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Let G denote the infinite dimensional group consisting of all unitary
operators which are compact perturbations of the identity (on a fixed
separable Hilbert space). Kirillov showed that G has a discrete spectrum
(as a compact group does). The point of this paper is to show that there
are analogues of the Peter-Weyl theorem and Frobenius reciprocity for
G. For the left regular representation, the only reasonable candidate for
Haar measure is a Gaussian measure. The corresponding 1> decomposi-
tion is analogous to that for a compact group. If X is a flag homogeneous
space for G, then there is a unique invariant probability measure on (a
completion of) X. Frobenius reciprocity holds, for our surrogate Haar
measure fibers over X precisely as in finite dimensions (this is the key
observation of the paper). When X is a symmetric space, each irreduci-
ble summand contains a unique invariant direction, and this direction is
the L? limit of the corresponding (L? normalized) finite dimensional
spherical functions.

1. Introduction. Let H be a separable complex Hilbert space,
UH), = {g€ UH): g =1 + compact operator}. This group is a basic
example of an infinite dimensional Banach Lie group. Kirillov proved that
this group is type 1 and has a discrete spectrum ([4], [6]).

Fix an orthonormal basis e,, e,, ... for H. Then U(H),, is the closure
in the operator norm topology of U(oo) = U, U(n), where U(n) = {g €
U(H): ge;=e;, j>n}.

Relative to this basis, view U(H) - M, where M is the space of
matrices (E; )1, <> and which we identity with the space of linear
operators mapping H ¢, the algebraic span of the {e '}, to C*, the space
of all formal linear combinations of the {e;}. The left action of U(c0) on
U(H), extends to an action of U(o0) on M.

Let v, denote the Gaussian measure for the linear space %Z,( H). We
recall the following facts established in [8]: (a) every ergodic invariant
probability measure for the left action of U(c) on M is a linear
equivariant image of »; (and itself Gaussian), (b) v is the weak limit of
the uniform distributions on the spaces vz U(n), and (c) up to scaling »,
is the only U(o0) ergodic biinvariant measure on M. For these reasons it
is natural to view »,; as a kind of Haar measure for U(H) , relative to its
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left regular action. In this paper we will exploit the existence of this Haar
type measure to decompose various regular representations of U(H) .
Of course the first step is to decompose the representation

U(H), - U(L*(M, dv;)).

This is done in §2, and the decomposition is analogous to the Peter-Weyl
decomposition for a compact group.

In §3 we use the Peter-Weyl decomposition to decompose the regular
representations for U( H ), on homogeneous spaces (flag manifolds) ((3.2)).
The key idea can be described in terms of the simplest example. Via the
basis above view H = /> - C®. The natural projection #: C*\ {0} —
P(C*) is U(o0) equivariant, and it pushes the Gaussian measure for H to
the unique U(co) invariant probability measure on P(C*). Now it is
frequently said that Gaussian measure behaves as a uniform distribution
on a sphere of infinite radius. In particular we should expect

(1.1) L*(P(C™)) = L¥(C=)"?,

where the right hand side denotes those functions invariant under the
scalar action of U(1). This is correct. The key ((3.8)) is to fiber the
Gaussian over the invariant measure on projective space; the fiber is the
Haar measure for the unitary stabilizer (in general), in this case U(1). The
right hand side of (1.1) is easy to understand because of the Peter-Weyl
decomposition, and this leads to Frobenius reciprocity.

In §4 we consider the special case of a symmetric space, ie. a
Grassmann manifold Gr(n, H). In this case the decomposition is multipl-
icity free. Each irreducible component contains a unique invariant direc-
tion for the isotropy group, and this direction is the L? limit of the
corresponding ( L? normalized) finite dimensional spherical functions.

I thank Robert Boyer for several valuable conversations.

Notation. dm(-) denotes Lebesgue measure, #(-) the polynomial
algebra. If =, is a representation for G,, then 7, X m, is the (outer) tensor
product representation for G, X G,. If G, = G,, 7 ® 7, is the usual
tensor product representation for G, = G,.

2. Peter-Weyl theorem. In this section it will be convenient to view
v as a cylinder measure (i.e. weak distribution) on %,( H) (see [5] or [9]).
A function on %,(H) of the form ¢(E)= ®(P(E)), where P is an
orthogonal projection of rank » < oo and ® is a bounded Borel function,
will be called tame; we let ¥~ denote the algebra of all tame functions. If
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we set

E(¢) = j ddvg = f ®(x)m e " dm(x)
R(P)
where ¢ is as above, then (¥, E) is an integration algebra. There is a
natural representation of O(.%,(H)) as automorphisms of (¥#”, E), hence
a unitary representation on L*(»;), the completion of ¥~ in the norm
E($9).

We view U(H) X U(H) C O(%,(H)) by gXh-E=goEoh .
Our goal in this section is to decompose the action of U(H) X U(H) (and
U(H), X U(H),) on L*(»;). Of course there is a natural U(co) X U(c0)
equivariant isomorphism of L?(»;), as constructed above, and L*( M, »;),
when we view »;; as a probability measure on M.

Let .7 denote the transform defined by

(76)(w) = [ (L)) dys(E)

for ¢ € ¥ and w € %,(H)*. By the corollary of Theorem 6.4 of [2], I
extends to a U(H) X U(H) equivariant isomorphism

(2.1) L2(v)=Ce VM g Y 1@ ¥ Pk
j=0 k=0

where %/ is (j!)'/? times the completion of #/(%,(H)) in the norm it
inherits from the tensor algebra.

Suppose A is a partition, i.e. a decreasing sequence of integers
Ay = A, > --- such that A, = 0 for all sufficiently large j. If A, , =0,
then we denote by p, , the representation of U(C") with signature
(Ay = --- =A,), by p, the direct limit of the p, ,, which extends
canonically from U(c0) to a representation of U(H).

In the proof of (3.1) of [8] it is shown that as a representation of
UH), X UH), (or UH) X U(H))

(2.2) PIL,(H)) = Lot X py

where the sum is over all partitions A with XA, = . This proves the
following

(2.3) PROPOSITION. As a representation of U(H) X U(H) or U(H),,
X U(H),,

L*(v5) = 105 ® p, X p, ® p}

where the sum is over all partitions X, p.
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By Kirillov’s classification ([4]) of the irreducible representations of
U(H),, this decomposition is analogous to the Peter-Weyl theorem for
compact groups.

The physical space for p% X p,, as a subrepresentation of (2.2),
consists of matrix coefficients for p, (p, is a subrepresentation of the
action of U(H) on the tensor algebra of H, so this action extends
naturally to an action of GL(H); the matrix coefficients restrict to
polynomials on .%,( H)). Hence the physical space for p% ® p, X p, ® p,
as a subrepresentation of the right hand side of (2.1), consists of matrix
coefficients for the action of GL(H) on %,(H,, H,) given by g: T —
p,.(8)° T 2 p,\(g)*(where p, is realized on H,).

To describe the corresponding subspace in L?(v.), one must invert
the transform . Whether this can be done in a reasonably explicit
manner in general, I do not know. In the case of spherical functions, there
does exist a relatively simple inversion formula (see §4, especially (4.6)).

3. Frobenius reciprocity. In this section we fix a finite set of
integers 0 <n;, <n, < .-+ <n, < oo. Let Flag(H) € Gr(n,, H)
X « -+ XGr(n, H) denote the set of points (flags) { W} such that W, C
W, c --- Cc W, where Gr(n,;, H) denotes the set of all n, dimensional
subspaces of H. Flag(H) is a homogeneous space for U(H) and U(H).,.
We let Flag(C") and Flag(C*®) denote the analogous objects for CV =
span{e;: j< N} (N>n;) and C* = {formal linear combinations of
e;}. The action of U(co) extends from Flag( H) to Flag(C*), and there are
natural embeddings GL(N) - GL(H), Flag(C") — Flag(C>).

Our first task is to recall why there is a unique U(co) invariant
probability measure on Flag(C*). In the process we will develop notation
which we will employ in the remainder of the paper.

A generic flag (i.e. a point in the largest cell) of Flag(C*) can be
characterized in two ways: (a) it is of the form { W} = { LC™}, where L
is a lower triangular block matrix with identity matrices on the diagonal,
the block sizes being n,,n, — ny,...,n, — n,_; along the top, ny,...,n,
— n;_,, % along the side; (b) each W, is of the form graph(z;), where
z; € Z(C",C* © C%). The operator L and the set {z;} determine one
another via the relations

o

*
vl =z whereLz(Y; *)

with respect to the splittings of the domain = C” & (C" © C™) and
range = C" & (C* © C"%).
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Let L™) denote the projection of L to #(C",CV) (L™ = Qo L,
where Q: C® — CV is the obvious projection) (similarly for z). The
diagram

L - LW
(3.1) d l
{z} =~ {Z}N)}

is commutative (the cutoff is on the left, whereas the a’s act from the
right). In §4 of [8] it is shown how U(N) equivariance of the map
Z, — Z{™ implies uniqueness for the U(co) invariant probability measure
on Gr(n;, C*). The above diagram shows the same argument applies to
flags.

Conversely, the projection

7: £(C",C*) - Flag(C®): E - { E(C")},
where the prime indicates we exclude those E which are singular, is U(o0)
equivariant. Thus the Gaussian measure associated to the linear space
Z(C™, H) will be mapped by 7 to a U(o0) invariant probability measure
on Flag(C*). This proves existence.

Let p, denote the unique invariant measure on Flag(C*). Our task is
to decompose L*(Flag(C®)).

Let K,= X U(C% e C"-')and K=K, X U(H © C™). Let P: M
- Z(C™,C*) denote the obvious projection, and » = P,»y;. In this
section we will ultimately prove the following

(3.2) PROPOSITION. The pullbacks
a* P,
L?*(Flag(C®)) - LX(£(C™,C®),»)" 3 L2 (M, »,)"

are isomorphisms, where the superscripts indicate the sets of vectors invariant
under the right action of K, and K, respectively. As a representation of
U(H),

L*(Flag(C*)) = Y m(A, p)p, ® p}

where the sum is over those partitions with A, ., = p,, ,, = 0 and

m(X, p) = dimn((p3 @ p,)") = dimn((p3,,, ® p,.,,)").

The proof of the analogue of this proposition for a compact group is
trivial, because of the existence of Haar measure. Our proof will be trivial
as well, once we understand how » is fibered over p (see (3.8) below). We
will prove (3.2) at the end of this section.
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We will need the following computational lemma.
For E € #(C",C*®), recall that E™ is the projection of E to
ZL(C,CM).

(3.3) LEMMA. The scalar (det NI EM*EM) =1 conperges to 1 and the
r X r matrices N"EM*EWN) and their inverses converge to the identity in
L?(ZL(C",C®), dv)as N = oo, forall1l < p < oo.

Proof. First consider N71E™M*E®)_For the diagonal entries

[ IN-YE®*E®) ;-1 dv(E)
=f |N"1|x|2— lrﬂ_ e~ * dm (x)
CN
$ p kar— N+k+1,~s ® N-l,-s
N ds ds
Zo:( ) /0 s e //0 st e
P
=X
0

(P )07 v,

and this tends to 0.
For off diagonal entries

f|N—l(E<N)*E<N>)U|2"dV(E)

N 2p
22
=f N~'Y x5y W= =" dm(x) dm(y)
cN+c¥ 1
P
— —2p b 35
N o Z X%V Y,
1<ip, k<N =1

l<k<p

2
= N‘zpf (f Izlzfzr‘le"'z'2 dm(z)) = N~ 2’N?
1<i<N \YC
l<k<p

which tends to zero.
We now consider

(3.4) [ (et NE@E™) ™ — 117 4y (E).



REGULAR REPRESENTATIONS FOR U(H),, 325

We use the integral formula

[ $(E®) av(E)

2 r 2
= c/ {f o(k\k,) dk, dkz}m)\%. — N[ TI2A XV -Pe X gx,
Ry i<j 1

where A = diag(A,,...,A,), dk, and dk, denote the unitarily invariant
probability measures on Isom(C’, C¥) and U(C"), respectively, and c is a
normalization constant (see Chapter I of [1]). We now see (3.4) equals

r 2p r
cf ];[Nuj’1 -1 T1(u - uj)zl—llu}"_’e_“f du,

i<j

27 2 2p—k 1
= Z( kp)(—l) p cN’kf 1 T(u, - u;) I;Iu;v"“ke"“fduj.

0 i<j
Let s = N — r — k. The kth integral equals

cN’kf detz(,?i(“‘)(uj))l:[uje_“fduj
= cN”‘det(f.,?i(s)(u)‘.?j(s)(u)uxe_“du)

— Nrkn(fcgi(sﬂuse—udu// °?i(N—r)2uN'-re—udu)
1

where the £ are the Laguerre polynomials. The lemma now follows
from

f EA Izuse‘“du =T(s + 1)(S j i)
(see Chapter 5 of [10]). |

(3.5) LEMMA. For a generic flag {W;} = {LC"} in Flag(C%), let
gM™(L) be the isometry from C™ to C" obtained by applying the (block)
Gram-Schmidt orthonormalization process to L"), Then entry by entry
N'2g. (L) has a limit in probability g(L)( € L(C™,C®)). In the case
I =1, we actually have L*(p.,) convergence, foreachl < p < co.

REMARK. It is almost certainly the case that the limit above is L?(u,)
in general. However, for / > 1 this seems to complicate the proof im-
mensely. The reason is essentially that the function { W} — L, which is
well-defined a.e. [p,], does not have integrable entries. It would be
desirable to establish L? convergence, because this would yield a second



326 DOUG PICKRELL

proof of (3.8) below (see the remark following the proof of (3.8)). The
meaning of the convergence when / = 1 is explored in the next section.

Proof of (3.5). Let E € £(C",C*), E-C" = W, so that E = LU
where U is (block) upper triangular. Note E™) = L™MU. Write E =
[E),..., E], where the E; are the columns (similarly for L, etc.).

Let & = a,(E). Then, as a function of E,

-1 B -1 1/2
g™ = LM\ LM| " = EMa Y a ECOEM) ar) .
The entries of E, arein all L?(»), and
_ 1/2)? _
trla_l(a(El(N)*El(N)) 1a*) / l = tr( E/V*EM) g
By (3.3) we have L? convergence

N'2g{M - Ll(al(E)al(E)*)

entry by entry as N — oo (note the existence of the limit shows the RHS
is equal to a function of L, a.e. [v]).

Now suppose we have established that g™ has a limit g, in probabil-
ity for1 < i < j. We have

-1
(36) g™ = (1 - Zg,‘N’g,-‘”’*)L,‘»N)l(l — LgMg™*) L]

i<j

1,2

(here 1 is the N X N identity matrix).

Consider the N X (n; — n,_;) matrix g{™g(™*L™). The Hilbert-
Schmidt norm is dominated by

n1/2 1,2

(3.7) (tr( g™ *g ™)) (tr LMoL
By induction the first factor is O( N ") in probability. On the other hand
LEM*LMY s the (4, j) (block) entry of U™ VEM EMU~!, which is O(N)
by (3.3). Therefore (3.7) is O(N~1/?) in probability. So we certainly have
(1-X,.,8MgM*)LIN) — L in probability, entry by entry.

Now let ¢, =N"Y2LMNM, = —N"'2L,_ gMg*LN) - We
know that ¢%¢y — (UU*)™Y), and ¢}y, — 0 in probability. The
generalized Holder inequality

tr[\!/"]f;¢N‘ < (trlx[/}'f,lz)l/z(tr|¢N|2)1/2

shows that {%¢, and ¢%y, tend to zero in probability as well. This
implies that |¢, + ¢y|> = (UU*)7Y) ., which is strictly positive. This
implies

g

Nl/Z’(l _ ZglgN)glgN>*)L§N>l_1 = oy + \bN‘_l
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has a limit in probability. Hence (3.6), scaled by N'/2, has a limit in
probability, entry by entry. This completes the induction. O

(3.8) PROPOSITION. The decomposition of the Gaussian measure v with
respect to the projection m: £ (C™,C*)" — Flag(C*) is given by

[odr=[ o ] o(s(n)i)didus(n).

Proof. Assume ¢ is a bounded continuous function based on
ZL(C™,C™). For N > m, we have

i $(N'E) doy(E)
Isom(C™,C")

=f / ¢(N1/28N(W)k)dkdﬂo,N(W)
Flag(C") YK,

= [ [ o(NVgy(W)k) dicdpo(W)
Flag(C*) YK,

where wy(p, ) denotes the unique invariant probability measure for
U(N). Take the limit as N — oo. By (2.1) of [8] the LHS converges to the
LHS of (3.8). By (3.5) the RHS converges to the RHS of (3.8). This proves
(3.8). a

(3.9) Remark. It is possible to give a more direct, but formal,
argument for (3.8) as follows.

First, via direct calculation, we fiber the Gaussian on Z(C™, CV)
over ., v on Flag(C") (welet L = L™).

(3.10) ddv(E) = cf &(LU)e LU gm(LU).

[?(C"',CN)
Now dm(LU) = TIj(det|U,;|*)¥~" dm(L) dm(U). To separate the L and
U variables in the exponential in (3.10), we (block) orthonormalize L,
which amounts to multiplying L on the right by a (block) upper triangular
matrix, and then we change the U variable:

U=L"g(L)V, U;=(L""gy(L)),V,

l
dm(U) = [](det|(27'g0(2)) ;)

nj—n;_,

am(V)  (ny=0).
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This implies (3.10) equals
_/ / ¢(gN(W)V) de,N(V) dl"o,N(W)
Flag(C")
where
! . N—n;
oo,y (V) = [ (detj7, )" e " dm(V)
1

is a probability measure on the (block) upper triangular matrices. The
formula (3.8) then formally follows from the fact that
(i) ce™ ™M dm(N'/2V,)) - 8, as N > oo for1 < i < j </, and
(ii) c(det N|V,;>)¥~"e~ "NVl dn(N'/?V,) —> dk,, the Haar in-
variant probability measure on U(C™ & C’-1), which can be verified
using the integral formulae in the proof of (3.3).

Proof of (3.2). We first consider P*. We have L?*(y;) =
L*(v)yxL*(v*), where v+ = (1 — P),». Thus

L3(v6) Y7o = 12(») @ L2(»+) V7o) = L2(3).

This shows P* induces an isomorphism
The fact #* induces an isomorphism follows immediately from (3.8).
(2.2) implies the claims about the multiplicity. O

4. Symmetric space. In this section we consider the special case of
a Grassmannian, Gr(n,C*®). Recall that if z is the graph coordinate, the
map

(4.1) Gr(n,C*) - Gr(n,C"): z > z™M),

which is defined almost everywhere, is U(C") equivariant. This is equiva-
lent to saying that the pullback defines a U(C") equivariant isometric
map

L*(Gr(n,C")) > L*(Gr(n,C>)).

We want to study how the decomposition for Gr(n, C") converges to that
for Gr(n, C®).

Because the irreducible summands of L?(Gr(n,C")) consist of alge-
braic functions and the projection

Gr(n,CV*¥) > Gr(n,C")

defined by (4.1) is not globally continuous, it is not the case that the
irreducible summands coherently embed as N — oco. Thus the convergnce
is somewhat subtle. It is most easily understood in terms of spherical
functions.
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Now Gr(n, H) = U/K, where U = U(H), K = U(C") X U(C™). It
is a symmetric space of rank n. The Cartan involution is given by
0(x)= (" 5)—(, #), where x = (% §) relative to H=C"® (C")"*,
x € gl(H). Let O denote the set of all operators of the form T =
Yit(e; ®er, +e,.  ®eF) with ¢, € R. This set is a maximal abelian
subalgebra of P = {(,. *): x € £(C"",C")}, the real “noncompact”
part of the § = —1 eigenspace.

Suppose T € O, Then

n

exp(it) = Z(costj(ej ®efte,, ® e,’,“+j)
1
+isintj(ej ®ey, te,,® ej’-"))
plus the identity on {e;: 1<, <2n}*. Hence generically we have
exp(it) = graph(z), where z = X litante; ® ef. Note the spectrum of
(1 + z*z)"Vis {u;}, where u; = cos’1,.
We now recall the formulae of Berezin-Karpelevic for the spherical
functions (these are proven by Hoogenboom in [3]). Let N > 2n.

(4.2) LEMMA. The spherical functions of Gr(n,C") are parameterized
by partitions p with p.,, ., = 0. The funcion corrsponding to p. is a multiple of
the function

k
v(z) = det{Ll(‘—)l+ﬁ,~(uj)}
det{ u;’l}
where uy, . .., u, is the spectrum of (1 + z*z)™%, the L{*) are the ( Legendre)

orthogonal polynomials for the probability measure (k + 1)(1 — x)*dx on
[0,1, k=N —2n,and ji,; = p,.y_;

Using integration in polar coordinates (see Chapter I of [1]), it is
easily checked that the L? normalized spherical function corresponding to
the partition p is given by

det{ I:,(»f)Hﬁ‘(uj)}
det{ ﬁff)l(uj)}

where L, denotes the L? normalization of L,.

\I/,L,N(Z) =

2

(4.3) PROPOSITION. For each partition p with p, ., = 0, the functions
Y, ~ have a limit §, in all L?(py), 1 <p < 0. As a function of E €
Z(C", C™),

det{z—l-{»ﬁ,(vj)}
¥,(E) = >
det{"g)z—l(vj)}
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where {v;} is the spectrum of a(E)*a(E) and the P, are the L* normal-
ized Laguerre polynomials.

Proof. {L¥(k~1y)} is the system of L? normalized orthogonal
polynomials for the probability measure (k + 1)/k(1 — y/k)*dy on 0 <
y < k, which tends to e™” dy as k (or N) — co. From this it follows easily
(or one can check the well-known formulae directly) that the coefficients
of L (k~y) converge to those of Z,(y) as k > .

We also know that k(1 + ZM*ZM)~1 (= N|L{™|"2 in the nota-
tion of (3.5)) converges to the n X n matrix (aa*)(E) in all L?. Hence we
have L? convergence

o(kqu), ee, kuf,N)) - o(vy,...,0,)
for any symmetric polynomial. This implies
o = det{i,(f)p,ﬁi(kuf”)/k)}
BV det{ L9, (kut™ k)
inall L?,;1 <p < o0. O

——)4/#

By (3.2) we know that
K
L*(Gr(n,C®)) = Y0t ® p, X(py ® p})

Un)
=Yri®p X(pr,®0k,)  =Xprenp,

where the second and third sums are over those partitions with (n + 1)th
term = 0.

(4.4) PROPOSITION. For each partition p. with p.,,.; =0, ¢, is, up to a
multiple, the unique K invariant vector in p¥ ® p,.

Proof. We will use the transform .7 of §2, which induces an equiv-
ariant isometry

LY ZL(C",C®)) = Ce V4" @ Y P/ @ ¥ Pk
0 0

where 2/ = (j)1/2@/(#(C", H)). We must show that I, is in the one
dimensional space

1 41w KX U(n)
(45) Ce /4 ®(p* @ p, X p, , ® pf,)

_ 2 U(n)x U(n)
= Ce V0 (02, X 0,0 @ 0 X P
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Let p = p, ,. One vector in the space p* X p is the character x =
tracep (where we have holomorphically extended p to a representation of
GL(n)). Thus |x|> is a vector in p* X p ® p X p*. Let {¢} be an
orthonormal basis for a realization V of p. Any hermitian form on V is a
multiple of a fixed U(n) invariant positive form ( , ). A standard argu-
ment shows that this implies

jU( ) <Ul’p(k)*£i><02’p(k)*8j> dk = 8(i — j) dimn(V)ﬁl<Ul,Uz>
for v,,v, € V. Thus

I Gow)dk = X [ (p(w)e,,p(k)*e)(p(w)e, p(K)*e;) dk
U(n) v,

= Z dimn(V)_1<p(w*w)sj, ej>.

Thus, by the Weyl character formula, a nonzero vector spanning the space
in (4.5) is

ox(w) = exp( = 3wl Jtrp (wew)

det( vj’f””"')

= exp(— 71wl
4 det( v]’f‘l)
where {v;} is the spectrum of w*w.
Any K invariant vector in the range of .7 must be a linear combina-
tion of the ¢,, in particular, ¥, = Xc,¢, (Where a priori we only know
A, .1 = 0). Now asymptotically,

trp}\,n(diag(tj)) ~ <P>\,n(diag(tj))00a Uo> = I:It,}'\’

where v, is a highest weight vector, we set t = ¢, = -+ =1¢,, 1, =1,
and we let 7 — oo. This is also the asymptotic behavior of , (with p = A
above). The theory of homogeneous chaos (Section 6.3 of [2]) shows that if
f is a polynomial of degree (p, q) (in E, E), then exp(3|w|?).Zf is of the
same degree. Since y, is a symmetric function in the eigenvalues of
a( E)*a( E), it follows that 7y, has the same asymptotic behavior above
as ¢,. Thus we must have

(4.6) Ty, = c¢,

u

which proves (4.4). a
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