determined by the Main Lemma from the above data a, b, ¢, and . Let

(2-19) A(a, ay, 8,(P) = Czls/cz_l(aa D) 8,‘P)-
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Then by Lemma 2.4 we can apply the Main Lemma to the above a [in
(217)), b [in (2.18)], &, @, ¥[€ D(R") with (2.2)] and & [in (2.13) with
A = A(a, a,, &, @)] and get k(x, t) that satisfies (2.3)—(2.6).

For r > 0 let

W= @)=k b

yER", s>r
Since supp y, € B(0,1 + 2¢) by (2.4) and (1.1) and since
Y2y inA, asr— +0

by (2.5) [with (2.18)], (2.6) and Lemma 2.1, we get
f(¥) = lim f(¥,)

ds
r—»+0/ ./ER,,’Drf*(q’)s(}’)k(y,s)dy-s—_
Thus

= [.. ) k() dy &
sf fA(a,aO,e,<p)2/”

/2 2/p ds
X ((f(:,eXB(O,l+2e))p *s XB(O,s)(y)) |k(y,s)|dy—s—

by Lemma 2.3, (2.3) and (2.4)

<[ [ACC )G a0, 0)s7 4, dy £

by (2.5)
=A(-- 2/pczz( )/ f (- o Z/P ady ”‘P“Aa
2 1/p
A Cuel [
B(0,1+2¢)
by Lemma 2.2 and (2.17).

So far we have shown that if ¢, ¢ and p are as in the Theorem, if
Y € 9(R") satisfies (2.2) and if f€ P(R")’ satisfies (2.15) for any @
satisfying (2.16), then

(2.20) |f(¥)| < A(a, aq, &,9)""Cy5(a, ay, &, 9)

1/p
| [, ) el
B(0,1+2¢)
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The constants C,, and A4 in (2.20) are independent of ¢, in (2.15).
But unfortunately they depend on a,. So, in order to get (2.11) we have to
remove their dependency on a,.

Let

¢ =(1+2e)/(1+¢)—-1)/2.
For 6 € 2(R") let

7(0) =f(0((1 +¢)7)).
If 6 € D(R") and if supp 8 C B(0,1 + 2¢’), then

1 7(8) 1< o 0(1 + &) )

ray = €01+ &) 6],

by (2.15) and by suppd((1 + €)' - ) € B(0,1 + 2¢). Thus replacing f
and ¢ in (2.20) by f and ¢ respectively gives that if Y € D(R") satisfies
(2.2), then

221) ()| < A(a,a0,¢,9)7"Cys(a,aq.¢, )

. 1/p
TR TN
B(0,1+2¢)

2/p + P e
= A() Cz.z("')c f f(p,e/Z(x) dx)
B(0,1+2¢)
.(1 + e) "(1"1/1’)n¢ AL

= {a}a + " vl
So if
(2.22) 6 € 2(R") and suppd c B(0,1 + &),
then applying (2.21) to ¥(x) = 6((1 + €)x) gives

17(8)|=1F(¥) | < (1 + &) Pyl = cill8]l,-

The constant ¢; depends on f but ¢; < + 00 by (2.12). Thus if we
replace the condition (2.16) by the condition (2.22) [i.e. if we replace ¢ in
(2.16) by /2], then we can take a, in (2.15) to be a (= n(1/p — 1)) with
¢, replaced by c,.
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So, replacing a, and ¢ in (2.20) by a and &/2 respectively gives
(2.23) ()< A(a,a,6/2,9)77C;5(a,a,¢/2,9)

1/p
. + p
C('/B(O,1+s) q”e/z(x) dx) ”4/

Aﬂ

5 1/p
caCreuoel [ g Tl

0,1+2¢)

The constants 4 and C,, in (2.23) depend only on a, ¢ and ¢ [i.e. on p, €
and ¢]. Thus we get (2.11) and conclude the proof of the Theorem.

3. The proof of the Main Lemma. Take n € 2(R"), depending
only on ¢ and b, so that

(3.1) suppn C B(0, ¢/(4e)),

(3.2) /R" n(x)dx =1

and that

(3.3) f n(x)x*dx =0 ifl1 <|a|]<b,
.

where a is a multi-index defined in §1. Put
7.(x) =19(x) +(n).(x) and n_(x)=n(x)—(n).(x).
Note that

(3.4) supp 7 ,, suppn_C B(0, ¢/4)
and
(3.5) f n(x)x%dx =0 if|a|<b

by (3.1) and (3.3). In this section the letter C denotes various positive
constants that depend only on a, b, ¢, 1, ¢ and n.

LEMMA 3.1. Let a, b, ¢, @ and ¢ be as in the Main Lemma. Let
¢ € (0,1). Then there exist a measurable function £(x,t) defined on R"*!

and Y, ...,¥; € A, (R") such that

(3.6) £(x,t1) =0 onR"WI\(B(0,1 + &) x(0,¢)),

(3.7) |£(x,1)| < Cymin(e¥ ], 9 ]l,,);
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(3.8) suppy, C B(x,,e) forsomex,€ B(0,1+¢), j=1,...,L,

69 ()

A, S

(3.10) g 2 “A,, <efyl,,

and that i
1) 4= [ @L =040 d T+ (),

where L is a positive integer depending only on € and n and where C;, is a
constant depending only on a, b, €, ¢, ¢ and n.

Proof. Take 1 € 9(R") so that (3.1)~(3.3) hold. Let

(3.12) p € (0,e/4).
Put
\b *(n-)t/p,*(n+)t/u(x) if0<z< p‘/ea

£(x,1) = ‘I/*(ﬂ)t/n*(n)t/u(x) ifp/e<t<p,
0 if t > p.

Then (3.6) is clear. By (3.5) we get (3.7) with the constant C;,; depending
only on a, b, n and p. [The constant p will be determined later depending
ona,b, e ¢, nand @.]

By (3.2) and by

("1):/» * (n)t/u - ('n)et/u * (n)et/u = (n-)t/p * (n+)t/;.w
which we learned from Garnett and Latter [3], we get

¥(x) = lim f *(n),*(n), (x)
- TE‘i‘o{f, () e * (1) () fiti
_/'Tﬂ/e‘p*(n)et/#*(n)el/ﬂ(x) %t}

=‘/:L;€(x,t)£l£
- [ 4@ §

+{j;“ £(x,t) —£(-, 1) %($),(x) 2}}

(continues)
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— “,+{Alg(x,”s)—f(.,p,s)*((i’)us(x)?}
- ... +{'[)1/e‘1’*(n_)s*(n+)s*(5 =(®)s)(x) %

IRAOHORNONEES
= - +{(313)},

where ¢(x) = ¢(-x) and where & denotes the Dirac measure con-
centrated at the origin. So it is enough to show that (3.13) can be written
in the form ZL 14/ (x) with the properties (3.8)—(3.10).

Let {x;};_; € B(0,1 + ¢) be such that

L

(3.14) U B(x;,/2) > B(0,1 + ¢)
j=1

and that

(3.15) |x, — x;|=¢/2 ifi#}.

For j=1,...,L put

(3.16) Q, = B(x,,¢/2),
j-1
2, = B(x,, %)\kng(xk, 5 =21
and

SO =L ey B0 = @) =) &

+f fnx(l/e1]¢(y){(n*n*(8 (@), (x—y)}dy—

Then

(3.13) = glxlzj(x).
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Since
suppn, *(8 —(¢),) € B(0,¢/2) by (3.4) and (3.12),

”7’+*(8 _(¢)M)llAb+1 <Cp

and since
¥ #(n),()| < Cain(e |l 21 91l,)
by (3.4) and (3.5), we get
(3.19) supp(3.17); € B(x,,¢),
(3:20) 1317),]la, = Cull .
and
(3:21) 13.17)lla, < Cull¥la,

by Lemma 2.1. Since
suppm * n*(8 —(¢),) € B(0,¢/2)
by (3.1) and (3.12) and since
[n*n*(8—(®),) s, < Cn,
we get
(3.22) supp(3.18) ; € B(x;,¢)

and

(323) [(3.18),]a, +11(3-18) lls, = Cull ¥ ll1= < Cumin(|| ¢ fla,, ¥ s, )-

The condition (3.8) follows from (3.19) and (3.22). The conditions
(3.9) and (3.10) follow from (3.20), (3.21) and (3.23) by taking p small
enough. O

LeEMMA 3.2. Let a, b, ¢, ¢ and § be as in the Main Lemma. Then there
exists a measurable function k(x, t) defined on R"** such that

(3.24) k(x,t) =0 onR*""1\(B(0,1+ &) X(0,¢)),

ael90,)
and (2.6) hold, where C,, is a constant depending only on a, b, €, ¢ and n.

(3.25) |k(x,1)| < Gy, min(t9]y

Proof. We may assume
e (0,1).
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Let ¢ € (0,1). Applying Lemma 3.1 gives £, ¢,,..., ¢y, with the proper-
ties (3.6)—(3.11). Next, we apply Lemma 3.1 with dilation to each y; and
get £, ¥, 1,...,¥; ; such that

(3.6)’ £(x,1) =0 on RIN\(B(x,,(1 + e)e) x(0,¢?))
(for x; see (3.8)),
(3.7) |4,(x,1)| < Cs, min(t"“tI/j“Aa, tb"‘l’j“A,,)’

(3.8)" suppy;,C B(xj,,,e2) for some x; ; € B(xj, (1 + e)e),

(3.9) L9l =

(3.10)’ El 1) lls, < €ll¥;lla,

and

(3.11) )= [ @0 =040 S
2: jl(x)

Combining (3.6)—(3.11) and (3.6)'—(3.11)" gives

629 4= [ [ (@0 = D005+ £ 4 05)] %

j,I(x)?

“["]h

‘LE

J

L
(327) XL £(x,1)=0 on R\(B(0,(1 + &)1 + ¢)) x(0,¢?)),
j=1
(3.28) 1T 4, (x,0)| < Cypemin( 9], 229 ],,)s
(3.29) suppy,,C B(xj,,, 82) with x; , € B(0,(1 + &)(1 + ¢)),
(3.30) Llwlla, <e
J.l

and

(3.31) lel Villa, < €294,
J>
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Repeating this process m times we get

and

(‘[’A ----- J‘m}j1 ,,,,, Jn€{l,..., L}
such that

(326) ¥(x)= [ [(9).(y - )

m—1
ds
o+ E T a ) e
I=1 j,,....;i€{1,...,L}

327 X 4, ,(x0=0

,,,,,,

(328) | X % ,,(x,t)\s Cy 1" min(£y

(3.29) suppy; CB(xh ----- Jm? Em>

'm

withx;, . €B(0,(1 +e)1+e+e+--- +em)),

(3.30)’ X il <"l

jl """ jm
and
(3.31) DR LR L 11T

Jiseoes JIm

Put
k(x,t) =£(x,0)+ 3 X £ (x1)
I=1 ji,.. s j;

By (3.28)’ this converges everywhere and satisfies (3.25). Since the second
term on the right-hand side of (3.26)" goes to zero as m — oo by (3.29)’,
(3.30)’ and by ¢, ¢ € (0,1), we get (2.6) by letting m — oo in (3.26)".
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Since
k(x,t) =0 on Ry*'\(B(0,(1 + ¢)/(1 — ¢)) X(0,¢))
by (3.27)’, we get (3.24) by taking ¢/3 instead of &. m|

LEMMA 3.3. Let a, b, &, @ and ¢ be as in the Main Lemma. Let
¢ €(0,1). Let & C R"*! be a measurable set such that

n+1
(3.32) f /g oten dyds < C, 4t

for any (x,t) € R"*. Then there exist a measurable function £(x,t)
defined on R"* and ¢,..., ¥, € A,(R"™) such that

(3.33) £(x,t)=0 oné&,
(3.6),
(3.7)" £(x,1)| < C;gmin(e?| 9|, . | ¥],,)

and (3.8)—(3.11) hold, where L is a positive integer depending only on € and
n and where C,; and C,, are positive constants depending only on a, b, &,
e, ¢ and n.

Proof. Applying Lemma 3.2 gives k(x,¢) that satisfies (3.24), (3.25)
and (2.6). Take {Qj}jL=1 as in (3.14)—(3.16). Put

£(x,t) =k(x,t)xe(x,1)

and
ds
U= [ [ oy (00 = 28 dy

Then (3.33), (3.6), (3.7)” and (3.11) are clear. Since

d .
[ [ ko)l S < ccymin(emely ], oo ¥,
Q(x,)N&
for any (x, t) € R"*'by (3.25) and (3.32), we get

I#5lla, < CCsll¥la,

and

2 ”A,, < CGy4lly ”A,,
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by Lemma 2.1. Thus by taking C; ; small enough depending on a, b, &, ¢
and n, we get (3.9) and (3.10). Since

supp ¥, C B(x;,2e)
(for x; see (3.16)), we get (3.8) by taking /2 instead of e. O

Note that Lemmas 3.3 and 3.1 differ only by the condition (3.33).
Similarly, the Main Lemma and Lemma 3.2 differ only by the condition
(2.3). So the Main Lemma follows from Lemma 3.3 in exactly the same
way as Lemma 3.2 followed from Lemma 3.1, using the fact that the set

& = {(rx,rt): (x,1) €&}

satisfies (3.32) for any r > 0 whenever & satisfies it. We do not repeat this
argument.
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