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NORMAL STRUCTURE AND THE SUM-PROPERTY

TrHOMAS R. LANDES

For Z = (RV,| - |) with symmetric norm | - | the Z-direct sum of the
normed spaces X, ..., X, is its product space with norm ||(x,,..., xy)|l
= J(Jxll, .., Xy D). A normed space X is said to have the sum-property
(SP) if each Z-direct sum of finitely many copies of X has normal
structure (NS). It turns out that the class of spaces having the SP is the
largest subclass of the class of spaces having NS which is closed under
each finite Z-direct sum operation. The SP is characterized by the
property that limit-affine (i.e., the functional A(x) = lim||x, — x|| is
defined and affine on conv({ x, })) sequences { x,} with non-decreasing
{A(x,)} are constant.

In contrast to a previous conjecture it is shown that every infinite
dimensional separable normed space can be renormed to have NS and
not the SP. Moreover, in order that NS is inherited from X, ..., X, to
its Z-direct sum, it is not only sufficient (as previously shown) but also
necessary that each line segment (if there is any) in the unit sphere of Z
lies in a hyperplane {z |z, = a} for some / < N, a # 0. In fact, if Z
does not satisfy this condition, and if infinite dimensional separable
normed spaces X,..., X,, are given, then there are normed spaces 7,
with NS isomorphic to X; whose Z-direct sum does not have NS.

Finally, it is shown that a normed space with a symmetric (not
necessarily countable) basis can be renormed to have NS if and only if it
can be renormed to be uniformly convex in every direction. In particular,
¢o(I) can be renormed to have NS if and only if I is countable. As a
counter-example, a reflexive normed space with an unconditional basis is
given which has the SP but cannot be renormed to be uniformly convex
in every direction. All results hold also for weakly NS and the weak SP.

Introduction. A subset A of a normed space X is said to have
normal structure (NS for short) if every bounded convex subset C of A4
with positive diameter d = sup{||x — y|llx, y € C} is contained in some
ball with center in C and radius strictly smaller than 4. This property,
introduced by Brodskii and Mil’man {1], is important in fixed point
theory for nonexpansive mappings. We refer the interested reader to [3],
[4], [5, [6], [8].

In applications, also weakly normal structure (WNS for short) is of
interest. A normed space X is said to have weakly normal structure if
every weakly compact subset of X has NS.

In (10], the author has analyzed stability properties of (W)NS. (The
term (W)NS means both NS and WNS, the “W” refers to all expressions
occurring in brackets. For example, “the (weak) SP implies (W)NS”
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128 THOMAS R. LANDES

means both “the SP implies NS” and “the weak SP implies WNS”.) The
following problem was raised in [10]:

P1: Is (W)NS preserved under every finite direct-sum-operation?

An affirmative answer to P1 would mean that, given any symmetric
norm |-|on RY—ie, [(&,..., &) =€) - ... |€x])| — and given arbi-
trary normed spaces X,..., X, with (W)NS, the direct sum X
® --- @ X, has (W)NS with respect to the norm ||(x,)™_|| = [(llx,ll,)~1l;
this direct sum is written as (LY ; ® X,),, Z = (R",|-|), and called the
Z-direct sum of X,,..., Xy. In [10], it is shown that (W)NS is preserved
under such a Z-direct-sum-operation whenever each — if there is
any — line segment belonging to the positive part of the unit sphere of Z
is contained in a hyperplane not containing 0 orthogonal to some coordi-
nate axis. This latter condition is formally written in the following way
(condition (*) in [10]):

If’(gi)i}il' =|(nz)i]il’ = '%(‘S, + nt)i]il' =land §,>20,7,20

(SC)
foralli=1,...,N, then §, = v, > 0 for somei < N

All /}-norms, 1 < p < oo, satisfy (SC), all strictly convex norms on RY
satisfy (SC), but not the /)>-norm. We show in §4 that (SC) is not only
sufficient but also necessary for preservation of (W)NS. Consequently, P1
is solved in the negative.

In [10], the isomorphic analogue of (W)NS is also dealt with: A
normed space X is said to have (weakly) isonormal structure — (W)INS
for short — if X is isomorphic to a normed space with (W)NS. In [10], it
is shown that X has (W)INS if and only if there is a bounded linear 1-1
operator T from X into a normed space with (W)NS. Especially, every
separable normed space has INS:

Tx = (27(x¥,x)) €1, if x| = sup|[(x¥ x)|forall x € X.
neN

Moreover, given any normed space X, the subclass of ISO( X)) — the class
of all spaces isomorphic to X — of all spaces with (W)NS is either empty
or dense in ISO(X) in the topology induced by the Banach-Mazur
distance.

The following question was left open in [10]:

P2. Does cy(I) have (W)INS for uncountable 1?

In §5, we give the negative answer: c,(/) has (W)INS if and only if 1
is countable, i.e., if and only if ¢,(I) can be renormed to be uniformly
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convex in every direction. This latter characterization extends to the class
of spaces with a symmetric basis but not to the class of spaces with an
unconditional basis.

2. Limit-affine sequences. Problem P1 leads in a natural way to the
consideration of limit-affine sequences as we will see.

Given a bounded sequence { x,} in a normed space X, we consider
the limit-functional

A(x) = lim |x, - x]|

being defined for all x € X for which the right hand side limit exists. The
sequence { x,} is then called limit-affine if its limit-functional is defined
on the whole convex hull of {x,} and is affine there. If a growth
condition such as “increasingly”, “non-increasingly”, “constantly” etc. is
added to the term “limit-affine”, then this indicates that the sequence
{ A(x,)} has this growth behaviour; for example, an increasingly limit-af-
fine sequence {x,} is a limit-affine sequence for which {A(x,)} is
increasing.

A constantly limit-affine sequence is called limit-constant. The associ-
ated limit-functional is constant on the convex hull of a limit-constant
sequence.

A non-decreasingly (non-increasingly, respectively) limit-affine se-
quence { x,} is either constant (Cauchy, resp.) or has no Cauchy subse-
quence and the former is the case if and only if A(x,) =0 (A(x,) — 0,
resp.).

Limit-constant sequences arise in connection with (W)NS:

ProrosITION 1 ([10]). The normed space X has (W)NS if and only if
every (weakly convergent) limit-constant sequence in X is constant.

For the solution of P1, one especially has to consider the /2-norm,
that is, one has to solve:

PY'. Does X ®,Y, the space X ® Y with norm ||(x, y)|| = ||Ix|| + |I»ll,
have (W)NS if both X and Y have (W)NS?

If {(x,,y,)} is limit-constant in X &,Y, then both {x,} and {y,} are
limit-affine and, passing to some subsequence, either both are limit-con-
stant or one is increasingly limit-affine and the other decreasingly limit-
affine. This demonstrates what we meant above with “...P1
leads. .. to...limit-affine sequences...”.
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Limit-affineness together with its growth condition inherits to subse-
quences and is preserved under the operation x, — ax, + x, a # 0,
x € X. So, if there is a limit-affine sequence {x,} in X with
inf, . yA(x,) > 0 (ie., {x,} has no Cauchy subsequence), then we may
assume that { x,} is increasingly or constantly or decreasingly limit-affine
with A(x,) — 1. Moreover, if some subsequence of {x,} converges in
some vector space topology on X, then we may assume that {x,}
converges to 0 in this topology. If this topology is the weak topology, then
A0) = lim, _, _ |Ix,|l = 1. (See[10].)

Finally, every limit-affine sequence has a subsequence all of whose
subsequences { x,, } satisfy:

S |

©8) tim [ x,e = wll=al -5l =0 75 T
" k=1 k=1
Vice versa, if {x,} satisfies (DS), then it has a limit-affine subsequence

(cf. [10]).

PROPOSITION 2. Let X be a normed space and Y C X* such that
(x| = SUP{ [{y,x) Hy S Y} forallx € X.

Let {x,} C X be limit-affine and A be a cluster-point of { A(x,)}. Then,
there is a sequence { y,} in Y and an increasing sequence { m,} such that
() { A(x,, )} is monotonous with limit A ..
(i) a = lim,_, (y,, X,, ) exists.
(iii) There is a B € C with |B| = 1 such that

lim (y,,x) =a — A(x)B forall x conv({x,}).

(iv) |a — A(x)B] < ||x|| for all x € conv({x,}).
(v) If A > 0, then {y,} has no constant subsequence.
If, additionally, x, — 0 weakly, then
(vi) A =1lim,_  A(x,) = A0) and a = A_B.
If Y vanishes pointwise at infinity, i.e., if for all x € X and € > 0 there is a
finite F C Y such that |{ y,x)| < € forally € Y\ F, then
(vii) { x,} is either Cauchy or limit-constant with « = A_f.

Proof . Put A, = A(x,). Choose { p,} increasing such that A, - A,

Ix, = xll <Ap+n7? k<n,and|x, — X, > A(X,) — n~ % Then

" _ 2
0<8,= Y lIx, - xl-nllx, ~ 5,1 <20,
k=1
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Choose J, € Y such that [(§,,x, — X,)| > |lx, — X,[| = n~% Fix an
arbitrary x = X7 A, x, € conv({x,}) and put A, =0, k> m. Since
n(x, —X,)=x, —x+Xi_;(1—A)(x, — x,) we obtain

- 1 - -
n”xp,, - xn“ - ,—1- < n|<.ynaxpn - xn>|
< I(j}n’xp" - x>|+ Z (1 - Ak)'(f’n’xpn - xk>|
k=1

and

A(x) < llx,, = x| = [( B, x,, = )|

2 1[5 = %)= 3 (0= M) Gty = 300
=1

1 n
>, = 5= 5= X (1= A, - x

m 1 m
=) }\k”'xp,, - x -4, - n 2 AN = A(x)
k=1

and we have
(%) |{ 7%, — x)| > A(x) forall x € conv({x,}).

Choose an increasing sequence { k,} such that (i) and (ii) hold for
Vo=, and m,=p, and that B, = lim,_, (,, x,) exists for each k.
Formula () yields ja — B,| = A, and

Ak+Al=|2a_Bk-Bl|—<—|a—Bk|+|a_BI|=Ak+Al'

Since |- | on C is strictly convex, « — 8, = A, B for some B8 € C with
|B] = 1. A continuity argument implies (iii), and (iv) is an immediate
consequence of (iii).

If some subsequence { y, } of { y,} is constant and A, > 0,

a;&a_AooB “ [X—‘Am B « <yr,,’xm,>=<yrk7xm,> -«
k— o0 'k n—oo k k" k— oo

which is absurd.

If x, — 0 weakly, then 0 € coT/({ x,}) and (vi) follows from (iv) and
[10, Remark 1].

Let Y vanish pointwise at infinity. If {x,} is not Cauchy, then
{ A(x,)} bhas a cluster-point A > 0. Choose { y,} and { m, } with (i)—(v).
Then 0 « (y,, x,) = a — A, B, which implies that { A} is constant, i.e.,
A, =A_ forall kand a = A_B. a
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COROLLARY 1. Every limit-affine sequence in c,(1) is either limit-con-
stant or convergent.

3. The sum-property. The observations on P1’ mentioned in §2
motivated the author in [10] to define a property, called the sum-property,
in such a way that the “bad” case ({ x,} increasingly, { y,} decreasingly,
{(x,,y,)} constantly limit-affine) is excluded: non-decreasingly limit-af-
fine sequences have to be constant by definition of the sum-property. But,
this definition seems to be rather unnatural and the name “sum-property”
gives no association for its defining property. So, we proceed here in
another way (but come to the same goal). In view of the solution of P1, we
could simply define the (weak) sum-property to be the weakest property
of normed spaces which is stronger than (i.e., stronger than or equivalent
to) (W)NS and is preserved under every finite direct-sum-operation (FDSO
for short). This “definition” is somewhat “dangerous” in view of logical
loops and cannot be written in the form “X has the (weak) sum-property
if ...”. These difficulties can be avoided in restricting the direct sums to
powers of one space and in requiring these direct sums to have only
(W)NS:

DEerFINITION 1. The normed space X is said to have the (weak)
sum-property ((W)SP for short) if each Z-direct sum of finitely many
copies of X has (W)NS, i.e., if XV has (W)NS with respect to the norm
HOx )Mo= [(1x, DX, whenever | - | is a symmetric norm on RY.

i=1

Obviously, the (W)SP is stronger than (W)NS and weaker than every
property of normed spaces which is stronger than (W)NS and preserved
under every FDSO. So, the (W)NS is the weakest such property provided
it is preserved under every FDSO. This is shown in Theorem 1:

THEOREM 1. The following are equivalent.
(1) X has the (W)SP.
(2) X ®,K = (X & K)2 has (W)NS, where K is the scalar field R or C.
(3) Every non-decreasingly limit-affine (weakly convergent) sequence in
X is constant.
Moreover, the (W)SP is the weakest property of normed spaces which is
stronger than (W)NS and preserved under every FDSO.



NORMAL STRUCTURE AND THE SUM-PROPERTY 133

Proof. (1) = (2). X ® Kis a subspace of X &,X.

(2) = (3). If {x,} is non-decreasingly limit-affine in X, then
{x,, A(x,)} is limit-constant in X & K.

(3) = (1) and the additional statement. Consequence 3 of [10] states
that (3) is preserved under every FDSO. O

So, our definition here for the (W)SP coincides with that given in [10].
Moreover, Theorem 1 shows that P1 and P1’ are equivalent and both
equivalent to

P1”. Does (W)NS imply the (W)SP?

Problem P1” was stated in [10] as a positive conjecture. A priori, there
is no reason why (W)SP and (W)NS should be equivalent, although (2) of
Theorem 1 suggests that both properties differ not too much. But, if one
checks all “classical” sufficient but not necessary conditions for (W)NS
(e.g., uniform convexity (in every direction), uniform smoothness, nearly
uniform convexity, k-uniform rotundity, Opial’s condition, condition of
Gossez and Lami Dozo, . ..) one finds out that all these conditions imply
the (W)SP, too (cf. [10]). Moreover, all “classical” sequence spaces have
the (W)SP as soon as they have (W)NS: ¢,, all modular sequence spaces
including the class of Orlicz sequence spaces as well as /,, 1 < p < oo (cf.
[11], [12)), all Lorentz sequence spaces d(w, p) (all d(w, p) satisfy Opial’s
condition so that all d(w, p) have WSP; for p > 1, d(w, p) is reflexive,
thus, has the SP; d(w, 1) does not have NS because {(L}_,w,) 'L/ _ e}
is limit-constant).

Furthermore, our Corollary 1 implies that every normed space which
is isometric to a subspace of ¢,( ) has the (W)SP as soon as it has (W)NS.

Finally, subspaces of spaces with an “asymptotically co-contractive”
basis —i.e., liminf, ,_||P, =1, P, the complement of the canonical
projection P,— have the WSP if they have WNS. Indeed, if {x,} is
non-decreasingly limit-affine, x, — 0 weakly and ||ﬁm”|| — 1, then A(0)
= lim A(x,) = A(x,) and

n — oo

A(x) < B, AGx) < |2, I, = xl
|2 (0 = x) | 2, = [ 2] = |
= AO) —[[Pyxi > A0).

>

P, x, ”
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So, if there is a universal (containing every separable normed space)
space with an asymptotically co-contractive basis, then WSP and WNS
are equivalent.

Taking all these arguments into account, one can really hope that P1”
has an affirmative solution at least for the weak properties or restricted to
the class of reflexive spaces.

4. The solution. The existence of a universal space with an asymp-
totically co-contractive basis would imply that there is no increasingly
limit-affine weakly convergent sequence at all. Such a space cannot exist!
Indeed, the sequence { z, } in /_

0, j<n
Zn(j)= 1_8" j=n’
€, j>n,

is increasingly limit-affine (A(z,) = 1 — ¢,) and converges weakly to 0 if
{e,} converges decreasingly to 0.

Does the subspace of / spanned by {z,} solve P1” in the negative?
No! The sequence {z,,, — €,,1€,'2,} is limit-constant. But, some modifi-
cations of the above sequence yield a negative solution of P1”. We even
introduce a number of equivalent norms on ¢, which solve P1” negatively
in several ways.

To have easier notation we define the norm || || of X to be of type
N7, T € {0,1}, if (X,|| |) does or does not satisfy S, i=
1,...,4— S8, =SP, S,=NS, S, =WSP, S, = WNS — according to
whether 7, = 1 of 7, = 0. For example, the usual /;-norm is of type 0011,
that is, /; does not have the SP and not NS but it does have the WSP and
WNS.

Only six types are allowed by the implications SP = NS = WNS and
SP = WSP = WNS: 1111, 0111, 0101, 0011, 0001, 0000. For reflexive
spaces, the types 0111, 0011 and 0001 are excluded, For Schur-spaces, the
types 0101, 0001 and 0000 are excluded.

In Theorem 2, ¢, is considered as real or complex Banach space.

THEOREM 2. RENORMINGS OF c,. Given any of the six possible types
1111, 0111, 0101, 0011, 0001 or 0000, there is an equivalent norm on c,
which is of this type. In particular, for ® = +1 and 0 <a <1, put
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e, = a37', definey, ;€ 1,1 <i<j,y,€l,andy &l by
0, j<vori=wv,

yi,(m)={1-¢, j=v,
2e,, j>v#Ei,

0, Jj<v,
y()={1-¢, j=r, y(r)=¢,
de,, j>v,

and consider the following norms on c:

Jella = sup{l(y, ;s )11 < i <}y lxllo.a = sup [y, )],

105« = max{llxla; I xllo.a}, 10,0 = max{]|x[ls.a | x[ls},
1/2
Il = | £ 275G L] 5 200 <s)) -
=1 veF
Then, all these norms are equivalent to || ||, and we have
(D) (@) lle, = ella <1 = 2¢,.
b) {u,} ={(Xi_i(e,q — 3%} is || ||, limit constant with

Ad(un) = 1'
(© {5} = {u, + eyia) is || |l Aimit-affine with A (v,) =1
2sn+2'

(d) If {x,} is || ||, limit-affine, x,— x €l pointwise and
A (x,) = 1, then there exist increasing sequences { j,} and
{m,} such that x(j,) > Be and x,,(j,)~ B, 1Bl =1,
Rep > 1/2.
(2) (@) {e,} is || |ls olimit-affine with Ay (e,) =1 — Be¢,.
(b) {u,} is || |l q, - limit constant with A | (u,) =1

() {v} = {u,/6 + e,,o} is || |1 climit-affine with
Apl(u)=1—¢,,,.
(@ If {x,} is || g limit-affine, x, - x €1 pointwise,

Ag o(x,) =1, 31 — Ay ((x,)) <0 and A (x,) exists for
all n then A (x,) > max{1, Ay (x,)} forall n.
(3) @ lle,—edls<2/3<1—¢,.

(b) I, = vills < V26 /6 <1 — ..

(c) Every || ||s-limit-affine sequence is one-dimensional.

(d) Ifx,—> x €l pointwise and x( j,) = Bp and x,(j,) = B
for some increasing sequence { j,}, and if |B] =1, Rep >
1/2, then limsup, _, _||x, — Xlls = 3/2 for all k.
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4 |l is of type 0011.

(5) (@ {e,} is || %1, o limit-affine with Ny (e,) =1 — e,
(b) {wu,} is || 1, ,limit constant with N, (u,) =1
(©)  11ll51,q is of type 0001.

6) (a) {e,} is || Yy o limit-affine with Ay (e,) =1 —¢
(b) 1%, is of type 0101.

() (a) {e,} is || |7, olimit-affine with N’} (e,) =1+ ¢
(b) 1111”1, q is of type 1111.

(8) Consider the norm ||x|I;” = {(3l\xI|Z,, + 3IVx|{3 .2

Vx(i) = x(i + 2) — x(i + 3).

(@) {v,} is || |2 -limit-affine with A7/ (v,)=1—¢,,,
(b) || |2 is of type 0111.

(9) The original norm || ||, is of type 0000.

ne

ne

Proof. The proof of (1a, b, ¢), (2a, b, c¢), (3a, b, ¢), (5a, b), (6a), (7a),
(8a) and (9) is straightforward and omitted. For (3d), observe that

%) - Jn>+2< s xk<j,,,+p>)|

1
”xn - xk”S = 5

1
ﬁ —_—
2

é( ]m+V —'xk(jm+v))

3
2[B+ 4Bp| > —(4Rep +1) 2 3.

Assume f1rst (1d) and (2d) to be already proved.
Using the methods described in [10], the following implications are
immediate:

(1) = (4), ((1d) &(2d)) &((5a) &(5b)) = (5¢),
((1d) &(2d) &(3c, d)) &(62) = (6b), (1d) &(2d) &(3c, d) = (7b),
(6b) &(4) &(8a) = (8b).

So, it remains to show (1d) and (2d).

Proof of (1d). Assume that {x,} is || ||,-limit-affine, x, - x € [
pointwise — i.e., weak* in / , — and

@) A, = A (x,) ~> L
Passing to a subsequence and applying Proposition 2, we find 1 < i, < j,
and vy, B € C, |B| = 1, such that

(i) <yi".j,,’ X,) =Y, <yi”,j"? X)) 2y — AB
Putting n = yB*, X, = B*x, and X = B*x, we arrive at

(i) (y, ;. %,) =0

(v) <yz'",j,,’ ) 2 — A
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We know from (v) of Proposition 2 that i, —» o0 and j, — co.
Switching to a subsequence, we may assume that £ = lim, _,  X,(J,) and
p = lim,_, _ X(j,) both exist. Then

(i) = n=2(y, %) + S and

(ivy=n-1 < n-A —2<y,xk> 2,2 X).

Thus ¢ =1 and 2(y, X=X, = — 1. Fmally, we obtain

Akn:—oo H‘in - Xk”a Z‘<yjk,_/"’ Xn - )’Zk>l
d 1Ak_1—2£jk(i——xk)(jk)+l_8/;(1

n— oo

=| A+ 2¢,(%, (i) = 2(ji) = 1/2)]
> Ay + 2¢,(Rex, (ji) — Rex(ji,) — 1/2).

Hence,
Repk<— Rex(j,) = Rex,(j,) — 1/2k—> 1/2.
Proof of (2d). Assume that {x,} is || ||y ,limit-affine, x, » x €
l, pointwise, A, = A, (x,)—> 1, 41 - A,)<0 and A, =
lim, _, |lx, — x|, exists for all k.

Using essentially the same method as in the proof of (1d) we may
assume that (y,X — X,) = A, — 1, X,(j,) = 1 and x(j,) — p for some
increasing sequence { j,} where X, = B*x, and X = B*x for some 8 € C
with |8} = 1. Hence, we have

n—> 0

Aknjw [, = x|l —l(yj”—l I xk>’ - 1+ 2'9(/\ 1)

A’k+(A’k-1)zA’k21, 9 =1,
1+2(1-A) 2124/, d=-1 m

For the main statement of Theorem 2 only the case ¢ = +1 and
a = 1 is needed. The norm || ||”; , and the parameter « are introduced in
view of Theorem 4, the complete solution of P1.

In the next Theorem 3, the main statement of Theorem 2 is extended
from ¢, to arbitrary infinite dimensional separable normed spaces; of
course, we have to pay regard to the type-restrictions for reflexive and
Schur spaces.

THEOREM 3. RENORMINGS OF SEPARABLE INFINITE DIMENSIONAL
SPACES. Let X be an infinite dimensional separable normed space. Let
T,7,737, be any type which is compatible with the topological structure of
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X: 7,717, = 1111, 0111, 0101, 0011, 0001 or 0000 if X is non-Schur, non-
reflexive, 1,m7, = 1111, 0101 or 0000 if X is reflexive, T,7,7;37, =
1111, 0111 or 0011 if X is Schur.

Then, X admits an equivalent norm which is of type T,7,m37,. Especially,
given 9 = +1 and 0 <a <1, there is a sequence {x,} C X and an
equivalent norm || ||y, on X such that {x,} is || |5 limit-affine with
Ay (x,)=1~3a3" and (X,|| ||5.,) has NS (the SP if 3 = -1); if X is
non-Schur, then { x,} can be chosen to converge weakly.

For the proof of Theorem 3, we need some elementary facts which are
also useful in other applications. In Lemmas 1-4, X is assumed to be a
separable infinite dimensional normed space.

LeMMA 1. If {x,} C X is bounded and has no Cauchy subsequence,
then there is a subsequence {x, } and a bounded sequence {xy} C X*
which converges to 0 in o(X*, X) and is biorthogonal to {x,, }, that is

<X:‘, xmk> = 6n,k'

Proof. By the lemma of [9], there is a bounded sequence { y¥} in X*
and a subsequence { x,, } such that

(1) <yn*"xmk - xm,> = 8k,n - 81,n‘

Passing to a subsequence, we may assume that y* — y* € X* in
o(X™*, X). Using (i) we obtain (y* x,, — x, ) = 0.If we call y* — y*
again y¥, we additionally have y* — 0 in ¢( X*, X). Formula (1) implies
that (y, x,, ) = a, for all k # n, where a,, = 0. If «, = 0 for all n, we
put x¥ = y* If not, we choose N with a, # 0, put x¥=y¥, ,h —
ay,,ayyY and denote my, , again by m,. O

LeMMA 2. If {w}} Cc W*, W C X, is bounded and converges to 0 in
o(W*,W), then there are extensions y; € X* of w} such that { y¥} is
bounded and converges to 0 in a( X *, X).

Proof. Choose extensions x¥ € X* of w¥ with (|x}|| = |w}|| < K.
Let d be a translation invariant metric on X* which induces o( X *, X)
on B={x*e€ X*|||x*| < K}. Since every o(X*, X)-cluster point of
{x}} belongs to BN W+, we know that d(x}, BN W) — 0, i.e., there
isasequence {z}} C BN W+ withd(x} z¥)— 0.Put y* = x* — z*.0

Lemma 3. If {x,} C X is bounded and has no weakly convergent
subsequence, then there is a bounded sequence { y¥} C X* which converges
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to 0 in o( X*, X) and a subsequence {x,, } such that

* = 1, k > n,
R

Proof. By Lemma 1, there is a subsequence {x, } and a bounded
sequence {x}} C X* with (x},x, ) =29, , and x} — 0 in o(X*, X).
We further may assume that (x*, x,, ) — 1 for some x* € X*, even that
Yo 1l{x*, x,, ) — 1] < oo. Putting z* = x* — X% ,((x*,x, ) — 1)x;, we
obtain (z*,x,, ) =1 for all n. So, for M = ||z*||, we have

(i) ;Ai, = Z }\i'xm,

i=1
forall A, i=1,...,k, ke N.
Let u¥ be the restriction of X7_;x* to the span of { x,, }[_;. Formula
(1) implies [lu}|| < M. Let vy € W*, W the closed span of {x,, };_;, be
extensions of u* with |[v¥|| < M. Put w* = z*|,, and w}* = wi* — v}¥_|,
n > 2. Then {w}} is bounded, w} — 0 in o(W*, W) and

k
(z*, Z}\ixm,> <M

i=1

* - 1, k>n,
<W,, ,xmk> {0’ k <n,

Application of Lemma 2 concludes the proof. O

LeMMA 4. If {x,} € X and {x}} C X* are bounded such that
(x¥ x,) = 0 forn > oo and fixed m as well as for m — oo and fixed n,
then, given 8 > 0, there are increasing sequences {m,} and {m’} such
that [(x% , X,z )| < 8 foralln, k.

Proof. Put p; =1 and choose inductively p, ., so that (x,, x,)| < 8
for all k > p,, . We obtain [(x;,x, }| < & if k > n. The same argument
applied to {xy} and {x,} instead of {x,} and {x,} yields a subse-
quence { p,} of { p,} with [(x%,x,)| <& forall n # k. Put m, = p;,_,
and m/, = p;,. O

Proof of Theorem 3. (1) Pick z} € X* with ||z}|| =1 and ||x|| =
sup, < Nz, x)| for all x € X. Put

el = (1t + 5 20 |2}m.

Then, every || ||-limit-affine sequence in X is one-dimensional, i.e. || ||’ is
of type 1111.
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(2) According to Lemma 1, choose bounded biorthogonal sequences
{x,} and {x})} such that x* - 0 in ¢(X*, X) and, if X is non-Schur,
x, = 0 weakly. Define T: X — ¢, by (Tx)(i)=(x} x). Put d=
sup, ,lIx, — x|’ and [x|” = max{d"Y|x|, |Tx|,). Then, {x,})
is || ||”’-limit-constant with A”(x,) =1 and || ||’ is of type 0000, if X is
non-Schur, and of type 0011, if X is Schur.

Put

I xlls.a = max{3d "l x|l", | Tx[l5.a)-

Then, {x,} is || |5 ,limit-affine with A (x,) =1 — da37", || ||_, , 1s Of
type 1111, and || ||,, , is of type 0101, if X is non-Schur, and of type
0111, if X is Schur.

(3) Assume X to be non-reflexive non-Schur. According to Lemma 3,
there are bounded sequences {x,} and {y¥} such that y* - 0 in
o(X* X)and

* _ /L m>=n
<yn ’xm> {0, m < n.

Define T: X — ¢, by (Tx)(i) = {y*, x). Consider

Vo= 2 37x X0 — Xy
v=1
Put d, = sup, 1%, = " and ||x||” = max{ dg"[lx||", |Tx]l,}. Since Ty,
= u,,{y,}1s || || -limit-constant and || || ”* is of type 0011.
Consider now
n+1
Vo = Zl 37, + Xyps — Xa F 6(Xg,00 = Xpp43)-

Put d, = supl|y, — y, |’ and |}xll, = max{%d;*|lx||', | Tx]}. Since Ty, =
v, {¥2} is || ||;-limit-affine with A;(y,) =1 —3"""2 and || ||, is of type
0111.

Assume that X has no subspace isomorphic to /. We may then
additionally assume that { x, } is weak Cauchy. Put y;’ = x; and y)" = x,
- X,_, =2 Then Ty =e, and y, - 0 weakly. Set d, =
max{ d, sup, /|y, — y.II'} and ||x]l, = max{3d;"|x|}", ITx|l',; ;). Then,
{y.} 1s || ||,-limit-affine with A,(y,)=1— 37", {y,} is || ||,-limit-con-
stant with A,(y,) =1 and || ||, is of type 0001.

Finally, assume X to have a subspace isomorphic to /;. Let {w,} C X
and {w}} C X* be bounded and biorthogonal such that w, — 0 weakly
and w¥ — 01n o(X*, X). Choose { x,,} C X equivalent to the unit vector
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basis of /;. Passing to a subsequence of {x,} we may assume that
{{w}, x.)} is Cauchy for all k. So, some suitable subsequence {x,} of
{x, ., — x,,} satisfies (w} x,) — O for all k. Since {x,} can be chosen
to be equivalent to the unit vector basis of /,, there is a bounded sequence
{ y¥} in X* which converges to 0 in o( X*, X) and satisfies

* - 1, mz=n
(VK X, {0, m<n.

Using Lemma 4, we may assume that |( y*, w, )| < 82/2 and (w*, x, )| <
8%/3 for all k, n, where 8 is chosen so that 8||x|l,, < |x||},, < 1/8]|x]|,
for all x € ¢,. Define T, {y,} and d, as above and T': X — ¢, by
(T'x)(i) = (w*,x). Put d; = max{do,5up, W, = w,|'} and |x|l; =
max{ 3 /ds||x|", ITx||s 1, ITx||,1.,}. Then, we have T'w, = e,. More-
over, for n > k:

I7(w, — Wk)”,+1,1 <|IT(w, = w) || ./8 < 6

— 8| (w, = w) |, < T (w0 = we) [ 11

and

”T’(yn - yk)“’+1,l < “T,(yn - yk)”::o/(S =< 8

=8| T(y, — »i) ”oo <|7(y, = ») ”+1,1-
So, {w,} is || ||;-limit-affine with As(w,)=1—3"" {y,} is || ||;-limit-
constant with A;(y,) = 1and || ||; is of type 0001. O

THEOREM 4. SOLUTION OF P1. Let | | be a symmetric norm on RY; put
Z = (R",| |). Then (W)NS is preserved under the Z-direct-sum-operation
— that is, the Z-direct sum of X, ..., Xy has (W)NS whenever all X, have
(W)NS — if and only if | | satisfies (SC).

In particular, if | | does not satisfy (SC) and if separable infinite
dimensional normed (non-Schur) spaces X,...X, are given, then there
exist equivalent norms || ||/ on X, such that Y, = (X,,|| ||}) has NS but
(N, @ Y,), does not have (W)NS; moreover, at least one of the || ||\ can
be chosen so that Y, has the SP.

Proof. Sufficiency is proved in [10]. We show necessity. Let | | not
satisfy (SC) and let separable infinite dimensional normed (non-Schur)
spaces X,,..., X, be given. There are § >0, & = +1 and
0<a;<1, i=1,...,N, such that the line segment joining (£,)N,
and (£,(1 — 9,a,/3))~., belongs to the unit sphere of Z. Then, according
to Theorem 3, there exist (weakly convergent) sequences {x,(i)}%.,
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in X; and equivalent norms || ||; = || ||5, o, 00 X; such that ¥, = (X, || [I))
has NS or even the SP if ¥, = -1—such an i must exist— and
{x,(i)} is | |/-limit-affine with A’(x,(i)) =1 — &,a,37". Obviously,
((&,x,(i))N_,} is limit-constant in (XX, & Y,),. O

5. Isonormal structure. In this last section, we prove that c,(/) has
(W)INS if and only if the index set I is countable. Using a result of
Troyanski [13], we characterize (W)INS of spaces with a symmetric basis.
This characterization fails if the basis is only unconditional. First, we need
some preliminaries. For completeness, we give the definition of the space
co(I): Given a set I, c,(I) is the Banach space of all functions x from [
to R or C which vanish at infinity (i.e., for all ¢ > 0 there is a finite subset
J of I such that |x(i)| < ¢ for all i € I\ J) endowed with the sup-norm
Il ll.- Given an element x of c¢,(I), the support of x is the set

supp(x) = {i|x(i) # 0}.
Let H(I) be the set of all n € ¢, (/) with finite support and values in
{-1,0,1}.

A sequence {x,} in a normed space X is said to be asymptotically
isometric to the unit vector basis {e,} of ¢, if Te, = x, extends to an
isomorphism of ¢, into X with ||T|| < 1 and

timinf (7€ 1¢ < ey, supp() € (i1i > n}, €l = 1) = 1.

PROPOSITION 3. Let Y be a subset of a normed space X such that

> n(y)y

(i) 3

Then, for all § € co(Y), the sum Ty§ =X . y&(y)y converges uncondi-
tionally and defines an operator of ¢,(Y) into X with

(ii) 2yigfyl|y|| ~1<||Ty <1 and

1Tv€ll = 2 sup [£(p) |yl = 11€]l-o-

yEY

If, additionally, Y = { y,|n € N} with lim,_ _||y,|l =1, then, for some
m € N, { ...} is asymptotically isometric to the unit vector basis of c.

<1 forallne H(Y).

Proof. (1) By induction on the number of different elements of
R(&) = {|&(»)| |y € supp(§)} we show that ||T,£|| < ||§]l,, for all § €
co(Y) with finite support. Hypothesis (i) implies the induction basis. For
the induction conclusion, fix ¢ € ¢,(Y) with finite support and r, =
min R(§) < r,=maxR(§). Put Z={ye Y| |§(Y)|=r} and define
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‘gv € C()(Y) by gv(y) = E(y)’ y € Y\Z’ v = 1’2’ and ‘El(z) = 07 ‘52(2) =
(r,/r)é(z), z € Z. Then R(&,) = R(§)\{r,} and £ = (1 — AN)§, + A§,,
A = r,/r,. The induction hypothesis applied to &, » = 1,2, yields

1Tyl < (1 =MITVE ] + ATy < (T =N)r + Ay =1, = €]

The induction is complete.

(2) By (1), the sum T, § = X _£&(y)y converges unconditionally for
all £ € ¢,(Y) and, hence, defines an operator with ||T|| < 1.

(3) Fix § € ¢,(Y) and y, € Y. Then

I7,61 > 20£00) ol =[€00)30 = T 01

Y# Yo

> 2[E(yo) [l voll = 1€ -
Taking the supremum over y, € Y yields (ii).

4 If Y={_y,}, Iyl = 1, then pick m with inf,_ . ||y,l = 3/4.
Putting Y’ = {y,},- ., we obtain from (i) that 1/2 <||Ty/|| <1 and
ITy-£ll = 2inf, . yliy,)l =1 = 1if ||]l. = 1 and supp(§) € {n|n > N},
N — 0. a0

PROPOSITION 4. If the normed space X contains a sequence {Xx,)}
asymptotically isometric to the unit vector basis of c,, then X does not have
WNS.

Proof. The sequence { x,} converges weakly to 0 and ||x, — x| < 1.
Moreover, ||x, — 27 A x| = 2)x, | -1 =11 m<n—> oo and 0 <
A, <1 a

COROLLARY 2. If the normed space X contains a sequence {x,} with
llx, || = rand |2 m(n)x,|| < r for all n € H(N) for some r > 0, then X
does not have WNS.

THEOREM 5. The space c,(1) has (W)INS if and only if I is countable.

Proof. Sufficiency is shown in [10]. We prove necessity. Let || || be an
equivalent norm on ¢,(I), I uncountable. An easy application of Day’s
well known construction [2] yields:

(*) Given a countable subset C of I, there is a sequence ¥ = { y,} in
co( 1) such that

(@) [|ly,ll, = 1 and supp(y,) € supp(y,.,) & I\ C forall n.
(i) (Y) = lim, , || »,|| exists and ||z|| < r(Y) for all z € ¢,(]) with
zll,, < 1 and supp(z) € I\ C\U5_; supp(y,).
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Starting with C; = & and using transfinite induction over all ordinals
vy < w,, w, the first uncountable ordinal, we obtain by application of (x) a
transfinite sequence {Y,}, ., of sequences ¥, = {y, ,}7-, with (i) and
(i) for C=C, =U,., U7, supp(y, ,)- Since, by construction,
{r(Y))}, <., is non-increasing, there must be an ordinal v, < w; such that
r(Y,) =r for all y > vy, and some r > 0. So, for all n, there are k, such
that ||x, || >r—1/n for x, =y, ., - Given n & H(N), we have
IZ5-1m(n)x,ll, <1 and supp(XZ5_in(n)x,) € I\ C, .y, so X5 m(n)x,|
< r(Y, ) = r. Corollary 2 yields the conclusion. O

We combine Theorem 5 with a result of Troyanski which char-
acterizes Banach spaces with a symmetric basis that can be equivalently
renormed to be uniformly convex in every direction (cf. [13]). Here, an
unconditional (not necessarily countable) basis is called symmetric if all
sequences of elements of the basis are mutually equivalent basic se-
quences.

COROLLARY 3. Let X be a Banach space with a symmetric basis. Then,
the following are equivalent.

(1) X is isomorphic to a Banach space with the SP.

(2) X is isomorphic to a Banach space with the WSP.

(3) X has INS

(4) X has WINS.

(5) X is isomorphic to a Banach space which is uniformly convex in
every direction.

(6) X is not isomorphic to cy(1) with uncountable 1.

Proof. The implications (1) = (2) = (4) and (1) = (3) = (4) are triv-
ial. (5) = (1): See [10, Appendix]. (4) = (6): Theorem 5. (6) = (5): See
[13]. O

The implication (4) = (5) in Corollary 3 can not be extended to the
wider class of Banach spaces with an unconditional basis (even when
restricted to reflexive spaces) as the following example shows.

EXAMPLE. A reflexive Banach space X with a monotone unconditional
basis such that neither X nor X* can be renormed to be uniformly convex in
every direction but such that X and X* (in the dual norm) both have the SP:

An unconditional basis { e, }, . , is monotone if the projections

P Y ae,— Y, ae;, f € I finite
iel JESf
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all have norm 1. In [7], the following is introduced: Let I be an
uncountable index set and ® a family of finite non-empty subsets of I
with {i} € ® foralli€ Jand fe®if f+ &, fC @ and p € ®. Let ¥
be the set of all collections F of finitely many mutually disjoint elements
of ®. Define

Ao =A,L(®) = {x: I- R|supl|x|r< oo},
Fes#

2112
nxnp=[zp(z |x<i>1)] . Fes,
lxlhz = sup x|, x €Ay,

Fe#

Then, (A5, || |l;2) is a Banach space with monotone unconditional bound-
edly complete basis {e;} <, e,(i) =1, e,(j) = 0, j # i. Since, obviously,
Ixll, = (e A1) < lIxllyas 1% = (1xI3 + [1x[1%)Y? is an equiva-
lent norm on A, with ||x||, < ||x||/ V2 with respect to which A,, has the
SP.

There is given an example of 7 and ® in [7] such that A, is reflexive
and A, ® A%, as well as (A, ® A%,)* cannot be renormed to be uniformly
convex in every direction. This set ® has the property that, given arbitrary
different i, j € I, there are only finitely many ¢ € ® containing both i
and j. So, given any finite subset f C I, the set

f'=U{eecfne|l=2}uf

is finite. For this 7 and ®, let X be the space A, ® A%, with the norm
(JIx)1* + ||x*]1**)*/2, where || ||* is the norm on A%, dual to || ||. So, neither
X nor X* can be renormed to be uniformly convex in every direction. It
remains to show that both X and X* have the SP. It suffices to establish
the SP of (AY,,|| ||*). For this purpose, we only have to verify (*) in
Proposition 5 below for ¢ = V2 + V2 and f’ as above. To this end, let x,
Y € Ay, be given with ||x|| = ||y|| = 1. Fix F € # and a finite subset f
of I. Put Fi={9€F|lpCcf'}, F={9€FloNnf=0}, F,=
F\ F)\ F,. Forall ¢ € F; thereis an i, € I such that o N f= {i_}. Put
X=Px, y=y— Py Then, %] <1, ||J]| <1 and ||%||, <1/V2. So,

~ -2 -2 ~n2 ~ 112 -2
1%+ 31 =lxl7 +150e +1%l= +1 5]

+2 T J5(i,) | £ 15)]]

PER i€y

~n2 ~ 112 ~ ~
<%l + 17l + 20 [L] 7] 5.



146 THOMAS R. LANDES
Taking the supremum over F € # we obtain as desired
~ ~n2 ~ 12 ~ 12 - ~n2
1%+ 31" =lxl2 + 1712 + 1% + 7l
2 2 2 2 - -
<[z + 1%l +121z +170e + 2020571 <2 + V2.

PROPOSITION 5. Let X have an unconditional basis {e,},o; with
(x) There is a ¢ < 2 such that, for each finite subset f of I, there is a finite
[ C Iwithf C f’ such that

[Px +y—P.y| <c whenever|x| =|yll = 1.
If X is reflexive, then X* has the SP.
Proof. Let P* be the dual projection. If X* does not have the SP,
then there is a sequence { x*} in X* such that
x* — 0 weakly, Hx;f” -1 and A(x;f) - 1.

Fix € > 0 with 2 — 8¢ > ¢(1 + 2¢). Choose k such thatA(x}) <1 + ¢
and ||x*|| > 1 — e for all n > k. Pick a finite f C I such that

x¥ — P#x}| <e for all finite f O f.
k /

Take n >k so that [[P#x}||<e for all fCf’ and [x}— x}| <
A(x}) + & Then

”Pf*(x,’f - x,’f)“ >1-—4¢ and ‘

So, there are x, y € X such that ||x|| = ||y|| = 1 and
(x,Pf*(x,’f —x}))>1-4¢ and
(yoxt—x}—Pr(xr—xF))>1-4e

n

xF—xp—Pr(xr—xp)|>1-4e

So,
c(l1+2e)>|Px+y— Pf,yH(A(x,’(“) +¢)
>[Ppx +y = Pyl = xz|
2(Px+y—Puy,xf—xf)y>2—8e.
contradicting the choice of . a
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