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In this note we will construct a simply-connected finite CW complex
X of dimension four with the following property. For each positive
integer m, there is an element ωw of order m in πm + ι(ΩX) whose
Hurewicz image h(ωm) e Hm + 1(Q,X) also has order m. Such a space
illustrates how intricate loop space homology can be even for relatively
simple spaces.

Our approach is first to construct a certain non-commutative graded

Hopf algebra over Z, which we call A. Next we will realize A topologically

by a simply-connected four-dimensional space X in the sense that A will

be the image in i/*(ΩX) of H*(ΏX2), where X2 is the 2-skeleton of X.

The desired properties of X will then follow from the properties of A. We

will use the very simple commuting diagram

(1)

Here η: X2 -> X is the inclusion; h and h2 denote Hurewicz homomor-

phisms; and θ and θ2 are the familiar isomorphisms.

For any ring R, let R(yl9...9yn) denote the free associative algebra

over R with (non-commuting) generators yv...,yn. The i?-algebra

R(yv . . . , yn) becomes a (non-negatively) graded ring by allowing each yι

to have degree one and assigning all of R to degree zero. If T is a graded

ring ("graded" here will always mean graded by the non-negative integers),

write |x| for the degree of a homogeneous non-zero element x. The

commutator of x and y in T is

The Hopf algebra A we seek will be constructed as the semi-tensor

product [8] or smash product [4] of the free Hopf algebra Z(xv x2) with
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another algebra we call E. The ring E is a quotient of the free Z-algebra

on five generators.

Put F = Z ( M 1 , «2, W3, υ9 w). In F9 for i = 1,2, 3 and for m > 1 recur-

sively define σfl = ui and σ l > 1 + 1 = [σ / m, £>]. Then set

(2) pltm = [<*ltm-ι,w] = [ [ . . . ["„ ϋ ] , . . . , ϋ ] , w]

(m — 2)ϋ's

for ra > 2. Lastly, let τm = p1>IM + (m)ρ2m for m > 2.

Put £" = F/7, where / is the two-sided ideal in T7 generated by the set

(3) S= {τm}m^2u{(m)p39m + ι

Allow the graded Hopf algebra D = Z(JC1, x2) to act on the free algebra

F as follows:

xι*u1 = σl2 4- σ2 2 x 2 * uλ = 0

Xχ * U2 = O22 *2 * U2 = σ 3 2

X l * W 3 = ^ l * V = X l * W = 0 JC2 * U3 ~ X2 * ϋ = X2 * W = 0 .

The reader is welcome to check that

Consequently D = Z(x1 ? JC2) also acts on the quotient ring E. We can

therefore define the semi-tensor product [8] of D with E:

A = DQE.

The algebra A has a presentation as

A = Z(xl9x29u1,u29u39υ9w)/J,

where / is the two-sided ideal generated by the following eleven quadratic

relations:

rλ = [ x l 9 uλ] - [ul9 v] - [u29 v] rΊ = [χl9 u2] - [u39 v]

r 2 = [ x l 9 u 2 ] ~ [ u 2 9 υ ] r 8 = [ x 2 9 u 3 ]

r 4 = [ x l 9 v ] r l o = [x29w]

r5 = [xl9w] r u = [ul9w] + 2 - [ M 2 , W ] .

r6 = [x29uλ]

The first ten of these relations describe the action of D on F. The eleventh

relation then has as consequences all the elements of the set (3); this is

verified by the formulas (4).
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The algebra A is made a Hopf algebra in a natural way by specifying
that each of the seven generators be primitive and that the coproduct be
cocommutative. We observe next that A then has primitive torsion
elements of any order. The obvious candidate to be a torsion element of
order m is p 3 m + 1 (rigorously speaking, the image of p 3 w + 1 under the
obvious map F -> E *-> A). We must convince ourselves that b p 3 m + 1 Φ
0 in A unless b = 0 (modm). Because the semi-tensor product is isomor-
phic as a graded group with the tensor product, this is equivalent to the
assertion that b p3 w + 1 £ / c F unless m\b. However, this latter asser-
tion is nearly obvious when one defines an additional grading on F by
setting e{ux) = e(u2) = 1 but e(u3) = e{υ) = e(w) = 0. Then b p 3 ? w + i
lies in the ^-degree zero component of F but it is not in the ideal
generated by (p3, y)7<m (except when b = 0), so it belongs to / only when
m \b. Also note the obvious fact that p 3 ? w + i is not itself a proper scalar
multiple of any other element of A.

REMARK. The fact that A has primitive torsion elements of any order
is really its key property for the purposes of this note. Interestingly, it is
not the first known example of a finitely presented graded Z-algebra
satisfying this condition. In [5, end of §3] a Hopf algebra denoted C is
built which also has primitive torsion elements of any prime order.
Presumably it would not be too hard to verify that C has torsion elements
of any order, although that kind of information is not nearly so accessible
for C as it is for A. Also, the presentation for C has fifteen generators and
sixty-nine relations, considerably more than the seven-eleven combination
(5). For these reasons and in order to offer a more self-contained exposi-
tion, the author chose to give the explicit description of the algebra A.

The discussion now moves into algebraic topology. We can neatly
relate the Whitehead product in π*( X) and the Pontrjagin multiplication
in H*(ΩX) via Samelson's formula [7],

(6) hθ([β,y]) = -(-Vdemlhθ(β),hθ(y)},

the bracket on the left denoting Whitehead product and the bracket on
the right denoting commutator. Knowing this, it makes sense to interpret
the brackets in (5) as Whitehead products. Define the CW complex X to
be

where the attaching maps for the eleven 4-cells are described via (5).
The Adams-Hilton construction assures us that H*(£IX) « H*(B,d),
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where ( 5 , d) is the free differential graded algebra with B =

Z(xl9x2,u1,u29u3,υ,w9el9...,e11) and J ( e y ) = rp |e y | = 3. Clearly A is

precisely the subalgebra of H*(ΏX) generated by Hλ(QX), i.e., the

sub algebra which equals in^Ωrj)*.

Since A is a subalgebra of i/*(ΩX), the torsion elements we found in

A also lie in H*(ΩX). Thus we have fulfilled the claim implicit in the title,

i.e., X is a finite simply-connected CW complex of dimension four such

that H*(Ω,X) has torsion elements of every order.

We will take this example a little further and verify two more

properties of ΩX First, the torsion elements we found will be shown to

fall within the image of the Hurewicz homomorphism. Second, we will

compute the Poincare series of ΩX for each possible characteristic p.

The first claim is almost trivial. Let am_λ be the repeated Whitehead

product in πm+1(X2) described via the right-hand side of (2) with i = 3,

and put ωm = θη#(am) e ττm + 1(ΩX). By (6) we have

h(ωm) = ± P 3 , m + i ,

as desired.

The interesting question here is this: does h(m ωm) equal zero in

Hm + 1(ΏX) because m ωm vanishes already in ττm + 1(ΩX), or is m ωm

merely another non-zero element in the kernel of the Hurewicz map? In

fact the former occurs. To see this, let K be the smallest Z-submodule of

//*(ΩX2) which contains the {/v} and which is closed under taking

commutators with elements of degree one. The module K is smaller than

the Lie ideal generated by the {ry} in that squares of odd-degree elements

are not adjoined. Nevertheless one quickly checks that [xv τm] — τ m + 1 e K

and that [x2,
τ

m] ~ m ' P3,m+ι e K Since τ2 = ru, each τm and conse-

quently each m p3 m+ι belongs to K. We can write

( 7 ) m p 3 , w + 1 = Σ ( [ [ r y , . . . ] , . . . ] ) ,
the right-hand side representing a suitable element of K.

Again interpret the eleven relations (5) as Whitehead products lying

in π3(X2). Letting M denote the smallest Z-submodule of π*(X2) which

contains the {ry} and which is closed under taking Whitehead products

with 7Γ2(X2), formula (6) assures us that h2θ2(M) = K. Since h2θ2\M is

injective, we know that ±(m am) equals the right-hand side of (7)

when the brackets in (7) are reinterpreted as Whitehead products in

7r*(X2). Because [r] c ker(η#) we have m am e ker(r/#) and m ωm =

θη#(m - am) = 0. Thus π*(ίlX) has torsion elements of every order

which are detected by the Hurewicz map. In particular, the homotopy of

X cannot have an exponent at any prime p.
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Let Zp denote the prime field of characteristic p. Working over Z ,

the Poincare series of Ω X is the formal power series

PQX(Z)= Σ dim(Hn{ΏX;Zp))z".
« = 0

A well-known formula (e.g., [3, Theorem 3.7]) asserts that for our X this is

related to the Hubert series of the graded Z^-algebra A <8> Zp by the

formula

(8) iW(z)-1 = (1 + z)(A 9 Zp)(zYl -z + Ίz2- \\z\

To compute this for a given p, note that because A is isomorphic as a

graded abelian group with ΰ « 8 £ w e have

(A ® Z,)(z) = (Z<x1,x2> ® Zp)(z) -{E ® Zp)(z)

Fortunately, E ® Zp is a graded algebra over a field whose ideal of

relations is generated by (3), and for each p the non-zero elements in (3)

form a strongly free set [2]. We therefore know

(9) (E β Zp)(zYι = 1 - 5z + z 2 ( l + z)(l - z)" 1

(E 0 Z / >)(z)"1 = 1 - 5z + z 2 ( l + z)(l - z)" 1 if p = 0.

Thus the Poincare series of QX yields a different rational function for

each possible characteristic p.

A final point of interest lies in the fact that the m-torsion we found

for H*(ΏX) occurred in Hm+1(ΏX). By increasing the number of cells

and the complexity of the algebras involved one can obtain a space Y for

which m-torsion occurs in H[m/a]+3(ΩY), the bracket denoting the grea-

test integer function, for any positive integer a > 2. With still more cells

(but sticking to 1-connected finite CW complexes of dimension four) there

is a W such that m-torsion occurs in π[iogαm]+5( W) and H[logam]+4(ΏW).

This suggests a natural conjecture. Given a space S and a prime /?, let

/ = ts{p) denote the smallest integer (or if none exists let / = oo) such

that πt(S) has p-torsion. For S a simply-connected finite CW complex, is

it true that

Because each irm{S) is finitely generated we know that ts(p) -> oo as

p -» oo. But how slowly can this sequence grow?
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Note. Luchezar Avramov has also constructed an example of a loop

space whose homology has torsion of every prime order. His example will

appear in Topology.
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