
Pacific Journal of
Mathematics

POSITIVE DEFINITE FUNCTIONS AND L p CONVOLUTION
OPERATORS ON AMALGAMS

MASSIMO A. PICARDELLO

Vol. 123, No. 1 March 1986



PACIFIC JOURNAL OF MATHEMATICS
Vol. 123, No. 1,1986

POSITIVE DEFINITE FUNCTIONS AND Lp

CONVOLUTION OPERATORS ON AMALGAMS

MASSIMO A. PICARDELLO

Let Kt be a countable collection of compact groups, and assume
that H = Π, Kj is an open subgroup of Kt for every i. In this paper we
consider positive definite functions and convolution operators on the
amalgamated product G = * Kn and we study their properties in rela-
tion with the notion of length of reduced words. In particular, if sup, k1

< oo, we show that there exist unbounded approximate identities in
A(G), that the space of bounded convolution operators on Lp(G) is the
dual space of the algebra Ap(G), and, under the additional assumption
that H be finite, that there exist unbounded approximate identities in

1. Introduction. Considerable attention has been devoted, in the recent
literature, to positive definite functions on groups acting isometrically on
homogeneous trees. The Fourier-Stieltjes algebra of the free group Fr with
r generators, which acts isometrically on the homogeneous tree of degree
2r, has been studied in detail in [5, 14, 9, 6, 1, 13]. Other free products
have been considered in [16, 17, 4]. The class of groups acting simply
transitively on a homogeneous tree has been considered in [3]. Every
locally compact group G acting isometrically on a homogeneous or
semihomogeneous tree T is isomorphic to the amalgamated product
KX*HK2, where Kx and K2 are the stability subgroups of two contiguous
vertices and H = Kx Π K2 is the stability subgroup of the corresponding
edge [18]. The subgroup H is open, and its indices in Kx and K2 are the
homogeneity degrees of T. In particular, if the homogeneity degrees are
finite, G is the amalgam of two compact groups. Some properties of
positive definite functions on amalgams of two factors have been studied
in [2,11].

In this paper we consider amalgamated products G = *HGiy where
{{?,, / e /} is any collection of locally compact groups and H is a
common open subgroup. These groups act isometrically on trees with
periodical homogeneity degrees (and on "polygonal graphs": see [16]).
The homogeneity degrees are finite if and only if the factors Gt are
compact; they are bounded if and only if the indices ki of H in Gi are
bounded. For groups of this type, we consider several results originally
obtained for free groups in [14, 8,13]. Some of our arguments are adapted
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from these references: we refer to Chapters 2 and 8 of [13] for a detailed
account on free groups.

In §2, we prove that the amalgamated product of two-sided //-in-
variant functions ft which are positive definite on the subgroups G, is a
positive definite function on G. This result was originally proved in [4] for
free products of two factors. As a consequence, the length of G is a
continuous negative definite function: this extends a result of [2] (see also
[11]). In §3, we restrict attention to trees with bounded homogeneity
degrees, that is, to amalgams G = *HKt, where the indices k( = #(KJH)
are bounded. The result of the previous section yields a family of positive
definite functions ft on G which are radial, decay exponentially at infinity
and converge to 1 uniformly on compact sets as / \ 0. By means of these
functions, if H is finite we construct approximate identities for the
Fourier algebra A(G) which are bounded in the multiplier norm (Theo-
rem 3). In the terminology of [14], Theorem 3 asserts that the Fourier
algebra A(G) has the metric approximation property; we observe that, by
the same argument, the reduced C*-algebra C*(G) has the metric ap-
proximation property (see [14, 11]). Theorem 3 is a consequence of the
following result (due to U. Haagerup [13] in the special case of free
groups; see also [16]): if / is a function supported on words of length n,
then the norm of / as a convolution operators on L2 grows as O(n)
(Theorem 2: this result holds without the assumption that H is finite). For
the special case of amalgams of two finite groups, Theorems 2 and 3 have
been obtained independently in [11].

We then consider functions on G which are multiplicative with
respect to the length and, for every i, are constant on Ki - H. Using these
functions, we prove a result which indicates that A(G) is "much smaller"
than B(G) (Theorem 4; see also [9, 1, 4]). Even though Theorem 4
emphasizes the fact that G is nonamenable, nevertheless, in §4, we prove a
result which restores some similarity with amenable groups. For every
commutative group G, the space Cυp of bounded convolution operators
on LP{G) is known to be isometrically isomorphic with the algebra Ap

[12]. This result has been extended to all amenable groups in [15]. In the
context of nonamenable groups a similar result is known for SL2(R) and
some other semisimple Lie groups [7], and for free groups [8,13]. We show
(Theorem 5) that A* =* Cυp for amalgams G = * Kt if the indices kt are
bounded. We do not know whether this assumption can be dropped.

Unexplained terminology and notations are as in [10, 13]. We are
grateful to M. Bozejko, M. Enomoto and Y. Watatani who communicated
to us their results of [4, 5,11] prior to publication.
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2. Amalgamated products and length. Let / be any set of indices
and let {G/9 i e /} be a family of locally compact groups containing a
common open subgroup H = n,G> Then the amalgamated product G =
* Gi9 endowed with the strongest topology such that the natural embed-
dings Gt -> G are continuous, is a locally compact group [2, 17]. Choose
and fix a set Si of representatives of the right //-cosets in Gt. Then every
element s of G can be uniquely written as a reduced word s = st sth
with λ e //, Sj.e Sr — H and /y # / J + 1 for every j . The number n is
called the fewgίA of s, and is denoted by \s\. In this section we prove that
the length is a continuous negative definite function on G.

DEFINITION. Let fi be right //-invariant functions on Gi9 i e /, with

The function / = *Hfi9 defined by the rule /(g) = Π U i / J Ό if
HH

g = sh " sinh, is called the amalgamated product of the //s over H. D
The result about the length function is a consequence of the following

theorem, whose argument is essentially due to M. Bozejko [4, Thm. 1].

THEOREM 1. For i e /, let /z be a positive definite bi-H-inυariant
function on Gt withf\H = 1. Suppose that the amalgamated product f = *rrfi

is bi-H-inυariant. Then f is positive definite on G.
HJ

Proof. First, we claim that the assumption that / is bi-//-invariant is
equivalent to the property

(i) f(χy)=f(χ)f(y) if |*y| = | * | + b | .

Indeed, we show that (1) holds if / is bi-//-invariant (the converse, not
needed here, is clear; see also the definition and remarks following Thm.
3). Write, as before, x = sh sth, and set x0 = stι sin. Write also
hy = sA Sjh0, and observe that sjτ Φ s~^ mod //, since |jcy| = |JC| + |j>|.
Hence, by the definition of /, it follows f(xy) = f(xo)f(hy) On the other
hand, since / is bi-//-invariant, f(x0) = f(xoh) = f(x), and f(hy) = f(y).
Thus f(xy) = f(xo)f(y) = f(x)f(y)> a n d Λe claim is proved. For k =
1,...,«, choose ck in C, xk in G. To prove that / is positive definite, we
must prove that, for each such choice,

(2) Σ cmcj{χ-k

ιxm) > 0.
m,k

The left hand side in this inequality is a pre-norm for the function
h = Σckδk; we denote it by \\h\\f. Observe that Σckf(xk) = (h,δe)f and
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\\8e\\f = f(e) = 1. Thus the Cauchy-Schwarz inequality shows that (2) is
equivalent to the apparently stronger inequality

(3) Σ Cnfikf{xklχm) ^ Σ Ckf(xk)
m,k k

For i e /, denote by stj the representatives of the cosets in GJH, and let
S = {Sjj}. Define a function i: G-* S by i(x) = i(siιh J ^ A ) = siJi9

and let x == siih sinjh. For some 7 e /, say j = 1, the subset yί of
f/ = {χ l 9..., χrt} given by Λ = U Π i'ι{Gj/H) is non-empty. We now let
5 = U — A, and proceed by induction o n « = #[/. We first show that (2)
holds in the case U = A. Let Ar = A Π j " 1 ^ , . ) . In order to compute the
left hand side of (2), it is enough to assume that Ar Φ A for every r: if this
is not so for some r, it suffices to replace U = A by sf/ yl. Now (1) and
the definition of / yield

Σ cmckf(xϊιxm) = Σ Σ cmckf{xlλxm)
m,k r ArXAr

+ Σ Σ cjjix-^ttxjf^ix^iixj).
rΦj ArXAj

Set br = ΣXk€ΞA ckf(xk). As #Ar < #U, by the induction hypothesis the
right hand side of this inequality is greater than or equal to Σr\br\

2 +
ΣrΦjbrI>jfι(s{Jslr), which is non-negative because fx is positive definite
on Gv Thus (2), and therefore (3), hold in this case.

The general case U = A U B is handled by the same token. Indeed,
we have just proved that (3) holds for the subset A of U, and, as B is
properly contained in U, we can assume, by induction on #[/, that (3)
holds for B. Moreover, if x e A and y e 2?, then |jcy| = |JC| + |y\9 and we
can apply (1). Now we decompose the sum in the left hand side of (3) into
three parts, corresponding to the conditions that xk and xm both belong
to A, or both to 5, or one to A and the other to B. By the induction
hypothesis, it follows that

Σ cmcj{xlιxn
m,k

Σ cmf(xm)
B

+ 2 Re Σ cmcj(xk)f(xm)>
AXB

Σcj{χk)
U

Π

REMARK 1. As a consequence of Theorem 1, for t > 0, the function
x -> exp(-/|x|) is a (continuous) positive definite function on G. This
result is due to U. Haagerup [14] for the special case of free groups (see
also [1], [11]).
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3. Convolution operators and positive definite functions on amal-
gams. From now on, we assume that G = * Ki9 where the Ki9 i e I, are

a family of compact groups, and the indices ki of H = Γ\ιKi in Kt are

bounded. We shall refer to the groups Ki as the factors of G. We

normalize the Haar measure m of G so that m(H) = 1.

Following [16], we say that two words x = siγ sφ, y = sJχ

Λ ̂ Λ ' give rise to a simple cancellation if |jcy| = |JC| 4- |_y| — 2, that is, if

Sjjis^ G //. In order that a cancellation occurs, sin and ^ must belong to

the same set Si9 i.e., to the same factor Ki9 and the right /f-cosets

determined by hsyι and s^1 must coincide.

We say that x and y give rise to a reduction if |jcy| = |x| + | j | — 1,

that is, if sin and sJχ belong to the same factor Kt but do not give rise to a

cancellation.

Denote by Wn the set of words of length n, and by Bn m(x) the set

{(y, z) G W^ x JFW: * = .yz}. Obviously £ n m(x) = 0 unless |n - m\ <

\x\ < n + m. In particular, if supp/ c W ,̂ suppg c Wm, then / * g(jc) =

0 unless |« — m\ < \x\ < n + m.

LEMMA 1. Let p = n + m — t, 0 < t < n + m, and \x\ = p; write

x = s i r sφ with h^H. Letq = [(t + l)/2], q' = [(/ - l)/2], y0 =

(i) // / is even, t = 2j, then y0 = sh sim_., z 0 = 5, + + i sφ, and

Bn m{x) = {(j, z) e Wς X PFm: there exist w e Ŵ . ̂ wcΛ /Λα/j = >̂ oιv,

z = w-^o}.

(ii) i/ ί w oJJ, t = 2j+ 1, ίΛew j 0 = sk ^ ^_i? z 0 = ^z + + i sφ

andBnm{x) = {(j;,z) e W; X ^ m : there existpl9 p2 e ^ , w G Ŵ

Λ WCΛ r/zα/j = Jo/^iW, z = w~1p2z0 andpλp2 = ^ }.

(iii) If u ^ Kt — H, and π2 denotes the projection of G X G onto its

second factor, then l^Bχ^u))dm = k> ~ 2'

Proof. Let / = 2j. Then (y 0, z0) G Bn_jm_j(x). By uniqueness of the

reduced word expression in G [18], for every (y, z) G 5 r t w ( x ) there exists

w ^ Wj such that y = jow. Then j o z o = JC = Jo^2? hence z = w~ιz0. To

prove (ii), let t = 2j + 1: then x = yosinzo. If ( j , z) G Bnm(x), then,

again, j = jow, for some u e W^+1. Then yosifzQ = x = yz = jowz and

z = I / ' - ^ ZQ. AS |Z | = m, |z o | = m — j — 1 and |w| =j + 1, a reduction

occurs in the product w"1^ z 0. By definition of z0, no reduction occurs in

the product stz0. Hence a reduction occurs in the product u~ιsin. If

si G AΓ/w and u~ι = s'r J / + 1 this means that e Φ s'r+χsin e Kt. Let

^ ί = s'-\, p2 = ^ + I J J V w = w"Vi. Then |w| =y, y = j ^ w , z = w~ιp2z0.
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To prove (iii), pick any representative s e Sr Then there is exactly one
representative s' G St such that u = ss' mod H. Since u is nontrivial, s' is
nontrivial if s is trivial, i.e., if s e H. Thus there are exactly kt — 2
choices of s such that both s and s' are nontrivial and u = ss'h for some
A e # . By part (ii),

f ί dm = (kt - 2)m(H) = kt - 2. D
J Jir2(Bltl(u))

Denote by χn the characteristic function of Wn\ in particular, χ 0 =
X H We shall denote by Ht the expectation defined by left average over H
on L\G) Π U°(G): HJ(x) = fHf(hx) dh. Similarly, the right average is
denoted by Hr. Observe that Hι and Hr have norm 1 on LP{G),
1 < p < oo.

Let A: = max,-/:,. = maxi#(Ki/H) < oo.

LEMMA 2. Le//, g fee squαre-integrαble functions with support in Wn9

Wm respectively. Then:

(i) IK/ g ) x J 2 * Il/ll2llgll2 if P = n + m - 2j, with 0 <j <

( ϋ ) \ U * g ) X p h < y / k - 2 \\f\\2\\g\\2 ifp = n + m - 2 j - l with 0 <
j < min(«, m) — 1.

Proof. The argument follows the lines of [14, Lemma 1.3], [16, Lemma
2]. By density, we can assume g ^ Lι D L00. Let us first handle the case
p = n -f m.

Let us write B(x) = Bn m(x). It follows from Lemma Li that
m(π2(B(x))) = m(H) = 1. By the remarks preceding the statement and
by Lemma l.i, one has

2

f(xz)g(z-1)dm(z)
v2(B(x))

To complete the proof of part (i), denote by λ^ the left translation by y~ι,
and by pz the right translation by z. Let p = n 4- m — 2y, and define two
auxiliary functions /', g', with support in Wn_J9 Wm_j respectively, by
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f\y) = l|λ,-i/||L2(HίfM) for \y\ = n -j9 and g\z) = | |p z / | | L 2 ( ^ m ) for \z\
= m - j . It follows again from Lemma l.ii that | | / ' | | 2 = ll/lb* Ws'Wi =

| |g| |2. If |* | = /? = w + m — 2y and y0, z0 are as in Lemma 1.L, one has

! / • * ( * ) ! - f(xz)g(z-1)ώn(z)

by Lemma l.i. This yields (i).
Let now p = n + m — 1, and |JC| = p, x = si si h.By Lemma

l.iii, rn(π2(B11(si))) = ki — 2 < k — 2. Write y = xz"1. Then Lemma
l.ii, yields

2

d x

Wp

IS f

Finally, to complete the proof of (ii), we reduce to the case p = n + m - 1
by using the auxiliary functions f\ g' as in the proof of (i). D

As in [14, 16], the previous lemma provides estimates for the norm of
a function supported on Wn as a convolution operator on L2(G). Indeed,
the argument of [14, Lemma 2] now yields:

THEOREM 2. Let f be a function on G = * Kt, with support in Wn9 and
let k = max,/:, < oo. Then there exists a constant C(n,k) = O(n) such
that the norm off as a left convolution operator on L2 satisfies the inequality
\\f\\cgZC(n9k)\\f\\2.

Denote by \\f\\Cυ the norm of a function / as a left convolution
operator on LP(G) (the norm of convolution operators on L2 will be
denoted by || | | C j f ). By Theorem 2, | |/ | | c * < C (n + 1)| |/ | | 2 for some
constant C independent of /. Moreover, \\f\\Cϋl < \\f\\v Hence bilinear
interpolation yields:

COROLLARY 1. There exists a constant C such that, for every function f
with support in Wn, | |/ | |C l ; < C (n + l ) 1 7 ^ / ! ^ , where 1 < p < 2 and
1 / 9 = 1 - 1/p.
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If X, Y are normed spaces of functions on G, we denote by Jί(X, Y)

the space of pointwise multipliers from X to 7, endowed with the

multiplier norm | | w | | ^ ( ^ 7 ) = sup{||ιw||y: | M | χ < 1}. Recall that χn de-

notes the characteristic function of Wn.

COROLLARY 2. \\χn\\^{A^2} < C{n, k).

Proof. It is enough to observe that, by the duality between A(G) and

Cλ* [10],

/ uvdm : IHI2 < 1, suppt; c Wn

<C(n,k)\\u\\A. Π

Denote by Bλ the closed ideal of B(G) consisting of the functions

which can be uniformly approximated on compact sets by bounded

sequences in A(G). We can now characterize Bλ as follows:

PROPOSITION 1. Let X be the largest closed subspace of B{G) such that

Proof. If u G Bλ, there exists a sequence Uj ̂  A, such that \\Uj\\A < C

and Uj(x) -> u(x) on compact subsets of G. Then HwJI^ < C, and

Corollary 2 yields

\WXnWi = sup{| |wχnχ^| | 2: K a G, ^compact}

w y X A 2 χ ^ | | 2 < C-C(n,k) = 0{n).
K J

Conversely, let u e B, and suppose that | |κχ π | | 2 = O(n). Then

\\e-^u(x)\\22= Σ \\e-'Muχn\\22= Σ e-'1«χj | 2<oo.

Therefore e~^u(x) e L2. Moreover, e~^u G 5, by Theorem 1. Hence

e~"/|JC|w G ̂ 4, and Hβ'^^ wĤ  < ||^~/|x||| jg||w||5 = \\u\\B9 by Theorem 1 again.

Finally, \imί_^oe~t^u(x) = w(x) for each x. Thus w G JBλ. D

Denote by ^ ( ^ 4 ) the space of pointwise multipliers of A(G). It is

obvious that B(G) c ^ ^ 4 , with norm-decreasing inclusion. Suppose 7/ is

finite (i.e., G is discrete), so that L2(G) c yl(G). Then we show that JίA

contains B properly.
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PROPOSITION 2. Let M = Σ^Cin.kΫWux^ < oo. If H is finite,

then u e JίA and \\u\\^A < y[M.

Proof. For htΞA(G), Corollary 2 yields \\uh\\\ < M\\h\\2

A. Then

\\uh\\A < \\uh\\2 < jM\\h\\A. D

THEOREM 3. // H is finite, then, for every e > 0, there exists a

sequence un e A(G) such that limn\\unv — υ\\A = 0 for every v e A(G),

and \\uΛ\j,A < 1 + ε.

Proof. As C(n,k) = O(n), for every integer j there exists a smallest

integer ny such that Y^=ne-ln/]C{n, k)2 < ε2. Let Uj(x) = e'M/j if

|JC| < np Uj(x) = 0 otherwise. Then

by Theorem 1 and Proposition 2. Moreover, limy wy = 1 uniformly on

compact sets. Since all norms are equivalent on finite-dimensional vector

spaces, \\u v — v\\A -> 0 for every compactly supported v e A. As the

norms \\uj\\JtA are uniformly bounded, the same is true for every v e A. D

In the remainder, we shall not need to restrict attention to the case of

G discrete. We conclude this section by showing that the Fourier-Stieltjes

algebra of G is much larger than its ideal Bλ. For this, we introduce a

family of positive definite functions as follows:

DEFINITION. A function u on G = * Kt is multiplicative with respect

to the length if 0 < u < 1, u(xy) = u(x)u(y) if |jcy| = |x| + \y\ and, for

every / e /, ui•, = u\κ __H is a constant (depending on /). D

It is obvious that every such function u is bi-7/-invariant (for the

converse, see the proof of Thm.l). It is also immediate that, for every /, ut

is positive definite on Kt. Indeed, denote by ct the constant value attained

by ut on Kt — H. Then u(\K = c(χκ 4- (1 — c^x^, because ut = 1 on H.

Thus ut\K is the sum of two positive definite functions. The multiplicative

property yields u = * u{. Therefore, by Theorem 1, u is positive definite

onG.

With notations as in [10, 13], let now P be the central projection, in

the von Neumann algebra of the universal representation of G, defined by
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PB(G) = Bλ. If u is a function in B(G), denote by uλ its projection on
Bλ: uλ = Pu. We say that u <Ξ B£ if uλ = 0.

THEOREM 4. Le/ u be a multiplicative function with respect to the length.

If ll«Xill2 < 1, ^ " G Λ(G). // l|wχill2 = <», Λ«i u e i t f .

Proof. Observe that, by the multiplicative property,

( \ n

ί I I 2 II I I 2 "I \u\ =\\uXn\\2 .
Thus, if Wuχ^ < 1, then

II 11^ V^1 II 11^ V ^ II U^n

Hence w G B Π L2 C 4̂. On the other hand, if llwxj^ = oo? then the set
of indices I is infinite (because u is constant on the compact factors K^.
Let us denote by ui the constant u\κ•. Then there exists a function v on /,
and a partition of / into disjoint subsets /„ such that: (i) Σ / e / uivi = 1,
(ii) Σ, e / |ϋ, | 2 < oo. For each / e /, choose a nontrivial representative st in
Si9 and let E = U7 Jf ̂ , £r t = U/ π^//.

The function / = Σ , e / ϋ/Xj.̂ r ^s supported in £„ c H .̂ Therefore, by
Theorem 2, there exists a constant C such that the norm of fn as a left
convolution operator on L2 satisfies the inequality

Il/Jlc^c||/J2<c Σ k l -o.

If g is a finitely supported function on G, define

\\g\\l= fg**g(x)u(x)dχ.
JG

We claim that

Indeed,

IIΛ " Mil = 1 + / / u{y-ιx)fn{x)7n{y) dxdy

- / u{y-ψn(y) dy- f u(x)fn{x) dx
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For every x, y e E, either x and y belong to the same right /f-coset or

l*~Vl = \A + \y\ an<* u(x~ιy) = u(x)u(y). Thus, by (i),

fj

+ ffu(x)u(y)fn(x)fΛy)dxdy

= ( (l-u\x))\fn(x)\2dx.
JE

The right hand side tends to zero, because of (ii), and the claim is proved.
Denote by λ(/) the left convolution operator on L2 determined by /. Let
F be the positive functional on C*(G) associated with the positive
definite function w, and define Fλ on C*(G) by Fλ = F<> P. By the
Cauchy-Schwarz inequality,

Fx(ί - λ(/J) < F(P)F((ί - λ(/J)*(i - λ(/J))

= F(P)\\fn-δe\\l

which converges to zero as n -» oo. Thus F(Pλ(fn)) = Fλ(λ(fn)) -» Fλ(1)
= F(P). On the other hand, as uχ(x) = Pu(x) = Fλ(δx), one has

|Fλ(λ(/J)| = f
J

It follows that F(P) = 0. Since F(P) = ux{e\ this implies uλ = 0. D

4. Convolution operators on LP(G) and ^-algebras. In this sec-
tion, we characterize the predual of the Banach space Cvp of left transla-
tion invariant operators on LP(G), G = * Kir> with supJ #(jRΓJ //Z') < oo.

DEFINITION. For 1 <p < oo, let l /# = 1 - l//>, and Ap= {h =

ΣΓ=iy; * g,: /;• e Lr(G), g, e L'(G), Ejlxll/i-ll^llftll, < oo}. We endow^
with the norm ||A||^ = infίΣf.xllΛH^IIftll,: h = Σf-J, * gt)

We now show that, if G = * ΛΓ,., with #{Kt/H) bounded, then
CA* = Cvp.

LEMMA 3. For 1 < p < oo, euery bounded operator T on LP{G) which
commutes with right translations can be approximated, in the weak operator
topology, by left convolution operators by functions with compact support.
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Proof. Denote by υa an approximate identity in Lι(G). As T com-
mutes with right translations, for every u e LP(G) one has limα T(va*u)
= \imaT'Va* u = Tu. Thus we can assume that T is a left convolution
operator by a function / e LP(G), T = λ(/).

We first handle the case 1 < p < 2. For / > 0, let f(x) =
Qxp(-t\x\)f(x). Now λ(ft) ~* M/) in the strong operator topololy, since
#(G) c Bp(G) czJf(Cυp) [15]. Therefore, it suffices to show that there
exists a sequence of functions hn with compact support such that

We construct this sequence as follows: hn = Σn

m=oftχm. Indeed, by

Corollary 1,

m = n +1

This completes the proof if 1 < p < 2. By the same argument, every right
convolution operator on Lp can be approximated, in the strong operator
topology, by right convolution operators p(Λ), where h has compact
support. Let now / be the involution of Lp given by Ju(x) = u(x~ι).
Then, for p > 1, the adjoint of λ(/) on Lp is the operator Jρ(f)J on Lq.
If p > 2, the first part of the proof yields a sequence of operators p(hn)
on Lq, with hn of compact support, which approximate p(/) in the weak
operator topology. The result now follows from the fact that Jp(hn)J
converges to Jp(f)J in the weak operator topology. •

THEOREM 5. Let G = *ffKι9 with #{Kι/H) bounded. Then the dual
space of Ap is isometrically isomorphic with Cυp.

Proof. Let T e Cυp9 h = Σjli/, * ft, /• e L*(G), gf e L^(G), and
<Γ, Λ> = Σf= 1T/;*g z(». The inclusion Cυp c: A* is immediate if we
prove that the map h —> (Γ, A) is well defined on 4̂ . To prove this, let
Σ,/i * ̂ /( x) = 0 for every x e G. Then Σιλ(h)fi • g^e) = 0 for every
function A with compact support. By Lemma 3, Σ/7/, * g/(e) = 0.

Conversely, let Φ e ^4*, and fix / in LP(G). Then Φ determines a
continuous linear functional on Lq(G) by the rule g - * Φ ( / * g ) . This
functional is associated with a function i 7 e LP(G). Define an operator T
on LP(G) by Tf = F. It is easily seen that Γ commutes with right
translations, that is, T e Cυ and ||Γ|| = ||Φ||. Thus A* ^ Cυ . Π
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