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CONVOLUTION OPERATORS ON AMALGAMS

MASSIMO A. PICARDELLO

Let K; be a countable collection of compact groups, and assume
that H = [; K; is an open subgroup of K, for every i. In this paper we
consider positive definite functions and convolution operators on the
amalgamated product G = * K|, and we study their properties in rela-
tion with the notion of lengtﬁ of reduced words. In particular, if sup, k,
< o0, we show that there exist unbounded approximate identities in
A(G), that the space of bounded convolution operators on L,(G) is the
dual space of the algebra A,(G), and, under the additional assumption
that H be finite, that there exist unbounded approximate identities in
A(G).

1. Introduction. Considerable attention has been devoted, in the recent
literature, to positive definite functions on groups acting isometrically on
homogeneous trees. The Fourier-Stieltjes algebra of the free group F, with
r generators, which acts isometrically on the homogeneous tree of degree
2r, has been studied in detail in [5, 14, 9, 6, 1, 13]. Other free products
have been considered in {16, 17, 4]. The class of groups acting simply
transitively on a homogeneous tree has been considered in [3]. Every
locally compact group G acting isometrically on a homogeneous or
semihomogeneous tree T is isomorphic to the amalgamated product
K, *, K,, where K, and K, are the stability subgroups of two contiguous
vertices and H = K, N K, is the stability subgroup of the corresponding
edge [18]. The subgroup H is open, and its indices in K, and K, are the
homogeneity degrees of T. In particular, if the homogeneity degrees are
finite, G is the amalgam of two compact groups. Some properties of
positive definite functions on amalgams of two factors have been studied
in [2, 11].

In this paper we consider amalgamated products G = * ,0i» where
{G,, i €I} is any collection of locally compact groups and H is a
common open subgroup. These groups act isometrically on trees with
periodical homogeneity degrees (and on “polygonal graphs”: see [16]).
The homogeneity degrees are finite if and only if the factors G, are
compact; they are bounded if and only if the indices k&, of H in G, are
bounded. For groups of this type, we consider several results originally
obtained for free groups in [14, 8, 13). Some of our arguments are adapted
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from these references: we refer to Chapters 2 and 8 of [13] for a detailed
account on free groups.

In §2, we prove that the amalgamated product of two-sided H-in-
variant functions f, which are positive definite on the subgroups G, is a
positive definite function on G. This result was originally proved in [4] for
free products of two factors. As a consequence, the length of G is a
continuous negative definite function: this extends a result of [2] (see also
[11]). In §3, we restrict attention to trees with bounded homogeneity
degrees, that is, to amalgams G = « K, where the indices k, = #(K,/H)
are bounded. The result of the previous section yields a family of positive
definite functions f, on G which are radial, decay exponentially at infinity
and converge to 1 uniformly on compact sets as ¢ \y 0. By means of these
functions, if H is finite we construct approximate identities for the
Fourier algebra A(G) which are bounded in the multiplier norm (Theo-
rem 3). In the terminology of [14], Theorem 3 asserts that the Fourier
algebra A(G) has the metric approximation property; we observe that, by
the same argument, the reduced C*-algebra C¥(G) has the metric ap-
proximation property (see [14, 11]). Theorem 3 is a consequence of the
following result (due to U. Haagerup [13] in the special case of free
groups; see also [16]): if f is a function supported on words of length n,
then the norm of f as a convolution operators on L? grows as O(n)
(Theorem 2: this result holds without the assumption that H is finite). For
the special case of amalgams of two finite groups, Theorems 2 and 3 have
been obtained independently in [11].

We then consider functions on G which are multiplicative with
respect to the length and, for every i, are constant on K; — H. Using these
functions, we prove a result which indicates that A(G) is “much smaller”
than B(G) (Theorem 4; see also [9, 1, 4]). Even though Theorem 4
emphasizes the fact that G is nonamenable, nevertheless, in §4, we prove a
result which restores some similarity with amenable groups. For every
commutative group G, the space Cv, of bounded convolution operators
on L”(G) is known to be isometrically isomorphic with the algebra 4,
[12]. This result has been extended to all amenable groups in [15]. In the
context of nonamenable groups a similar result is known for SL,(R) and
some other semisimple Lie groups [7], and for free groups [8, 13]. We show
(Theorem 5) that 45 = Cv, for amalgams G = *HK ; if the indices k; are
bounded. We do not know whether this assumption can be dropped.

Unexplained terminology and notations are as in [10, 13]. We are
grateful to M. Bozejko, M. Enomoto and Y. Watatani who communicated
to us their results of [4, 5, 11] prior to publication.
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2. Amalgamated products and length. Let I be any set of indices
and let {G,, i € I} be a-family of locally compact groups containing a
common open subgroup H = (,G;. Then the amalgamated product G =
*, G, endowed with the strongest topology such that the natural embed-
dings G, — G are continuous, is a locally compact group [2, 17]. Choose
and fix a set S; of representatives of the right H-cosets in G;. Then every
element s of G can be uniquely written as a reduced word s =s; -+ 5, A
with h € H, s, ES — H and i; # i, for every j. The number n is
called the length of s and is denoted by |s|. In this section we prove that
the length is a continuous negative definite function on G.

DEFINITION. Let f; be right H-invariant functions on G,, i € I, with
flg =1

The function f = * f;, defined by the rule f(g)=1I1"_, fi (s; ) if
g =s; -+ 5; h,is called the amalgamated product of the f’sover H. O

The result about the length function is a consequence of the following
theorem, whose argument is essentially due to M. Bozejko [4, Thm. 1].

THEOREM 1. For i € I, let f, be a positive definite bi-H-invariant
function on G, with f,|, = 1. Suppose that the amalgamated product f = +_f;
is bi-H-invariant. Then f is positive definite on G.

Proof. First, we claim that the assumption that f is bi-H-invariant is
equivalent to the property

(1) flxp) = f(x)f(y) if [xp|=|x|+]yl.

Indeed, we show that (1) holds if f is bi-H-invariant (the converse, not
needed here, is clear; see also the definition and remarks following Thm.
3). Write, as before, x =5, --- 5, h, and set x, =5, --- s, . Write also
hy =s; --- s;h,, and observe that s, # s[n1 mod H, since |xy| = |x| + |y|.
Hence, by the definition of f, it follows f(xy) = f(x,)f(Ay). On the other
hand, since f is bi-H-invariant, f(x,) = f(x,h) = f(x), and f(hy) = f(p).
Thus f(xy) = f(x,)f(y) = f(x)f(y), and the claim is proved. For k =

1,...,n, choose ¢, in C, x, in G. To prove that f is positive definite, we
must prove that, for each such choice,
(2) Yy cmEkf(x,zlxm) > 0.

m,k

The left hand side in this inequality is a pre-norm for the function
h = Yc,8,; we denote it by ||a||,. Observe that X ¢, f(x,) = (h,8,), and
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8.1, = f(e) = 1. Thus the Cauchy-Schwarz inequality shows that (2) is
equivalent to the apparently stronger inequality

() T ctiflxiten) =[S ()]

For i € I, denote by s,, the representatives of the cosets in G /H and let

= {s,j} Define a functlon iG> Sbyi(x)=i(s; -+ s ,h)=s,,
and let x=ys,, s  h Forsome j&l say j =1, the subset A of
U= {x,...,x,}givenbyd =UnN i’l(Gj/H) is non-empty. We now let
B = U — A, and proceed by induction on n = #U. We first show that (2)
holds in the case U = 4. Let 4, = 4 N i~'(s,,). In order to compute the
left hand side of (2), it is enough to assume that 4, # A for every r: if this
is not so for some r, it suffices to replace U = 4 by s;} - 4. Now (1) and

the definition of f yield

Zk elif(xix,) =X X c,bf(%%,)
+Y ¥ oaf(ZN)(E)A(i(x) Ni(x,,)).

r#j A, XA,
Set b, =X, ¢4 ¢ f(X,). As #A4, < #U, by the induction hypothesis the
right hand side of this inequality is greater than or equal to X,|b, | +
2, ., bb b.f,(s]] ; 's1,), which is non-negative because f; is positive definite
on G,. Thus (2), and therefore (3), hold in this case.

The general case U = A U B is handled by the same token. Indeed,
we have just proved that (3) holds for the subset 4 of U, and, as B is
properly contained in U, we can assume, by induction on #U, that (3)
holds for B. Moreover, if x € A and y € B, then |xy| = |x| + |y|, and we
can apply (1). Now we decompose the sum in the left hand side of (3) into
three parts, corresponding to the conditions that x, and x,, both belong
to A, or both to B, or one to A and the other to B. By the induction
hypothesis, it follows that

Z cn1Ekf(xl:1xm) =
m, k

2 2
ckf('xk) Cmf(‘xm)
A B

+2Re Z ¢ Ckf xk)f Ichf xk)

AXB

REMARK 1. As a consequence of Theorem 1, for ¢ > 0, the function
x — exp(—t|x]) is a (continuous) positive definite function on G. This
result is due to U. Haagerup [14] for the special case of free groups (see
also [1], [11)).
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3. Convolution operators and positive definite functions on amal-
gams. From now on, we assume that G = *HK ;» where the K, i € I, are
a family of compact groups, and the indices k; of H = K, in K, are
bounded. We shall refer to the groups K, as the factors of G. We
normalize the Haar measure m of G so that m(H) = 1.

Following [16], we say that two words x =s; --- s;h, y =5,

s, h’ give rise to a simple cancellation if |xy| = |x| + |y| — 2, that is, if
S; hs € H. In order that a cancellation occurs, s; and s; must belong to
the same set S;, ie., to the same factor K, and the right H-cosets
determined by hs; and s,” must coincide.

We say that x and y give rise to a reduction if |xy|= |x| + |y| — 1,
that is, if s, and s, belong to the same factor K; but do not give rise to a
cancellation.

Denote by W, the set of words of length n, and by B, ,,(x) the set
{(y,2) e W, X W,: x =yz}. Obviously B, ,(x) = & unless |n — m| <
|x| < n + m. In particular, if suppf C W,, suppg C W,,, then f * g(x) =
Owunless |n — m| < |x] < n + m.

LEMMA 1. Let p=n+m—1t, 0<t<n+ m, and |x|= p; write
x=s, ---shwitthH Let q=[(t +1)/2], ¢’ =[(t — 1)/2), y,=

Syt S zO s"q,l---sh Then:
(1) ift is even, t =2j, then yo=s;, *++ 8, , zZo=5, . ‘S h, and
B, (x)={(y,2) e W, X W,: thereexlstw € W, such thaty YW,
z=wlzy}.

(i) if tisodd, t=2j+1, theny,=s, --+s, ,zp=5, - 8h
and B, ,(x) = {(y,z) € W, X W, there exijstpl, p,EW,weW,
such thaty = y,pw, z = w'p,z, and p, p, = s; }-

(i) If w € K, — H, and =, denotes the pr0]ectzon of G X G onto its

second factor, then [, p (. dm =k;— 2.

Proof. Let t = 2j. Then ( yy, zo) € B,_; ,,;(x). By uniqueness of the
reduced word expression in G [18], for every (y, z) € B, ,(x) there exists
w € W, such that y = yw. Then y,z, = x = yowz, hence z = w7z, To
prove (i), let £ =2;+ 1. then x = y;s,2,. If (y,z) € B, ,(x), then,
again, y = y,u, for some u € W, ;. Then y,s,z5 = x = yz = yyuz and
z=u"'s;zy. As |z|=m, |zo|=m —j—1 and |u| =j + 1, a reduction
occurs in the product u~'s; z,. By definition of z,, no reduction occurs in
the product s,z,. Hence a reduction occurs in the product uls; . If
5, EK and w™' =s; --- s/ this means that e #s; 5, € K,. Let

- — — _ -1
Pl = /+1’ P = Srﬂsn W u~'p,. Then |w| =j, y = )’0P1W Z =W Pz
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To prove (iii), pick any representative s € S,. Then there is exactly one
representative s’ € S; such that u = ss’ mod H. Since u is nontrivial, s’ is
nontrivial if s is trivial, i.e., if s € H. Thus there are exactly k, — 2
choices of s such that both s and s’ are nontrivial and u = ss’4 for some
h € H. By part (i),

f dm = (k,— 2)m(H) =k, — 2. O
™ (By 1(u))

Denote by x, the characteristic function of W,; in particular, x, =
X ;- We shall denote by H, the expectation defined by left average over H
on LYG) N L*(G): H,f(x) = [4f(hx) dh. Similarly, the right average is
denoted by H,. Observe that H, and H, have norm 1 on L7(G),
1<p<oo.

Let k = max; k, = max, #(K,/H) < 0.

LEMMA 2. Let f, g be square-integrable functions with support in W,,
W, respectively. Then:
@ Mf*)x,ll < Iflllighy of p=n+m—2j, with 0<j<
min(n, m)
(D) IS *8)x,ll < vk =2 |Ifllallgll, fp=n+m—2j—1with 0 <
j < min(n, m) — 1.

Proof. The argument follows the lines of [14, Lemma 1.3], [16, Lemma
2]. By density, we can assume g € L' N L. Let us first handle the case
p=n+m.

Let us write B(x)= B, ,(x). It follows from Lemma 1. that
m(my,(B(x))) = m(H) = 1. By the remarks preceding the statement and
by Lemma 1.i, one has

2

[ flxz)g(z) dm(2)

m(B(x))

7+ g)x, 1z = [ ax

2

Z |Hrf(si1 T si,,) Ilelg(si”H s, )

P
.Slnsl"+1 T sxp’ 14

Is,

<|H .71 Hgls <If12gl

To complete the proof of part (i), denote by A the left translation by y~,
and by p, the right translation by z. Let p = n + m — 2, and define two

auxiliary functions f’, g’, with support in W,_,, W, _; respectively, by
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F')=1IA ’lf“LZ(W my for |yl =n—j, and g'(z) = ||sz||L2(W my for |z
=m-—j. It follows again from Lemma 1.ii that ||f’||, = ||f]|2, g’ll, =
lgll,. If |x|=p=n+ m — 2jand y,, z, are as in Lemma 1.i., one has

[ jx)g(z) dml(z)

m (B(x))

If*g(x)] =

=f'(n)8g'(2) =f"*g'(x),
by Lemma 1.i. This yields (i).

Let nowp—n+m—1 and |x| = x=s,.1---shByLemma
Liii, m(7y(By(s, )=k, —2<k—2. erte y = xz~!. Then Lemma
1.ii, yields
2

[(rexl= [ @[~ f(»)s(z)dm(z)

772(Bn,m(x))

2

- ./W dx ff (B4 (5,,) f 1(0pih)8(h"pazo) dhdm(p;)

<|I 5, I Hglom(m(Bya(s,))) < (k = 217 lall g lla-

Finally, to complete the proof of (ii), we reduce to thecase p = n + m — 1
by using the auxiliary functions f’, g’ as in the proof of (i). a

As in [14, 16], the previous lemma provides estimates for the norm of
a function supported on W, as a convolution operator on L*(G). Indeed,
the argument of [14, Lemma 2] now yields:

THEOREM 2. Let f be a function on G = * K, with support in W, , and
let k = max,;k; < oco. Then there exists a constant C(n, k) = O(n) such
that the norm of f as a left convolution operator on L? satisfies the inequality

£l < C(n, B Sl

Denote by || f|| co the norm of a function f as a left convolution
operator on L”?(G) (the norm of convolution operators on L? will be
denoted by || ||cp)- By Theorem 2, ||f|lcx < C - (n + 1)||f||, for some
constant C independent of f. Moreover, | fl|c, < ||fll;. Hence bilinear
interpolation yields:

COROLLARY 1. There exists a constant C such that, for every function f
with support in W,, ||fllc, < C-(n+ D4\ fll,, where 1 <p <2 and

l/g=1-1/p.
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If X, Y are normed spaces of functions on G, we denote by #( X, Y)
the space of pointwise multipliers from X to Y, endowed with the
multiplier norm |{u||_4x,y, = sup{|lwlly: [fvllx < 1}. Recall that x, de-
notes the characteristic function of W,.

COROLLARY 2. ||X |l g(4.12) < C(n, k).

Proof. It is enough to observe that, by the duality between A(G) and
Ccx [10],

lux .|, sup{‘f uvdm': lvll2 < 1, suppv C Wn}

IA

C(n, k)||ulla. a

Denote by B, the closed ideal of B(G) consisting of the functions
which can be uniformly approximated on compact sets by bounded
sequences in A(G). We can now characterize B, as follows:

PROPOSITION 1. Let X be the largest closed subspace of B(G) such that
X nll_e(x,22) = O(n). Then X = B,.

Proof. If u € B,, there exists a sequence u; € 4, such that flu ||, < C
and u;(x) - u(x) on compact subsets of G. Then |ju ], < C, and
Corollary 2 yields

llux, Il = sup{llux.xxll: K € G, K compact]

sup li;m lux.xxll,< C-C(n,k)=0(n).

Conversely, let u € B, and suppose that ||ux, ||2 = O(n). Then

2
le=™u(x) |, = Z e ux, = X e ux,l, < o.
n=0
Therefore e~ ™u(x) € Lz. Moreover, e~"™lu € B, by Theorem 1. Hence
e ™y e A, and ||le”"™u|| , < |le” ™| 5llull 5 = |lul| 5, by Theorem 1 again.
Finally, lim, _, ;e "™u(x) = u(x) for each x. Thus u € B, O

Denote by #(A) the space of pointwise multipliers of A(G). It is
obvious that B(G) C A/ A, with norm-decreasing inclusion. Suppose H is
finite (i.e., G is discrete), so that L*(G) € A(G). Then we show that .# 4
contains B properly.



CONVOLUTION OPERATORS ON AMALGAMS 217

PROPOSITION 2. Let M = X2_,C(n, k)?||lux |2 < . If H is finite,
thenu € M A and \|u|l ,, < VM .

Proof. For h € A(G), Corollary 2 vyields |juh||3 < M||h||%. Then
lluhll 4 < fjuhll, < VM|A]| . =

THEOREM 3. If H is finite, then, for every e > 0, there exists a
sequence u, € A(G) such that lim, |lu,v — v||, = 0 for every v € A(G),
and ||u,ll 44 <1+ &

Proof. As C(n, k) = O(n), for every integer j there exists a smallest
integer n, such that I%_, e ?"IC(n, k)? < €. Let u(x)=e ™/ if
x| < n, u ;/(x) = 0 otherwise. Then

s +le ™ e

“u “J(A _"u — e X/
© 1/2

Z e 2/IC(n; k)| <1+e,

by Theorem 1 and Proposmon 2. Moreover, lim,u; =1 uniformly on
compact sets. Since all norms are equivalent on finite-dimensional vector
spaces, |lu;v —v||, — 0 for every compactly supported v € 4. As the

S o .
norms |{u || 4, are uniformly bounded, the same is true for every v € 4. O

In the remainder, we shall not need to restrict attention to the case of
G discrete. We conclude this section by showing that the Fourier-Stieltjes
algebra of G is much larger than its ideal B,. For this, we introduce a
family of positive definite functions as follows:

DEFINITION. A function # on G = « K is multiplicative with respect
to the length if 0 <u <1, u(xy) = u(x)u(y) if |xy| = |x| + |y| and, for
every i € I, u; = u|g _p is a constant (depending on ). O

It is obvious that every such function u is bi-H-invariant (for the
converse, see the proof of Thm.1). It is also immediate that, for every i, u;,
is positive definite on K,. Indeed, denote by ¢, the constant value attained
by u, on K; — H. Then u;|, = ¢;xx + (1 — ¢;)x y, because u; = 1 on H.
Thus u | is the sum of two positive definite functions. The multiplicative
property yields u = * u,. Therefore, by Theorem 1, u is positive definite
onG.

With notations as in [10, 13], let now P be the central projection, in
the von Neumann algebra of the universal representation of G, defined by
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PB(G) = B,. If u is a function in B(G), denote by u, its projection on
B,: u, = Pu. We say that u € By if u, = 0.

THEOREM 4. Let u be a multiplicative function with respect to the length.
If luxill, < 1, thenu € A(G). If |lux;ll, = o, thenu € By*.

Proof. Observe that, by the multiplicative property,

2 2 2" 2n
ux,|l, = ul” < ul”) =llux,l -
fuoxali = [, 1l ([ 1) =Tl

Thus, if |jux,|l, < 1, then
2 i 2 ad 2n
lulz= X lux 1> < X lluxy s < 0.
n=0 n=0

Hence u € B N L? C A. On the other hand, if [lux,||, = oo, then the set
of indices I is infinite (because u is constant on the compact factors K).
Let us denote by u, the constant u|, . Then there exists a function v on I,
and a partition of I into disjoint subsets I, such that: (i) X, o, 4,0, = 1,
(i) X, < ]v;|* < 0. For each i € I, choose a nontrivial representative s, in
S,andlet E=U,;sH, E,=U, s;H

The function f= X, ; v;X, 5 is supported in E, C W,. Therefore, by
Theorem 2, there exists a constant C such that the norm of f, as a left
convolution operator on L? satisfies the inequality

L\ 172
4 < €zl < €| £ 1of) ~o.

iel
If g is a finitely supported function on G, define
2
lgle = [ g**g(x)u(x) dx
G
We claim that
hm ”fn - 88 ”u = O

Indeed,

1, =8 =1+ [ [ u(y )£ (x)Fy) dxdy

— [ uly™F)dy = [ u(x)f,(x) dx
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For every x, y € E, either x and y belong to the same right H-coset or
|x 'yl = |x| + |¥| and u(x~"y) = u(x)u(y). Thus, by (i),

1= 8lh=-1+ [ 140 = [e15 0
+ [ [ u(x)u(»)£,()F,(y) dx dy

=Lu—quAuﬁw.

The right hand side tends to zero, because of (ii), and the claim is proved.
Denote by A(f) the left convolution operator on L? determined by f. Let
F be the positive functional on C*(G) associated with the positive
definite function u, and define F, on C¥(G) by F, = Fo P. By the
Cauchy-Schwarz inequality,

F,(1 = A(£,)) < F(P)F((1 = XM(£,))*(1 = A(£,)))

= F(P)|f, - 8.1’

which converges to zero as n — 0. Thus F(PA(f,)) = F,(A(f,)) = F(1)
= F(P). On the other hand, as u,(x) = Pu(x) = F,(6,), one has

| B =| [ unfudx| <lusllallfullee = 0.

It follows that F(P) = 0. Since F(P) = u,(e), this implies u, = 0. O

4. Convolution operators on L”(G) and A -algebras. In this sec-
tion, we characterize the predual of the Banach space Cv, of left transla-
tion invariant operators on L?(G), G = ‘. K,;, with sup, #(K,/H) < co.

DEFINITION. For 1 <p < oo, let 1/9=1—-1/p, and 4, = {h =
L, fi* gt fi € LP(G), g; € LUG), L I fill ligill, < oo} We endowA
with the norm |A||, = inf{X72, | fill llgill: B = L3 fi* 8}

We now show that, if G = * K with #(K,/H) bounded, then
Ay = Cu,.

LEMMA 3. For 1 < p < oo, every bounded operator T on L?(G) which
commutes with right translations can be approximated, in the weak operator
topology, by left convolution operators by functions with compact support.
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Proof. Denote by v, an approximate identity in L'(G). As T com-
mutes with right translations, for every u € L?(G) one has lim T (v, * u)
= lim,_ T-v,* u = Tu. Thus we can assume that 7 is a left convolution
operator by a function f € L?(G), T = A(f).

We first handle the case 1 <p <2 For ¢t>0, let f(x)=
exp(—t|x]) f(x). Now A(f,) t—:o)\( f) in the strong operator topololy, since
B(G) C B,(G) c #(Cv,) [15]. Therefore, it suffices to show that there
exists a sequence of functions 4, with compact support such that
A(h,) - A(f,) in norm.

We construct this sequence as follows: A, = X" _ fx,. Indeed, by
Corollary 1,

o9

IA(h) =A(f) ey, <= X Ifixmlles,

m=n+1

<C ¥ (m+ 1) fx.l,<C L (m+1)"%e|f],
m=n+1 m=n+1
This completes the proof if 1 < p < 2. By the same argument, every right
convolution operator on L” can be approximated, in the strong operator
topology, by right convolution operators p(#), where 4 has compact
support. Let now J be the involution of L? given by Ju(x) = u(x™!).
Then, for p > 1, the adjoint of A(f) on L7 is the operator Jp(f)J on L4
If p > 2, the first part of the proof yields a sequence of operators p(#,,)
on L9, with h, of compact support, which approximate p( f) in the weak
operator topology. The result now follows from the fact that Jp(h,)J
converges to Jp( f)J in the weak operator topology. a

THEOREM 5. Let G = *, K, with #(K,/H) bounded. Then the dual
space of A, is isometrically isomorphic with Cu,,.

Proof. Let T € Cu,, h=X2,f,*g., [, € L?(G), g € L(G), and
(T,h) = X2,Tf,* g(e). The inclusion Cv, C 4% is immediate if we
prove that the map h — (T, h) is well defined on A4,. To prove this, let
Y f*g(x)=0 for every x € G. Then ¥ A(h)f,*g,(e) =0 for every
function 4 with compact support. By Lemma 3, ., 71, * g,(e) = 0.

Conversely, let ® € A%, and fix f in L?(G). Then ® determines a
continuous linear functional on LY(G) by the rule g —» ®(f* g). This
functional is associated with a function F € L?(G). Define an operator T
on L?(G) by Tf= F. It is easily seen that T commutes with right
translations, thatis, T € Cv,, and ||T|| = [|®||. Thus 4% = Cuv,. a
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