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/-''-spaces associated to Jordan algebras with traces are defined.
They have the usual properties of their equivalents on a measure space,
but the product is non-associative.

1. Introduction. The Banach lattices Lp(Z,v) where (Z, v) is a
measure space can be extended in a non commutative algebraic context
then it remains a commutative notion under the form of a trace on a von
Neumann algebra ([12], [34], [29]). Here we show that it is possible to use
the same approach in the non associative case of Jordan-Banach algebras
with predual (J.B.W. algebras). The Jordan algebras appeared in the
thirties as a formalism of quantum mechanics and are useful in this
context (see for instance the references in [19]). There are many connec-
tions between operator-algebras and Jordan Banach algebras and this
explains why we use ideas from von Neumann algebra theory, especially
those in Dixmier's paper [12]. Actually it is possible to prove part of the
results of this paper using the paper [2] by Ajupov and a structure
theorem on J.B.W. algebras (see [35], [16]) which reduces the problem to
the study of all possible cases. However we prefer a global and direct
approach since in our opinion the close relations between the non associa-
tive but commutative product of Jordan algebras and the associative but
not commutative product of operator algebras are not sufficiently well
understood.

The paper is organized as follows: In section 2 we recall the necessary
details about Jordan Banach algebras and semifinite traces. In section 3
the L^-spaces are defined and we prove that (Lp)* is isomorphic to Lq

for p > 1, where \/p + \/q = 1. It follows from Clarkson's inequalities
that these spaces are uniformly convex and uniformly smooth for p > 1.
The case 0 < p < 1 is also investigated. Section 4 contains related results.

2. Notations and basic properties. A Jordan-Banach (J.B.) algebra
M is a real Banach space and a real Jordan algebra such that

J 2 | | χ,yinM
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(see [4]). Let Lx be the multiplication operator by x: Lxy = xy and
Ux = 2(LX)

2 - LX2 the triple product. For instance, if M is the self adjoint
part of a C*-algebra, and Lxy = 2~1(x - y + y x) where is the opera-
tor product, then Ux y = x - y x. If M is the dual of a (necessarily
unique) Banach space M* then M is called a J.B.W. algebra ([35], [16]).

Note that if M + = {a2\a e M} then M + is a closed convex cone
such that M = M + - AT. In particular |x| = (x 2 ) 1 / 2 e M+. If 5 is the
set of symmetries (i.e. s2 = 1) and M is a J.B.W. algebra then each x in
M has the decomposition x = s\x\ where s e S. A trace φ on a J.B.
algebra M is an application from M+ to [0, oo] satisfying the following:

φ(x +y) = ψ(x) + φ(y)9

φ(λx) = λφ(x),

( ) x, y e M, λ e R+.

Define Mx

+= {x e M+\φ(x) < oo} and < the order in M given by M+.
φ is said to be faithful if φ(x) = 0 yields x = 0, semifinite if

φ(x) = sup{φ(j) | j G M^, y < x}, normal if <p(*a)T<p(*) for every
increasing net xa t x xα, x in M + (M is a J.B.W. algebra).

Recall some basic facts on traces ([19] V.1.2, V.1.4, [20], [31] and [3])
where M now as in the following denotes a J.B.W. algebra and φ a
semifinite faithful normal trace.

LEMMA 1.

(i) Mx = Mi — Mγ is a J. B. ideal in M and φ can be extended by
linearity to Mv

(ii) φ(x(yz)) = φ((xy)z) = φ(y(xz))9 x9 y e M, z e Mv

(iii) φ(Usx) = φ ( x ) , S G S , J C G M + .

(iv) φ(C4z + Uyz) = φ ( [ / ( χ 2 + 7 2 ) 1 / 2 z ) , x, ^ G M, z e M x .

(v) <p(Uxy) = φ(x2y), xeλf, yeMx.
In particular φ(xy) > 0 if x G M+, 7 e M£.

(vi) φ(eί[L"LΛ) = φ(z) / E R , X J G M , Z E MX.

(v i i ) φ ( x ( ί / ^ ) ) = φ ( y ( U l X ) ) 9 x.z^M^ye Mv

(viii) φdjςyD < ||x| |φ(|j|), x e M9 y e Mv

(ix) ΓΛe σ(M, M#) closure of Mγ is M.

DEFINITION 2. For x e M and 0 < p < 00 define

H*lk-φ(l*l
We adopt the convention HxH^ = ||x|
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Note that H * ^ < oo for all p e [1, oo] if x e Mx.

LEMMA 3.

(i) Holder inequality: If p,q e [1, oo] .swcλ ίftα* 1//? 4- l / # = 1, then

(ii) | |x||p = sup{|φ(jcy)||j e M, | | j | | ^ < 1} and the supremum is at-

tained.

(in) \\xy\\p < \\x\\\\y\\r x e M, ^ e Mv

(iv) || || is a norm in Mv

Proof, (i) We first prove the inequality φ(a(xy)) < \\x\\p\\y\\q\\a\l

where a e M, for x(λ) and >>(μ) of the form Σ ^ λ , ^ . (resp. Σj^μjfj)

where λ = (λ,.),- (resp. μ = (μy)y is a set of reals and {e i} i (resp. {fj)j) is

an orthogonal family of non zero idempotents in Mv

Let a e M such that ||α|| < 1 and let ^4fl be the bilinear form defined

by

The Riesz's theorem (cf. [32], p. 472) asserts the convexity of

log(Mβ(/>', q')) ΐoτ(p\ q') in the triangle 0 < p' < 1, 0 < qf < 1, / + 4'

> 1 where Ma(p\ qf) = sup|^4α(λ, μ)| for λ and μ such that

and

(take supf |λf.| < 1 if p' = 0 and sup l̂μ l̂ < 1 if ^ ' = 0). Thus, if p' = 1

and # r = 0, the condition \φ(a(xy))\ < 1 for \\x\\λ < 1, Hjμjl̂  < 1 (Lemma

1) yields logMα(l,0) < 0. For the same reason logMα(0,1) < 0, thus for

p' = 1/p, qf = 1/?, logM α (l/p, 1/^) < 0, so that the conditions \\x\\p <

1 and ll^ll^ < 1 yield ψ(a(xy)) < 1 as claimed.

Let now x9 y be arbitrary in Mv By spectral theory, there exists

{ χ

n} n e N s u c h ^ a t Xn is in the J.B.W. algebra generated by x, 0 < xrt < 1,

xΛ tends to 1 in the s(M, Mjc)-topology and xxn has the previous form.

Let {yn}n be analogous sequence for y. The application: z e M ->

(«(>^m)))z) is σ(M, M*) continuous, hence by Lemma 1,

φ(x{a(yym))) = lim φ((x(

I l i m I
n
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Since

I I * * , I I , =
we obtain the result by taking the limit in m and afterwards choose a = s

where s is the symmetry given by s(xy) = \xy\.

(ii) For x e M, |JC| = sx, where s e S, thus for p = 1,

For /> > 1, take z = \\x\\-p

p^s\x\p~ι. Clearly | | j ; | | , = 1 and φ(xz) = IMI,.

(iii) Follows from (ii) and Lemma 1.

(iv) || 11̂  is a seminorm as sup-limit of seminorms and a norm by the

faithfulness of φ. D

3. L ^-spaces.

DEFINITION 4. For p e [1, oo[, Lp = M1

IIII/' is a Banach space. For

p = oo we adopt the convention L°° = M.
I I I I

Note that it is also possible to define Lp = Mι/p \ where Mι/p =

{ χ e M | | | j c | | / ? < o o } , but this definition is of interest only if it is known

that Mι/p is an ideal of M such that (M1/p)
1/p' = Mι/pp, and Mι/pMι/p,

= Ml/p+l/p'

REMARK. Suppose that M is the space CR( X) of real valued continu-

ous functions on a compact hyperstonean space X. Then M is a J.B.W.

algebra [35] with the usual product of functions. Let { μ α } α G Γ be a

maximal family of positive normal measures on X with disjoint supports

Sa. If Ω = UaSa, μ = Σaμa then Ω is a locally compact dense set in X, μ

is a positive Radon measure on Ω and M is isomorphic to the space

L°°(Ω,μ) of real valued essentially bounded /x-measurable functions over

Ω. The L^-spaces defined above are exactly Lp(Ώ,μ). This justifies the

above convention. In this case, the following theorem is well known.

THEOREM 5. The application: x e Mλ -> φ(x ) e M* can be ex-

tended to an isometrically isomorphism from L1 onto M* (i.e.: (L 1 )* = M).

In the same way, for p e ]1, oo[ the Banach space Lp is isometrically

isomorphic to (Lg)* with q = p/p — 1.

In the general case, several preliminaries are necessary.

LEMMA 6. Hansen inequality. Let A be aJ.B. algebra and x e A+. For

every x in A, \\x\\ < 1 and all operator monotone functions f (i.e. x < y,
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UJ(x)<f(Uax).

In particular Uax
p < (Uax)p ifp e]0,1] ([30], 1.3.8).

Proof. This results from [17] and [39] pp. 2.1. D

Note that a non spatial proof of the Hansen inequality can be carried
out with [5] using Lόwner's theory (see [14], Th. 5).

Now we follow [38].

LEMMA 7. Let x, y e Mx

+

(i) ifx < y then ψ(xp) < ψ(yp) forp e ]0, oo[
(ii) ψ(xnp) < φ([UM* + y)p~lV) forp e ]1, oo[, n e N \ {0}.

Proof. First we prove

(1)

Recall that (Uab)2 = UJJha
2 and Uai = UaUa. The J.B.W. algebra gener-

ated by x, y is special (Shirshov-Cohn's theorem [16]) so we easily check
that

Thus by Lemma 1

(i) We first prove the result by induction for p = 2", n e N. If n = 1,

φ ( y 2 - x2) = φ((χ + ̂ )(χ - jμ)) = ψ{U{x+yγ/2(y - x)) > 0

(Lemma 1). Assume now the result for p = 2n. Then

i/2jc) ) by hypothesis because C î/27 > Uyi/ix

x^yf) (1)

> φ ((Uxi/2 x)2 ) by hypothesis
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For an arbitrary /?, it is possible to choose n such that q = p2~n < 1.
Since xq < yq (cf. [30], 1.3.8),

(ii) By induction: If p e ]1, 2], JC^"1 < (x + .yK"1 and

x ' = ^ ( J C * - 1 ) < ί4i/2((x + y)p~ι).

Using part (i),

φ(xnp) < φ([uxι,i(x +y)P~T)> ° Φ n G N

Suppose now that (ii) is satisfied for p e] l , m] where 2 < m G N. If
q = m + p' where /?' e]0, 1], we have

Using (i)

") since q/2 e ] l , m]

where in the second step we used (Uab)2 = UaUba
2. D

Parts of the following propositions were proved in [8] for the L ̂ -spaces
on a measure space and in [6], [11], [12], [13], [15], [18], [22], [25], [26], [27],
[28], [33], [34], [36], [37], [38], [40], [43] in the associative context of
operator algebras.

PROPOSITION 8. // p e]0, 1] then
(i) | |x + y\\> < \\X\\P + \\y\\P, x, y e M+

Proof. We can suppose p < 1. We first prove the inequality (i) for
x, y e M+. For integers n, m define xm = x + \/m, ym = y + \/m and
zn = x + y + 1/n. Let {ea}aeΓ be an increasing net in Mf such that
ea 11 with respect to Γ (see [19], Appendix 5 and Lemma 1).

ylίiU2^zn)
p ea)

(Lemma 6 and Lemma l(v)).
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Note that Uxγia tends in norm || Ĥ  to Ux\/ia for all a in M. (In
fact,

\\UxV2d - Uχl/2a\\ <2\\xY2{xY2a) -

and

\\xY2{xY'a) - x^2(x^2 - a)\\

<\\{xY2 - x1/2){xY2 - a)\\ +\\x^2({xY2 - x1/2)a

Then, taking the limit in m in the previous inequality and using Lemma
l(v) and (vii)

Using ψ(a2ea) = φ(Uaea) for a e M and the normality of φ, we obtain in
the α-limit

φ(x') + φ(y') > φ(Uzγ-w{Ux^ + Uyl/ήl) = <p{zζ-\x + y))

because zn and (x + y) operator commute (cf. [4]) and zξ~1(x + y) is
positive

^ ψ(uff-Hx+y)]eΛ) = φ&zζ-^x + y))ea).

Hence

φ(x') + φ(y") > lim <p{{zΓ\x + y))ea) = <p((x + y)Pea)
n

As before, the limit in a gives

(2) \\x+yt<\\x\\Pp + \\y\\P

P ΐor x,yeM+.

(ii) [24] Suppose 0 < y < x. Since y" < XP ([30] 1.3.8.)

\\χ-y\\P

P-\\χp-yp\\i = φ((χ-y)p)-φ{((χ-y)+

> 0 by part (i).
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Let now x, y be arbitrary. If x — y = (x — y) + — (x - y)_ is the
Jordan decomposition of x — y in M,

\\χp-yp\U<\\χp-(y+(χ-y) + ) p \ \ ι + \ \ ( y + ( χ - y ) + ) p - y p \ \ 1

^ IK* ~~ y)- ll/> + IK* ~~ j ) + ll/> using the previous result

= ll*-jlί •

PROPOSITION 9. Clarkson inequalities.
(i) L<?//> e [1, oof.

(ii) Leί^ e [1, oof. Then

\χ1/p -y1/pt <\\χ -y\\i

(iii) Letp e [2, oof.

(iv) Lei p e] l , 2]

-y\\l * 2(\\xfP + \\y\\P

p)
q/P,

Proof, (i) follows from the convexity of s e R —» 5^ and the Minkow-
ski inequality ||x + 7 ^ < Hxl̂  + H^l^.

(ii) The previous lemma yields for p > 1

= *(*')

< φ((x + y)(x + yY'1) (Lemma l(v))

-fc + yfp-
Second estimate: Suppose first that x > y e Afί1". Then using xι/p

yι/p and the previous inequality extended to L1,

\\χ-yh-\W/p-//pl = Φ(X) - φ(y+(χι/p-y1/p)p)

= φ((« + υ)p) - φ(up + vp) > 0
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where u = xι/p — yι/p e M + and v = yι/p G +. For general JC, j> in M{*",
let (x — y)+ — (x — y)_ be the Jordan decomposition of x — y
and e the support of (x1/p — yι/p)+. Since x < y -f (JC — y)+9

xι/p < (y + (x - y)+)ι/p hence

Thus

(Lemmas 1 and 3)

^ \\(χ ~ y) + Hi by the first half of the proof.

Switching x and y, we get Jj(JCX//> — y1/p)-\\p

p < \\{x — y)-\\i a n ( i w e a r e

done by adding the last two estimates.

REMARK 10. Notice that for p = 2, this reduces to the Powers-Stormer
inequality.

Case p = 1 is trivial,
(iii)

y)2\C

+ yf +{x- yf P^/2
by part (ii)

by part (i)

(iv) We use now an idea from [22], also exploited by H. Kosaki.
The inequality follows from

valid

* 1

x3

χ4

for Xj

= x,

= | | J C

= || JC

- 2 =

+ >llΓ

-jiir

In

y
P ι

" ' ' I

fact, if

\x+yf

x -y\

- 1

- 1

where s G

where ^ e :

S and x + j

S and x — y

= s\x+j

= t\x-y
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then it is easy to check that

- x ) x ) = \ \ x - v\\" = I I J C \f
1 Λ ' 2 / Λ ' 4 / II •* / \\P \\ λ/4\\q'

It is routine using spectral theory to verify that each x in Mf is a
|| H^-limit of elements of the form Σ ^ x λ ^ where λ ( e R and {ei}i is a
finite set of orthogonal idempotents in M£. It is sufficient to prove (3) for

n(k)

*k= Σ λkfiek9i9 * e {1,2,3,4}.

Denote also by φ the complex linear extension of φ on the complex
Jordan extension Mf = Mγ 4- iMv (Actually Mc = M 4- iM is a JB*-al-
gebra for the natural involution but we do not use this fact.) We also use
the notation ||JC||2 = φ(x*x)ι/2 for x e Mf. Define

n(k)

= J^ sgn(λki)\λki\ eki for k = 1,2
i - l

i - l

If g(z) = φ((^(z) +72(z))73(z) + (yx(z) -y2(z))y4(z)) then g is an
analytic function bounded in the strip \ < Rez < 1. For Rez = 1

For Re 2 = \,

Cauchy-Schwarz inequality for φ

) « 2

2 + ι ι Λ ( z ) - Λ ( z ) i Q ^ i i i o «

ll2

2)
1/2

Since
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we obtain the desired inequality by the case of the Phragmen-Lindelof s
principle known as the three lines theorem [44] p. 93,

i ) < sup{|g(z)||Re(z) =

REMARK 11. It is possible to prove the two last inequalities of
Proposition 9 appealing again to Riesz's convexity theorem and the
reduction to simple elements used in Lemma 3. For instance, as in [8]
Theorem 1, we obtain the following generalization

(4) (||* + y\ί +11* -y\ ί ) 1 / r < ϊ-^(\\x\\s

P +\\y\\s

Pf
/S

where x, y e Mv r > p > s > 1 and s > r/(r — 1). In fact, the inequal-
ity asserts the truth of Proposition 9—(iϋ) for r = s = p and of (iv) for
r — q and s = p.

COROLLARY 12. Lp is uniformly convex for p e] l , oo[.

Proof. Recall that a Banach space X is uniformly convex if its
m o d u l u s of convexity 8x(e) = inf{ l - 2~ι\\x +y\\\x,ye X, \\x\\ = \\y\\
= 1 and |[JC — y\\ = ε) is strictly positive for 0 < ε < 2 [21]. In fact, the
inequalities (iii) and (iv) in Proposition 9 yield

8LP{e)>\-{l-2-PEP)ι/p ίorp>2

> 1 - ( 1 - 2"V0 1 A for/7 > 1.

Proof of Theorem 5. Suppose p > 1.

The map: x ^ Lp -> φ(x - ) e (Z/)* is a linear isometry extending
the application with x e Mx endowed with the norm || Ĥ . By a Milman's
theorem, Lq is reflexive being uniformly convex. If the previous applica-
tion is not surjective, there exists y e Lq with y Φ 0 such that φ(xy) = 0
for all x e Lp, in contradiction with \\y\\q = sup{|φ(xy)||Λ: e Ml9 \\x\\p

< 1 } .
Suppose p = 1.
The map: x e Mλ -> ψ(x - ) e M* is again a linear isometry for the

norm || ||x on Mx and can be extended to Zλ We now show that the image
of Mλ is dense in M*: Let C be the || || ̂ -closure of the image, so that C
is a closed convex cone. Thus by Hahn-Banach theorem for every non
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zero co e M* \ C, there exists a non zero y e M such that φ(jα ) = 0 for

all x e Mx and ω( j ) < 0. Using [19] Appendix 5 and Lemma 1, there

exists an increasing net {*α}α€Ξr in Mx

+ σ(M, M^-convergent to 1 which

respect to Γ. Let s ^ S be defined by sy = \y\. We have

ψ{\y\) =

j) = 0.

The fidelity of φ yields a contradiction. D

Using [21] §26.10 (6) and (9) we obtain immediately

COROLLARY 13. The Lp-spaces are uniformly smooth and the norms

\\'\\p are uniformly strongly differentiable (Frechet differentiable) except at

0 for p e ] l , oo[.

As an application of this corollary we obtain as in [23] some related

results without analytic proof (see [38]) in our real context.

We define ( L ^ ) + as the || ||-closure of Mf.

LEMMA 14. // the map /: / G R ->/(/) e (Lp)+, p e ] l , oo[ is

differentiable for the norm \\\\p at t0 such thatf(t0) Φ 0 then t -> ψ(f(t)p)

is differentiable at t0 and

Proof. The strong derivative of || Ĥ  at f(t0) is the linear form

because the supporting hyperplane through f(t0) of the ball of radius

Lp

and thus one can apply [21], (12) p. 349 and (4) p. 364. By the chain rule

property the strong derivative of || \\p

p at f(t0) is v = pφ(f(to)
v~ι ). By

assumption for small ε e R+, χε = f(t0 + ε) — f(t0) ^ Lp and

- i γ ^ r p
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Consequently,

e-l[φ(f(t0 + β)') - φ(f(tQY)] « pψ{f(to)e-ιxε) + e~%

where 8£ = | | /(* 0 + xe)\\p

P - WfihWp ~ *(*e)and \\xβ\\^\δB\ tends to 0 as
\\xe\\p tends to 0 as we have seen. D

We are now in position to look at the case of equality in Proposi-
tion 9.

LEMMA 15.

®\\x\\p

P + \\y\\p

P~\\x + yfp forx,y e M+, p e ]1, oo[ iffxy = 0
(n)2ι-'\\x+yζ = \\x\\'p + \\y\\'p for x, y e Mf9 p^ K>,oo[\{l}

iff* ^y
(iii) \x+y% + \\x~y\P

p = 2{\\x\Yp + II^IIP / ^ ^ 7 e M1? ^
{2}// 0

. We can assume that M is a J.W. algebra ([39] Prop. 2.1) by
restricting to the algebra generated by x and y.

(i) If 0 = xy = 2-1(x 7 + ^ x) where - is the usual operator prod-
uct, x2 y = -x - y x = j .x 2 . Since [x2, >>] = 0, [x, >>] = 0 because x =
( x 2 ) 1 / 2 = lim^ pn{x) where /?„ is a polynomial of order n and x 7 = 0.
The equality (x -f y)p = xp + yp follows as ||x 4- y\\p = ||x||^ 4- ||j;||£.

Conversely suppose φ((x + y)p) = ψ(xp) + <p(j^). For every
α , ί > G M , / G R w e have by Proposition 9(ii)

(5) /(/) = Ψ((x 4- e'^-Uy)

The fact that et[La'Lh] is an automorphism of M leaving the trace invariant
(Lemma 1) implies f(t) > ψ(xp) + ψ(yp) = /(0). Thanks to the previous
lemma,

0 =f'(0)=pφ(z{[La,Lh}y)) where z = (x + ^ ) ^ x

and

that is

Since (L 1)* = M (Theorem 5), z(by) = (zb)y \fb e M. In particular for
and ί/ z = y2z.
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Theorem 5 of [42] asserts the associativity of the J.B. algebra gener-

ated by z and y hence by x and y, thus this algebra is isometrically

isomorphic to C(X) ([4] Proposition 2.3). If μ is the positive measure on

X associated to φ, the equality

/ (χ(i) + y{ξ))pdμ(ξ) - f {χ(ζ)p + y(ξ)') Mi)
Jx Jx

yields *(£)>;(£) = 0 a.e.

Thus xy = 0.

(ii) Suppose 2 1 ~ X ( J C + y)p) = ψ(xp) + ψ(yp) for p > 1. The func-

tion 2ι~pf in (5) attains its maximum at t = 0 (Proposition 9(i)). The

same method as before yields x = y.

For /? < 1 the concavity of: x G Λf -> x^ G M ([30]) implies that

JC^ 4- yp < 2ι~p(x + y)p thus the function 2ι~pf in (5) attains its mini-

mum at / = 0 and we have still x = y.

(iii) Suppose ||x + y\\p + \\x - y\\p = 2(\\x\\p + \\y\\').

Then for q = p/2 Φ 1

and by Proposition 9(i) and (ii) this is greater than

and for q < 1, this is less than

21~*||(x + yf + (JC ~ y)2\\l (concavity z -> z^forz e M+)

< 2 H | X 2 | | ^ + || y2\\q) (Propositionδ).

Thus

( J C + J > ) 2 | | + | (* ~ jO 2 | | = 2||jc2 + y2\\q for q e ] 0 , oo[\{ l } .

The application of (ii) gives (x + y)2 = (x — y)2 and xy = 0.

Conversely, suppose xy = 0. The first part of the proof of (i) gives us

2φ((x2)q +(y2)q) = 2φ((x2 + y2)q) = φ((χ + y) q +(χ — y) q)

that is 2(\\x\\p 4- H^lip = \\x + j | | ; + ||x - j | | | . D

The uniform convexity of Lp has a useful application. For instance,

the following is standard ([36] Theorem 1.24).

LEMMA 16. Let {xn}n(=κbeasequence in Ml9 x G Mλ andp G ]1, oo[.

// Λ:W /enώ to x for the σ(Lp,(Lp)*)-topology and \\xn\\p tends to \\x\\p

then \\x — xn\\p tends to zero.
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REMARK 17. If we replace the σ(L^(L^)*)-topology by the
σ(M, M^-topology, the same result shows (Grϋmms' theorem, cf. [36]
Theorem 2.21).

If p = 1 and xn, x G MI", then the previous lemma holds for the
σ(M, M*) topology (see [9], Appendix).

4. Miscellaneous results. The space L2 has a natural structure of
Hubert space. For more details see [3] if the trace is finite and [19] for the
semifinite case.

It is possible to give a short proof of the weak Holder inequality
|φ(xy)| < | | * | | / J | j ; | | ^ Restricting to simple elements in Lemma 3, we can
see that the map / e φ x Y) -* Σ^jfiλ^μ^φiejj) where X =
spectrum (x), Y= spectrum (y) and CR(Xx Y) is the space of real
valued continuous functions on X X Y, defines a positive Borel measure
reducing the problem to the Holder's inequality on a measure space. With
the same trick it is possible to prove for JC, y e Mf that

^^Vί*')2"*. ^ e]2, oo[, i + i - 1

since these inequalities are true on measure spaces [22].
All inequalities on measure spaces involving integrals of product of

positive elements can be extended by this method to our Lp spaces.

Acknowledgments. It is a pleasure for the author to thank Prof. L.
Streit for his kind invitation at the ZiF where this work was carried out
and for the warm atmosphere he has created for all members of the
research group. The financial support of the Deutsche For-
schungsgemeinschaft and the Universitat Bielefeld is also gratefully
acknowledged. The author also profited from corrections to Proposition 9
from Dr. H. Kosaki. After completion of this work, Professor S. Ajupov
pointed out the references [1], [7] where similar results are obtained using
[2] and the known results in the Lp spaces constructed on semifinite von
Neumann algebras.

REFERENCES

[1] R. Abdullaev, Lp spaces on Jordan algebras (0 < p < 1), Dokl. Akad. Nauk UzSSR,
9 (1983), 4-6.

[2] S. A. Ajupov, Extension of traces and type criterions for Jordan algebras of self adjoint
operators, Math. Z., 181 (1982), 253-268.



432 BRUNO IOCHUM

[3] , Integration on Jordan algebras (in Russian), Izv. Akad. Nauk SSSR, Ser.
Math., 47 (1983), 3-24.

[4] E. M. Alfsen, F. W. Shultz and E. St0rmer, A Gelfand-Neumark theorem for Jordan
algebras, Adv. in Math., 28 (1978), 11-56.

[5] T. Ando and F. Kubo, Means of positive linear operators, Math. Ann., 246 (1980),
205-224.

[6] H. Araki and T. Masuda, Positive cones and LP spaces for von Neumann algebras,

Publ. R.I.M.S., Kyoto Univ., 18 (1982), 339-411.
[7] M. Berdikulov, Lι and L2 spaces on JBW algebras, Dokl. Akad. Nauk UzSSR, 6

(1982), 3-4.
[8] R. P. Boas, Some uniformly convex spaces, Bull. Amer. Math. Soα, 46 (1940),

304-311.
[9] M. Breitenecker, On finite approximations of CP-class operators, Reports on Math.

Phys., 5 (1973), 281-288.
[10] J. A. Clarkson, Uniformly convex spaces, Trans. Amer. Math. Soα, 40 (1936),

396-414.
[11] C. E. Cleaver, Interpolation and extension of Lipschitz-Holder maps on CP-spaces,

Colloquium Math., 27 (1973), 83-87.
[12] J. Dixmier, Formes lineaires sur un anneau d'operateurs, Bull. Soc. Math. France, 81

(1953), 9-39.
[13] T. Fack, Proof of the conjecture of A. Grothendieck on the Fugledge-Kadison determi-

nant, J. Funct. Anal., 50 (1983), 215-228.
[14] J. I. Fujii, Initial conditions on operator monotone functions, Math. Japonica, 24

(1979), 459-462.
[15] U. Haagerup, Lp-spaces associated with an arbitrary von Neumann algebra, Colloques

International^ CNRS, no. 274,175-184
[16] H. Hanche-Olslen and E. StΘrmer, Jordan Operator Algebras, Pitman, Boston

(1984).
[17] F. Hansen, An operator inequality, Math. Ann., 246 (1980), 249-250.
[18] M. Hilsum, Les espaces Lp d'une algebre de von Neumann definies par la derivee

spatiale, J. Funct. Anal., 40 (1981), 151-169.
[19] B. Iochum, Cones Autopolaires et Algebres de Jordan, Lecture Notes in Mathematics

no. 1049 (1984) Springer Verlag, Berlin, Heidelberg, New York.
[20] W. P. C. King, Semifinite traces on J.B.W. algebras, Math. Proc. Camb. Phil. Soc,

93 (1983), 503-509.
[21] G.Koethe, Topological Vector Spaces I, Springer Verlag, Berlin-Heidelberg-New

York, (1969).
[22] P. E. Kopp and F. J. Yeadon, Inequalities for non-commutative Lp-spaces and an

application, J. London Math. Soc, 19 (1979), 123-128.
[23] H. Kosaki, Applications of uniform convexity of non commutative Lp-spaces, Trans.

Amer. Math. Soc, 283 (1984), 265-282.
[24] , On the continuity of the map <p —> |φ>| from the predual of a W*-algebra, J.

Funct. Anal., 59 (1984), 123-131.
[25] , Application of the complex interpolation method to a von Neumann algebra

{non-commutative if-spaces), J. Funct. Anal., 56 (1984), 29-78.
[26] R. A. Kunze, Lp Fourier transforms in locally compact unimodular groups, Trans.

Amer. Math. Soc, 89 (1958), 519-540.
[27] C. A. McCarthy, cp, Israel J. Math., 5 (1967), 249-271.
[28] T. Masuda, LP-spaces for von Neumann algebra with reference to a faithful normal

semifinite weight, Publ. R.I.M.S., Kyoto Univ., 19 (1983), 673-727.
[29] E. Nelson, Notes on non-commutative integration, J. Funct. Anal., 15 (1974), 103-116.



NON-ASSOCIATIVE L ^-SPACES 433

[30] G. K. Pedersen, C*-algebras and Their Automorphism Groups, Academic Press,
London (1979).

[31] G. K. Pedersen and E. St0rmer, Traces on Jordan algebras, Canad. J. Math., 34
(1982), 370-373.

[32] M. Riesz, Sur les maxima des formes bilineaires et sur les fonctionelles lineaires, Acta
Math., 49 (1926), 465-497.

[33] S. Yu. RotfeΓd, Remarks on the singular numbers of a sum of completely continuous

operators, Functional Anal. Appl., 1 (1967), 252-253.
[34] I. E. Segal, A non-commutative extension of abstract integration, Annals of Math., 57

(1953), 401-457.
[35] F. W. Shultz, On normed Jordan algebras which are Banach dual spaces, J. Funct.

Anal., 31 (1979), 360-376.
[36] B. Simon, Trace ideals and their applications, London Math. Soc. Lecture Notes 35

(1979), Cambridge University Press.
[37] W. F. Stinespring, Integration theorem for gages and duality for unimodular groups,

Trans. Amer. Math. Soc, 90 (1959), 15-56.
[38] P. K. Tarn, Isometries of LP-spaces associated with semifinite von Neumann algebras,

Trans. Amer. Math. Soc, 254 (1979), 339-354.

[39] J. P. M. Wright, Jordan C*-algebras, Michigan Math. J , 24 (1977), 291-302.
[40] F. J. Yeadon, Non-commutative if-spaces, Math. Proc. Camb. Phil. Soc, 77 (1975),

91-102.
[41] F. J. Yeadon, Isometrics of non commutative Lp spaces, Math. Proc. Camb. Phil.

Soc, 90 (1981), 41-50.
[42] M. A. Youngson, Ήermitian operators on Banach Jordan algebras, Proc. Edinburgh

Math. Soc, 22 (1979), 169-180.
[43] L. Zsidό, On spectral subspaces associated to locally compact abelian groups of

operators, Advances in Math, 36 (1980), 213-276.
[44] A. Zygmund, Trigonometric Series II, Cambήdge University Press (1968).

Received September 27, 1984.

C.N.R.S. LUMINY CASE 907

CENTRE DE PHYSIQUE TH£ORIQUE

F-13288 MARSEILLE CEDEX 9

FRANCE





PACIFIC JOURNAL OF MATHEMATICS

V. S. VARADARAJAN (Managing Editor)
University of California
Los Angeles, CA 90024

HEBERT CLEMENS

University of Utah
Salt Lake City, UT 84112

CHARLES R. DEPRIMA

California Institute of Technology
Pasadena, CA 91125

EDITORS
R. FINN

Stanford University
Stanford, CA 94305

HERMANN FLASCHKA

University of Arizona
Tucson, AZ 85721

RAMESH A. GANGOLLI

University of Washington
Seattle, WA 98195

ROBION KlRBY

University of California
Berkeley, CA 94720

ASSOCIATE EDITORS

C. C. MOORE

University of California
Berkeley, CA 94720

H. SAMELSON

Stanford University
Stanford, CA 94305

HAROLD STARK

University of California, San Diego
La Jolla, CA 92093

R. ARENS E. F. BECKENBACH

(1906-1982)
B. H. NEUMANN F. WOLF K. YOSHIDA

SUPPORTING INSTITUTIONS
UNIVERSITY OF ARIZONA
UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA
MONTANA STATE UNIVERSITY
UNIVERSITY OF NEVADA, RENO
NEW MEXICO STATE UNIVERSITY
OREGON STATE UNIVERSITY

UNIVERSITY OF OREGON
UNIVERSITY OF SOUTHERN CALIFORNIA
STANFORD UNIVERSITY
UNIVERSITY OF HAWAII
UNIVERSITY OF TOKYO
UNIVERSITY OF UTAH
WASHINGTON STATE UNIVERSITY
UNIVERSITY OF WASHINGTON

The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not
owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typed form
or offset-reproduced (not dittoed), double spaced with large margins. Please do not use built up fractions in the
text of the manuscript. However, you may use them in the displayed equations. Underline Greek letters in red,
German in green, and script in blue. The first paragraph must be capable of being used separately as a synopsis
of the entire paper. In particular it should contain no bibliographic references. Please propose a heading for the
odd numbered pages of less than 35 characters. Manuscripts, in triplicate, may be sent to any one of the editors.
Please classify according to the scheme of Math. Reviews, Index to Vol. 39. Supply name and address of author
to whom proofs should be sent. All other communications should be addressed to the managing editor, or Elaine
Barth, University of California, Los Angeles, California 90024.

There are page-charges associated with articles appearing in the Pacific Journal of Mathematics. These charges
are expected to be paid by the author's University, Government Agency or Company. If the author or authors do
not have access to such Institutional support these charges are waived. Single authors will receive 50 free
reprints; joint authors will receive a total of 100 free reprints. Additional copies may be obtained at cost in
multiples of 50.

The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular subscription rate: $190.00 a
year (5 Vols., 10 issues). Special rate: $95.00 a year to individual members of supporting institutions.

Subscriptions, orders for numbers issued in the last three calendar years, and changes of address should be
sent to Pacific Journal of Mathematics, P.O. Box 969, Carmel Valley, CA 93924, U.S.A. Old back numbers
obtainable from Kraus Periodicals Co., Route 100, Millwood, NY 10546.

The Pacific Journal of Mathematics at P.O. Box 969, Carmel Valley, CA 93924 (ISSN 0030-8730) publishes 5
volumes per year. Application to mail at Second-class postage rates is pending at Carmel Valley, California, and
additional mailing offices. Postmaster: Send address changes to Pacific Journal of Mathematics, P.O. Box 969,
Carmel Valley, CA 93924.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Copyright © 1986 by Pacific Journal of Mathematics



Pacific Journal of Mathematics
Vol. 122, No. 2 February, 1986

Gideon Amit and David Chillag, On a question of Feit concerning
character values of finite solvable groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257

Constantin Gelu Apostol and Frank Larkin Gilfeather, Isomorphisms
modulo the compact operators of nest algebras . . . . . . . . . . . . . . . . . . . . . . . . 263

Parviz Azimi and James Neil Hagler, Examples of hereditarily l1 Banach
spaces failing the Schur property . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 287

Brian Evan Blank, Boundary behavior of limits of discrete series
representations of real rank one semisimple groups . . . . . . . . . . . . . . . . . . . . 299

Jeffrey Carroll, Some undecidability results for lattices in recursion
theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 319

Gerald Howard Cliff and Alfred Rheinhold Weiss, Crossed product and
hereditary orders . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 333

Ralph Cohen, Realizing transfer maps for ramified coverings . . . . . . . . . . . . . . 347
Ronald James Evans, Hermite character sums . . . . . . . . . . . . . . . . . . . . . . . . . . . 357
C. L. Frenzen and Roderick Sue-Chuen Wong, Asymptotic expansions of

the Lebesgue constants for Jacobi series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 391
Bruno Iochum, Nonassociative L p-spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 417
John McDonald, Unimodular approximation in function algebras . . . . . . . . . . 435
John Robert Quine, Jr., Ramification and unintegrated value distribution . . . 441
Marc Raphael, Commutants of quasisimilar subnormal operators . . . . . . . . . . 449
Parameswaran Sankaran and Peter Zvengrowski, On stable

parallelizability of flag manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 455
Helga Schirmer, A relative Nielsen number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 459
Barry Simon, Schrödinger semigroups on the scale of Sobolev spaces . . . . . . 475
Viakalathur Shankar Sunder, Stochastic integration in Fock space . . . . . . . . 481
Jan de Vries, A note on the G-space version of Glicksberg’s theorem . . . . . . . 493

Pacific
JournalofM

athem
atics

1986
Vol.122,N

o.2

http://dx.doi.org/10.2140/pjm.1986.122.257
http://dx.doi.org/10.2140/pjm.1986.122.257
http://dx.doi.org/10.2140/pjm.1986.122.263
http://dx.doi.org/10.2140/pjm.1986.122.263
http://dx.doi.org/10.2140/pjm.1986.122.287
http://dx.doi.org/10.2140/pjm.1986.122.287
http://dx.doi.org/10.2140/pjm.1986.122.299
http://dx.doi.org/10.2140/pjm.1986.122.299
http://dx.doi.org/10.2140/pjm.1986.122.319
http://dx.doi.org/10.2140/pjm.1986.122.319
http://dx.doi.org/10.2140/pjm.1986.122.333
http://dx.doi.org/10.2140/pjm.1986.122.333
http://dx.doi.org/10.2140/pjm.1986.122.347
http://dx.doi.org/10.2140/pjm.1986.122.357
http://dx.doi.org/10.2140/pjm.1986.122.391
http://dx.doi.org/10.2140/pjm.1986.122.391
http://dx.doi.org/10.2140/pjm.1986.122.435
http://dx.doi.org/10.2140/pjm.1986.122.441
http://dx.doi.org/10.2140/pjm.1986.122.449
http://dx.doi.org/10.2140/pjm.1986.122.455
http://dx.doi.org/10.2140/pjm.1986.122.455
http://dx.doi.org/10.2140/pjm.1986.122.459
http://dx.doi.org/10.2140/pjm.1986.122.475
http://dx.doi.org/10.2140/pjm.1986.122.481
http://dx.doi.org/10.2140/pjm.1986.122.493

	
	
	

