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In this paper we develop necessary and sufficient conditions for
certain differential operator rings to be simple. We do this for a
ring with finitely many commuting derivations and for a ring with a
commuting Schmidt higher derivation of finite length. Also we give a
correspondence between finite sets of derivations and Schmidt higher
derivations.

In this first section we deal with the simplicity of a differential oper-
ator ring over a ring with finitely many commuting derivations. Many
of the results of this section overlap those of others, among them Jor-
dan [8], Hauger [5] and Voskoglou [11]. The second section deals
with the construction of a Schmidt higher derivation from a set of
derivations, and vice versa. The correspondence is the same as that
of Heerema [6] but we give a different construction. The third section
deals with simplicity of a differential operator ring over a ring with a
Schmidt higher derivation. All rings are considered to be associative
with unit. This research will form part of the author's Ph.D. disser-
tation at the University of Utah. The author wishes to thank K. R.
Goodearl for his help and suggestions.

1. Let δ\,..., <Jfc be derivations on a ring R. A (δ\,..., S^-ideal of
R is any ideal I of R such that <J/(7) C / for all /. The ring R is said to
be (δ\,...,<Jfc)-simple if R is nonzero and the only (δ\,...,<$&)-ideals
of R are 0 and R. The elements r eR such that (J, (r) = 0 for all i are
called (δ\,..., δ^-constants and form a subring of R.

If δ\,..., δk are commuting derivations on R, the formal linear dif-
ferential operator ring

T = R[θι,...,θk;δι,...,δk]

is the free left i?-module generated by the symbols
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with each n(i) a nonnegative integer and given a ring structure by the
relations

θ/θy = ΘjΘi

θ l r = r θ l + JI (r)

for all /, j , all r G R, together with the usual multiplication in R. It
is convenient to think of the elements of T as polynomials, with left
coefficients in i?, in the θ's. For a k-tuple / = {i(k),..., /(I)), with
each i{j) a nonnegative integer, let

and

and call / the orafer of θ 7 . Let N = (rt(fc),...,/i(l)) and M =
(ra(&),..., ra(l)). We say the order of θ ^ is greater than that of Θ M

if \N\ > \M\ or, if \N\ = |Af|, if there exists j e{l,...,k} such that
«(/) = m{ι) for / > 7 and n(j) > m(j). Otherwise the order of θ ^ is
less than or equal to that of ΘM.

For nonzero t G Γ, the leading coefficient of t is the coefficient (in
R) of the monomial of highest order in t with nonzero coefficient. We
will usually denote an element t G T by

with oίj G R. If 07 is the leading coefficient of ί, the order of £ is
said to be / . One should note that for nonzero t,s G Γ, the leading
coefficient of ts is the product of the leading coefficients of t and s
unless that product is zero. When k= 1, the order will be denoted by
a lower case letter.

LEMMA 1. Let δ\,...yδk be commuting derivations on a ring R and
F the subring of central {δ\,..., δk)-constants of R. If the differential
operator ring

is simple then the center of T is F andR is (δ\,...,δk)-simρle.

Proof. Certainly F is contained in the center of T and any element
of R central in T is in F. So it will be enough to show that the center
of T is contained in R to show F is the center of T.

If A is a proper nonzero (δ\,..., (5^)-ideal of R, then AT is a proper
nonzero ideal of T. Hence, T simple implies R is (δ\,..., ^)-simple.



DIFFERENTIAL OPERATOR RINGS 87

As R is (δ\,...,δk)-simple, any nonzero central (δ\,...,δk)-constant is
invertible and therefore F is a field.

Suppose t = X) α / θ 7 Φ 0 is central in Γ with leading coefficient aj
and order J. Since θ , ί - ίθ/ = 0 for all / and rt-tr = 0 for all r € i?,
we get OLj G i7. Since Γ is simple, t is invertible. If | / | > 0, and the
leading coefficient of t~ι is /?#, then βNaj = 0 implying βN = 0, a
contradiction. Therefore | / | = 0 and / e i ί . •

We can think of the derivations δ\,..., δk being defined on Γ such
that for t e T

δi(t) = Sit - ίθ;.

Note that this implies <5/(θ7) = 0 for all /, and if / = E ^ / θ 7 , then
/ A 1 so note that Leibniz9 rule holds:

/=0
and also

i=0

for all /, j , all a,beR.
The ring R can also be considered as a left Γ-module with a Γ-

module multiplication * under which θ 7 * r = δj(r) and s * r = ΛT for
all 7, all s, r G R. With this module structure, right multiplication in
R by a (δ\,...,δk)-constant is a left Γ-module endomorphism of i?,
and these are the only left Γ-module endomorphisms of R.

The next theorem has been proved in [5] and [11, Theorems 3.3,
3.4]. We supply a proof to indicate the difference between the Q-
algebra case and the (Z//?Z)-algebra case. The case where k = 1 was
originally proved by Amitsur [1].

T H E O R E M 2. Let Rbeα Q-αlgebrα, δ\,...,δk commuting derivations
on R and F the subring of central {δ\,..., δk)-constants ofR. Then the
ring

T = R[Θ\,...,Θk;δ\,...,δk]

is simple if and only if R is (δ\,. ..yδky simple and no nontrivial F-
linear combination ofδ\, ...,δk is an inner derivation by a (δ\,...,δk)-
constant In this case the center of T is F.

Proof. If Γ is simple, R is (δ\,..., (J^)-simple and the center of Γ
is F by Lemma 1. If a\,..., ak e F and

+ - - + akδk)(r) = ar - ra
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for all r e R and some (δ\,...,^-constant α, then, for

S = Oi\θ\ H h Oijc®k ~ a>

we have s * r = r(—α). So multiplication by s is a left Γ-module
endomorphism of R. Then for any t eT, the commutator 5/ - ts is in
the annihilator of γR- Since Γ is simple, γR is faithful. This forces
s to be central in T and so s e F by Lemma 1. Therefore at = 0 for
all /.

For the converse we will use induction on A:. If k = 1, let A be a
nonzero ideal of T = i?[θ;(J]. If n is the minimal order of nonzero
elements of A, then the set

J = {aeR I α θ n + α Λ _ 1 θ n " " 1 + + α 0 G ^ for some an-h...,a0 e R}

is a nonzero δ-ideal of i?. Since R is <J-simple, 1 e /, and so we can
choose q eA,

j=o

with an = 1. For any r e i?, we have #r - rg e 4̂ of smaller order than
n, so qr - rq = 0. Similarly θq - qθ = 0, so each α, is a J-constant.
If n > 0,

0 = qr - rq = {nδ(r) + αw_ir - ra^.^θ^1"1 + terms of lower order,

implying nδ{r) + an-\r - ran-\ = 0 for all r e R, a contradiction.
Therefore n = 0 and # = 1 € A. Thus 4̂ = Γ and T is simple.

Suppose k > 1 and the theorem is true for fewer than k derivations.
Now

T = R[θ\,..., θ^; δ\,..., δk] =

where S = Λ[θi ; ί i ] . By induction, T is simple if .S is (δ2, ,
simple and no nontrivial linear combination of ^ > ^ by central
(̂ 2» » < ^ ) - c o n s t a n t s of 5 is an inner derivation on S by a (<?2» »
constant of 5. If

is a central ( ^ . » ^ ) - c o n s t a n t °f S with αw ^ 0, then

/=0
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for j > 2 and
n

Θιa-aΘι = ]Γ<5i(α/)θj = 0 .

So each α7 is a (δ\,..., <^)-constant. If n > 0, then for any r eR,

0 = ar-ra = (anr - ran)θn

x + (nanδι(r) + an-χτ - ra^i)©?"1

+ terms of lower order.

The vanishing of the θ ^ term yields an G F9 and then from the van-
ishing of the θ " " 1 term we get a contradiction. Therefore n = 0 and
all central (δ2,..., ^-constants of S are in F.

Suppose a2δ2 + h akδk = < ,̂ the inner derivation on S by the
(δ2,..., ^-constant b = b0 + + bmθ^, with bm Φ 0 and the αz e F.
Since

i=0

and Z) is a (δ2f...,^)-constant, we have that each bj is a (δ\,...,
constant. Now

so for all r G JR? the element

br-rb = [bmr - rbm)θ? + {mbmδx{r) + bm-Xr - rb^β™-1

+ terms of lower order

is in R. If m > 2, then bm e F and we get a contradiction from the
vanishing of the θ ^ 2 " 1 term. Therefore m < 1 and & = ό0 + ^i®i
(here &i may be 0). As before b\ e F and for any r eR,

(a2δ2 H h Oίkδk){r) = br - rb = bxδι(r) + b$r - rb$.

Hence each α, = 0. Therefore no nontrivial linear combination of
δ2,...,δk by central {δ2,...,δk)-constants of S is an inner derivation
on S by a (δ2,..., J^)-constant of S.

Suppose S has a nonzero ( ^ .. . <^)-kieal B. Let / be the minimal
order of nonzero elements of B. Then the set

J = {aeR\ aθ[ + aι_ιθ[~ι + — h a0 e B for some α/_ b . . . , a0 e R}

is a nonzero (<$i, . . . , ^ ) - i d e a l of R. Since i? is (δ\,...,δk)-simple,
1 G /, and so there is an operator

s = θ[ +^ / _ 1 θ /

1 ~ 1 + '"+soeB.
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Since δj(s) eBforj>2 and δ\ (s) = Θ\s-sΘι e 2?, we have δj(s) = 0
for all j since these operators have lower order than /. Therefore each
Sj is a (δ\,..., ^-constant. Also, if / > 0, for any r G i?, we obtain

0 = sr - rs = (lδ\ (r) + S(_{r - rsι_ι)θ[~ι + terms of lower order

and the vanishing of the θ j " 1 term yields a contradiction. Therefore
/ = 0 and 1 e B proving that S is (δι,..., (ί^)-simple.

The induction hypothesis is now verified, and thus T is simple. D

When R is a (Z/pZ) -algebra for some prime /?, if δ is a derivation
on i?, then

are all derivations on R. This complicates the simplicity criteria for
the differential operator ring in the positive characteristic case.

LEMMA 3. Let Rbea (Z/ pZ)-algebra, p a prime, δ\,...,δk commut-
ing derivations on R and F the subring of central (δ\,..., δ^-constants
of R. Assume that no nontrivial F-linear combination of

is an inner derivation by a (δ\,..., δk)-constant Set S = R[θ\ δ\] and
let b eS be a (δ\,..., δ^-constant.

(a) Ifbr -rbeR for all reR, then

7=0

for some (δ\,..., δ^-constant ae R and some ao,...,ameF.
(b) Ifb is central in S, then b eF.

Proof, (a) Write out

and suppose bn Φ 0. Since b is a (<5i,...,(5^)-constant, each bj is a
(δ\,...,^-constant. From assumption (a), if n > 0 we get bn e F. If
n < 1, we are done. If n > 1 and if p does not divide n, then, for all
reR,

br - rb = (Z?«r - rZ?w)θj + {nbnδ\(r) + bn-\r - rbn.

+ terms of lower order.
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Since br - rb e R, we get a contradiction from the vanishing of the
θ?" 1 term.

If p I n, set

/ = max{/1 bx Φ 0 and p does not divide /}

or 0 if no such / exists. Let

A = {j \ bj Φ 0 and n> j> t).

Note that n e A, and that for j e A, we have

j = p

ιU)mj

with (mj9 p) = 1 and l(j) > 1. Let

s = m a x ( { / - 1 } U { p l U ) ( m j - l ) \ j e A } )

a n d
C = {j e A I plV)(mj - 1) = s} U {ί if t - 1 = s}.

If t e C, let m̂  = ί and /(ί) = 0? so that each j e C can be written as

j = p'U)mjm

Let

B = {bj\jeC}.

Since br -rb eR for all r eR,we have ΰ c f ,
If 5 > 0, evaluating the coefficient of θ^ in br - rb, we have

for all r e i?. Since AW/fc/ 7̂  0 for all j e C, this gives a contradiction.
Therefore 5 = 0, and hence t < 1 and rrij = 1 for all j e A. This
proves (a).

(b) If b is central, then br - r& = 0 e R for all r e R, so by part (a)
we have

7=0

for some (<5i,...,^)-constant aeR and some a0,...,am eF. But

ajSf\r) + ar-ra

for aUr eR, implyingα; = 0 for all j. Then α is central in R and so
beF. D
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The next theorem was proved for k = 1 in [8, Thm. 4.1.6]. The case
where k = 1 and R is commutative was considered in [2, Thm. 3.2a]
and [3, Thm. 2.3]. There are related results in [5] and [11, Thm. 3.5];
in particular, Voskoglou proves that the given conditions are necessary
for T to be simple.

THEOREM 4. Let R be a (Z/pZ)-algebra, p a prime, δ\,...,δk com-
muting derivations on R and F the subring of central (δ\,...,δk)~
constants ofR. Then the ring

T = R[Θι,...,Θk;δι,...,δk]

is simple if and only ίfR is (δ\,..., δk)-simple and no nontrivial F-
linear combination of

is an inner derivation by a (δ\,...,δk)-constant. In this case the center
ofT isF.

Proof. If T is simple, R is (δ\,..., (^)-simple and the center of T
is F by Lemma 1. If there are some α/7 e F such that

is an inner derivation by the (δ\,...,^-constant α, then

acts on TR as right multiplication by -a. For any t e T, we get that
st - ts is in the annihilator of γR- Then T being simple implies s is
central in T. By Lemma 1, we have s e F and so each a^ = 0.

For the converse we use induction on k. If k = 1 and A is a nonzero
ideal of T = R[Θ; δ] with n the minimal order of nonzero elements
of A, the set

j = {a eR I aθn+an-\θn~Xj\ \-a0 eA for some α ^ _ i , . . . , α 0 e R}

is a nonzero J-ideal of R. Since R is <5-simple, 1 e /, and we can pick

ι=0

with an = 1. Since θ# — # θ e 4̂ and this operator is of lower order
than n, we get θ# — # θ = 0 and so each α, is a 5-constant. Also
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qr - rq = 0 for all r e R, and so q is central in Γ. By Lemma 3, we
have q eF. Therefore n = 0 and 1 G ̂ 4, and so T is simple.

Suppose k> 1 and the theorem is true for fewer than k derivations.
Now

T = R[θ\,...,θfc;<5i,..

where S = i?[θi;^i]. By induction T is simple if 5* is
simple and no nontrivial linear combination of

by central (̂ 2» . »^A:)"c o n s t a n t s °f ^ is an inner derivation by a
{βi,..., (5^)-constant of S.

Suppose there exist α^ , with / > 1, central (J2> > < ^ ) " c o n s t a n t s of
S such that

is inner by the (̂ 2* . -. ^ ) " c o n s t a n t

i=0

Since the α/y are central in 5, they are also δ\ -constants and so each
otij e F by Lemma 3. For all r e R,

So, by Lemma 3,
m

7=0

for some (δ\,...,(^)-constant a e R and some ao,...,am e F. Then,
for any r e R,

m

7=0

and so each α/ y = 0.
If *S has a nonzero (̂ 2» . δk)-iάt2λ B, let « be the minimal order

of nonzero elements of B. Then the set

/ = {aeR I α θ j f + α Λ - i θ y ^ + α o ^ - β for some α w _i , . . . ,α 0 € i?

is a nonzero (<5j,..., (J^)-ideal of R. Therefore there is a q e B with

ί = 0
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and an = 1. Also the operators Θ{q - qθ\ = <Ji(#)> a s w e l 1 a s ^i(ί)
for / > 1 and qr - rq for all r e i? are in B, have lower order than n,
and so are 0. Therefore q is a central (δ\,...,^-constant of 5 and
so q e F by Lemma 3. Then n = 0 and 1 e J5, proving that S is
(<J2> ...> 4)-simple.

The induction hypothesis is now established, and therefore T is
simple. D

As an example to satisfy the hypotheses of Theorem 4, let K be a
field of characteristic p > 0 and let {xy \ i = l,...,k,j = 1,2,...}
be independent indeterminates over K. Set 7? = J£({jcy}). Define
commuting AT-linear derivations δ\,..., δ^ on R by

= Xij+ι a n d <5, (Xa,7 ) = 0

for all m ^ /.
First we show the set

is linearly independent over R. Suppose there exists some α / ; € R
such that

For fixed «, pick / such that no term .*„,/+/, for / > 0, is involved in
any of the anj. Then

0 = Σ aUδi(Xnl) = Σ <*njXn,l+j
j

which implies each anj = 0. Since n was arbitrary we have α ί 7 = 0
for all i, 7.

Therefore the set

is linearly independent over the central (δ\,..., ^-constants of R. As
R is simple, the differential operator ring T is simple.

2. A finite Schmidt higher derivation (S.h.d.) on a ring R is a set of
additive maps do,d\,... ,d^ on i? such that ofo is the identity map and

j=o
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for all a,b e R and i = 1,...,k. Infinite S.h.d.'s were first used in [4]
and [10]. For example, if δ is a derivation on a Q-algebra R, then the
maps

di = διli\

define a S.h.d. on R. For another example, let K be any field and
K[x] a polynomial ring over K. Define K-linear maps d§,d\,...,d\c

onK\x\ such that

for all i, j . Then do,d\,...,dk is a S.h.d. on K[x], with d0 = identity
map and d\ = ύf/rfx. If char(X) = 2, then

d2(x2n) = nx2"-2

and

Let dς),d\t...,dk\)Zdi S.h.d. on a ring R and observe that <//(l) = 0
for i = 1,...,/c. A (do,d\,...,d^-idealof R is any ideal ^ of R such
that έ//(Λ) c ^ for all i. The ring i? is said to be (do,d\,...,dk)-
simple if R is nonzero and the only (do,..., ay-ideals of R are 0 and
i?. The elements r e R such that di(r) = 0 for all / > 0 are called
(d\,...,d\yconstants and form a subring of i?. For do,d\,...,dk a
commuting S.h.d. on R, we can form a differential operator ring over
R, analogous to the differential operator rings of the previous section,
as in the following theorem. We first fix some notation.

Let

M = {(/(0),..., l(k) 11(0) = -oo and

/(/) is a nonnegative integer for / > 0}

and observe that M is an additive semigroup with zero element e(0) =
(-oo, 0,..., 0). For i > 0, let e(ϊ) = (1(0),..., l(k)) e M with /(/) = 1
and l(j) = 0 for all other j > 0. We have for L = (1(0),..., l(k)) e M
and a nonnegative integer j 9

for / > 0, while

L + je(0) =
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THEOREM 5. Let d§id\i...,dk be a commuting S.h.d. on R. Then
there is a differential operator ring S generated by R and elements
DQ,Dι,...,Dk with relations

DiDj = DjDi, Do = 1, Djr = £ di{r)DM

i=0

for all i, j and all r eR, such that S is free as a left R-module with the
monomials

/ ) £ ( * ) . . . £>*(!)
for n(i) > 0 forming a basis.

Proof. Let U be a free left i?-module with basis

{uL\L=(l(0),...,l(k))eM}.

Let
E = Endz{U).

There is an injective ring map R —• E under which any element r eR
corresponds to left multiplication by r on U. We identify R with its
image under this map so that R is now a subring of E.

Since U is the direct sum of the subgroups Ru^, we may define
maps Dj e E, for 0 < j < k, such that

j

Dj{ruL) = ΣdΛr)uL+e(j-i)
1=0

for r G R. Let S be the subring of E generated by Do, D\,..., D^ and
R.

Given r e R and LeM,

i J

DiDj{ruL) = ^2^dm(dn(r))uL+e(j_n)+e{i_m)

m=0 n=0

j i

= Σ Σ dn{dm{r))uL+e{i_m)+eU_n) = DjDi(ruL).
n=0 m-0

Thus A £ / = -DyA for all ι, 7.
Given r,s eR,

j j / I \

ι=0 /=0 \n=0

j j-i J

ι=0 «=0 ι=0
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Thus

i=0
It follows that if

for L = {1(0),....l(k)) € M, then

LeM

is closed under multiplication and so

s = Σ RΣ>L-
LeM

Thus S is generated as a left R-module by

{DL I L e M}.

Since df, (l) = 0 for / > 0, we have

and 2)jwL

To show the DL are left linearly independent over R, let r 0,..., rn G
i? such that

for distinct L(i) e M. Then

0 = (r0

implying r0 = π = = rw = 0. Thus S is free as a left R-module
with the monomials DL forming a basis. D

We denote the differential operator ring constructed in Theorem 5
by

S = R[Dι,...,Dk;d0,dι,...,dk].

It is also convenient to define leading coefficients for elements of S.
ForL = (/(0),...,/(fc))GM, set

|L| = / ( I ) + 2/(2)+ ••• + #(*:) and DL = £#*> Z)^1)

and call L the weighted order of Z>£. Let TV = (π(0),..., n(fc)) € M.
We say the weighted order of DN is greater than that of DL if \N\ > \L\
or, if |iV| = \L\9 if there exists j e{l,...,k} such that «(/) = /(/) for
/ > j and n{j) > l(j). Otherwise the weighted order of DN is less
than or equal to that of DL.
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For nonzero s e S, the leading coefficient of s is the coefficient of
the monomial of highest weighted order in s with nonzero coefficient.
We will usually denote an element s e S by

with aL e R. If aj is the leading coefficient of s, the weighted order
of s is said to be / . One should note that for nonzero t,s E S, the
leading coefficient of ts is the product of the leading coefficients unless
that product is zero. Although we could have defined order as in the
last section, weighted order is useful in Theorem 11.

Before developing criteria for the simplicity of these rings, we note
a case when S is noetherian and we give a construction of a S.h.d.
from derivations and vise versa.

THEOREM 6. Let do,d\,...,dk be a commuting S.h.d. on a ring R.
IfR is right (left) noetherian, the ring

S = R[Dι,...,Dk 9d0,du...,dk]

is right (left) noetherian.

Proof. Set

Note that for t G Γ, we have δ(t) = Dkt - tDk e T. Therefore, δ
defines a derivation on T. Also S = Γ[Θ;5]. Then, by induction on
/c, and by [9, Thm. 2, p. 65], we have R right (left) noetherian implies
S is right(left) noetherian. D

For the rest of this section, we fix some notation. Given derivations
δ\, ...,δr and / = l,. . .,r, let

where the sum is over all formally distinct /-tuples (7(1), . . . , j(i)) with
each j(l) a positive integer and j(l)-\ h j(i) = r. For example,

+ δ2δ2

We define θ( / r ) similarly. Also, given a S.h.d. do,d\, ...,dk, we
define d^ and D^ in a similar manner.



DIFFERENTIAL OPERATOR RINGS 99

LEMMA 7. Let k e N, let R be a ring in which k\ is invertible, let
δ\,...,δk be derivations on R, let R[t] be a polynomial ring over R,
and set

R[s] = R[t]/(tk+ι).

Extend each δj to a derivation on R[s] where δi(s) = 0, and set

d = sδi + s2δ2 + ••• + skδk.

(a)d» = ΣUsn+Jδ(n>n+j)M \<n<k.

(b) σ = YJi,=od
n/n\ is a ring endomorphism ofR[s].

Proof. (a)If Λ = 1,

7=0 j=0

Suppose n > 1 and (a) is true for n - 1. Then

( k-n+l

1=0 \j=0 J 1=0

(b) Set d = δχ +sδ2-\ h^" 1 ^- Then d = sd and d is a derivation
on R[s], For a,b e R[s],

) (
n=0 J \i=0

n=0 \i=0

k ( n

Σ
«=0 \/=

A:

n=0

Clearly σ is additive, so σ is a ring endomorphism.



100 D. R. MALM

LEMMA 8. Let k e N, let R be a ring in which k\ is invertible, let
do,dι,...,dk be a S.hΛ on R, let R[t] be a polynomial ring over R,
and set

R[s] = R[t]/(tM).

Extend d§,d\,...,d]<itoa S.h.d. on R[s] where dι(s) = Ofor i = 1,..., fc.

(a) φ = YJl^s^i is a ring endomorphism ofR[s].

(b) Ifp = φ- 1, then

,=0 7=0

for 1 <n<k and all a, be R[s].

(c) Pn = ΣU sn+J'd(n,n+j) for\<n<k.

Proof, (a) Clearly φ is additive. For a,b e R,

k

Φ(a)Φ(b) = fe)
\i=0 / \j=0

i=0

k

i=0

Hence φ is a ring endomorphism.

( b ) I f π = l ,

1 l- i

1=0 7=0

/?(α)ό + ap(b)

= (φ(a) - a)(φ(b) -b) + (φ(a) - a)b + a(φ(b) - b)

= φ{a)φ{b) -ab = φ{ab) - ab = p{ab).



DIFFERENTIAL OPERATOR RINGS 101

Suppose n > 1 and (b) is true for i <n. Then

i=0 j=0

n-ln-\-i

= Σ Σ ("7')("" "
x W-'iaWHb) + p^Wpn-J-^b) + pn-i-1(a)pH-J{b)]

i=0 y=0

(c) Since p = φ - 1 = sd\-\ \-skdjc, the proof is similar to Lemma
7(a). D

LEMMA 9. For integers /, m > 0,

,.!,) (,_'„)/'=*
Proof.

l+m

j=Q
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which is the coefficient for xm in the power series expansion of fg
where

and

Since fg is constant, this coefficient is 0 for m > 0.

THEOREM 10. Let k e N and R a ring in which k\ is invertible.
(a) Ifδ\,...,δk are {commuting) derivations on R, then the rules

do = identity map

define a {commuting) S.h.d. do,dι,...,dk on R.
(b) Ifdo,dι,...,dk is a {commuting) S.h.d. on R then the rules

7 = 1

define {commuting) derivations dγ,...,dk on R.
(c) If δ\,...,δk are derivations on R and do,d\,...,dk the S.h.d.

constructed in (a), then the derivations d\,...,dk constructed in (b)
equal δ\,...,δk.

(d) If d'o,d[,...,d'k is a S.h.d. on R and dh...,dk the derivations
constructed in (b), then the S.h.d. do,d\,...,dk constructed in (a) is
equal to d'Q,d[,...,d'k.

Proof, (a) For the ring endomorphism σ defined in Lemma 7,

n=0

n=\ /=

For any ring homomorphism

k

i=0

where d\\ R —> R, the maps do,d\,...,dk form a S.h.d. on R. Hence
(a) is proved.
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(b) Using the map p defined in Lemma 8, set

We have, for any a, b e R[s],

n=\

n=\ /=0 7=0 \ ' / \ y /

Note that pι(a)pm{b) = 0 whenever I + m > k. The coefficient of a
particular term ρι(a)ρm(b) above for / > m > 0 and / + m < k is

Σ«-«r/o (,!,)(,_'„,)
which is 0 by Lemma 9. Similarly, for m > I > 0 and I + m < k, the
coefficient of pι(a)pm(b) in the above is 0. The coefficient of a term
^(fl)ft (or V ( * ) ) is (-1) / + 1//. Hence, <5(αδ) = δ{a)b + aδ{b) and ί
is a derivation on U[s].

If β is any derivation from R to i φ ] and

i=0

with each /?,: i? —̂  i?, then each /?/ is a derivation on R. Now, by
Lemma 8,

n=\ n=l 7=0

7=1

so each 9Λ is a derivation on i?.
(c)lfd=sδ\-\ h j^J/t and p - sd\ Λ h skdk, we have

n=0
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as in the proof of (a) and

k

as in the proof of (b). Hence,

n=\ \ι=l / n=l

But
k / k \

since the coefficient of a term d j for j < k is the coefficient of x 7 in
the power series expansion of log£* and dJ = 0 for j > k.

So d = sδ\ H h 5 ^ ^ = ^9i H h .s1^^ and 5/ = δj for all /.

since the coefficient of σj for j < k is the coefficient of x J in the
power series expansion of elogx and σJr = 0 for 7 > /c.

On the other hand,

A: k

1 = 1 Λ = l

as in the proof of (b). If we denote this map by d, then as in the proof
of (a),

«=0 «=1 /=1

Since the left hand side equals a (as shown above) we obtain d\ = d[
for all /. D

THEOREM 11. Let k e N, and let R be a ring in which k\ is invert-
ible. Let d§,d\,...,dk be a commuting S.h.d. on R and δ\,...,δk the
corresponding commuting derivations as in Theorem 10(b). Then the
rings

S = R[Dh...,Dk;do,dι,...,dk] and T = R[βh...9θk;δh...9δk]
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are isomorphic. Moreover, there is an isomorphism that is the identity
on R and preserves leading coefficients.

Proof. Define θ b . . . , θ ^ by

i=\

Note that θ / θ 7 = θ y θ , for all /, j . Let R[t] be a polynomial ring over
R and set

Set

D = sDx + + skDk and p = sdx + + skdk.

As in the proof of Lemma 7 (a)

7=0

for 1 < n < k. Hence

n=\ n=\ y=0

Now for 1 < « < /c and α G i?^] we show that

, =o y=o

To see this note that

Da = p{a)D + aD + ρ{a),
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which is the above with n = 1. Then by induction,

Dna = Dn~ιDa = Dn-\p{ά)D + aD + p(ά))
n-\ n-l-i

/=0 y=0 V ' ' X J J

/=0 7=0

Set
/fc _ k

θ = ΣsnQn = Σ{{-\)n+x /n)Dn.
n=l n=\

Then for a eR we get

Λ = l /=0 7=0

k

\l / \ J /

as in the proof of Theorem 10(b). Hence,

for 1 < n < k and all a e R.
Consequently, there exists a unique ring homomorphism φ: T —> S

such that φ is the identity on R and φ{θn) = θn for all n.
If
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with leading coefficient rj, then

also has leading coefficient rj. To see this, note that the highest
weighted order monomial of Θn is Dn. Therefore

implies

and hence φ is injective.
As in the proof of Theorem 10(d), we have

n=0 \ι=l / /

Therefore

k ί k \ n I

θ / "'•
n=0 \/=l / /

k (k-n \ I k n

= i + V Ysn+je(nn+i) / n\ = 1

and it follows that

for 1 < n < k. Hence φ is also surjective and therefore an isomor-
phism. D

We end this section with two lemmas that allow us to extend a S.h.d.

LEMMA 12. Let d0,dχ,...,dk be a S.h.d. on a ring R and let C be
a right denominator set in R. Then d^dx^.^d^ can be uniquely ex-
tended to a S.h.d. on

Proof. Let R[t] be a polynomial ring over R and set

= R[t]/(tk+ι).
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Note that d = do + sd\ + ••• + skdk defines a ring homomorphism
d: R -> R[s]. Let </>: R -> i? [C- ' ] and </>': i?[s] -> i?[C- ][5] be the
natural maps. For any c eC,

φ'd(c) = φ'(do(c) + sdι(c) + --- + skdk(c))

= φ'(c) + sφ'{dx (c)) + + skφ'{dk{c)).

Since φf(c)~ι exists in ^ [ C " 1 ] ^ ] , we can inductively solve for coef-
ficients of a right or left inverse for φf(d(c)). Therefore, there exists
φ'(d(c))-1 in R[C~ι][s] for all ceC.

Hence, there exists a unique ring homomorphism

such that d'φ = φ'd. If we write dr = d'o + sd[ + + skd[ with
each d\\ R[C~ι] -+ R[C~ιl d'^ d[,..., d'k is a S.h.d. on R[C~ι] which
uniquely extends do,d\,...,dk. D

LEMMA 13. Letd^dx^.^d^ beaS.h.d. onaringR. Given f\,..., fa
central elements of the polynomial ring R[x], there is a unique ex-
tension of d$,d\,...ίdic to a S.h.d. on R[x] such that di(x) = f for

Proof. Let R[t] be a polynomial ring over R and set

R[s] = R[t]/(tk+ι).

Then we have a ring homomorphism

d = do + sdχ + '" + skdk: R -> R[s].

This extends uniquely to a ring homomorphism

such that

d'(x) = x + sfi + + skfk,
because x + 5/1 H h 5^^ is central in i?[x][5]. If

with each d\\ R[x] -• i?[x], then d'0,d[, ...,dk is a S.h.d. on i?[x]
extending d$,d\,..., ^ . The uniqueness is clear. D

3. We develop some necessary and sufficient conditions for simplic-
ity of differential operator rings coming from a S.h.d. The proof of
the next lemma is similar to that of Lemma 1.
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LEMMA 14. Let d§,d\,... ,0^ be a commuting S.h.d. on a ring R and
let F be the subring of central (d\,..., d^-constants ofR. If the ring

S = R[Du...,Dk;do,du...,dk]

is simple then the center ofS is F and R is (d0,..., dk)-simple. D

If do,d\,..., dk is a commuting S.h.d. on a ring R, then R can be
made into a left module over the ring

S = R[Dι,...,Dk;do,dh...,dlc]

using an S-module multiplication * by which Df * r = df(r) and
s * r = sr for all / and all s, r e R. With this left module structure,
right multiplication in R by a (d\,..., dfc)-constant is a left 5-module
endomorphism of i?.

THEOREM 15. Let R be a Q-algebra, d§id\,...yd\c a commuting
S.h.d, on R and F the subring of central (d\,..., d^-constants of R.
Then the ring

S = R[Dι,...,Dk;do,dι9...,dk]

is simple if and only if R is (do, d\,..., d^ysimple and no nontrivial
F-linear combination of

{dfcQ d{W I i(j) >0and0< /(I) + 2/(2) + + ki{k) < k}

is an inner derivation by a (d\,..., d^-constant. In this case the center
S is F.

Proof. If S is simple then the center of S is F and R is (do,...,
simple by Lemma 14. In a manner similar to that of Theorem 2, no
nontrivial F-linear combination of

{d^ rfp) I i(j) > 0 and 0 < /(I) + 2/(2) + + ki(k) < k}

is an inner derivation by a (d\,...,<4)-constant.
Conversely, using the construction of Theorem 10 and Theorem 11,

we have

for commuting derivations δ\,...9δ]c related to do,d\,..., d^ as in The-
orem 10. Then R being (do, d\,..., ̂ )-simple implies R is (δ\,...,
simple. No nontrivial iMinear combinations of

-dp I 1(7) > 0 and 0 < /(I) + 2/(2) + + ki(k) < k}
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being inner by a d\,...,dk-constant implies no nontrivial F-linear
combination of δ\,..., δk is inner by a (δ\,..., <^)-constant. Since F
is also the subring of central (δ\,..., δk) -constants of R, by Theorem
2 the ring S is simple. D

LEMMA 16. Let d§,d\)...,dkbea commuting S.h.d. on a ring R and
I a nonzero ideal of the ring

S = R[Dι,...,Dk;d0,dι,...,dk].

If d = ΣrLDL e /, then dt(q) = Σ,di{rL)DL el for all i.

Proof. If i = 1 then £d\[rL)DL = D{q-qD{ e I. If i > 1, suppose
the lemma is true for all j < i. Then

j{q)ijeL D
7=0

THEOREM 17. Let dQ,d\,...,dk be a commuting S.h.d. on a ring R
and F the subring of central (d\,..., dk)-constants ofR. Then the ring

S = R[Dι,...,Dk',d0,du...,dk]

is simple if and only if R is (do, d\,..., dk) -simple and no nontrivial
F-linear combination of

{d(V - - - d?W I /!(/) > 0 and n(k) + + n{\) > 0}

is an inner derivation by a (dι,..., dk)-constant. In this case the center
ofS is F.

Proof. If S is simple, the proof is similar to that of Theorem 15.
Conversely, assume that R is (d$,d\,...,dk)-simple and no nontrivial
F-linear combination of

{*/£<*> έ/fW I n{i) > 0 and n(k) + + n{\) > 0}

is inner by a (d\,..., dk) -constant.
If A is a nonzero ideal of 5\ let / be the minimal weighted order of

nonzero elements of A. Using Lemma 16, the set of 0 together with
those r e R that are leading coefficient of elements of A of weighted
order / forms a (d0,d\,...,^)-ideal of R. Hence, we have q e A of
weighted order / with leading coefficient 1. Using Lemma 16 again,
all other coefficients of q are (d\,..., ^-constants. Also, qr - rq = 0
for any r eR.
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If q = X) rLDL, let / denote the highest weighted order such that
ri & F (or if all rL e F let / = e(0)). For all r e i?, the coefficient
of D1 in #r - rq is 0. If | /| > 0, then from the vanishing of these
coefficients we get some F-linear combination of

I n{ί) > 0 and n(fc) + + /i(l) > 0}

being an inner derivation by a (rfi,..., ^-constant. Therefore | / | = 0,
whence q = 1 and so A = S. Thus 5 is simple. D

As an example to satisfy the hypotheses of Theorem 17, let K be
a field of characteristic 2 and let X\,X2,... be independent indeter-
minates over K. By Lemma 13, there exists a unique ΛMinear S.h.d.
do, d\, d2 on /£[{*/}] such that

and

for all /. Then Lemma 12 implies that do,d\fd2 extends uniquely to
a S.h.d. on R = #({*/}).

Note that rfi(x?) = 0 and d2(xf) = x}+x for all /. As R is a field, we
only have to show that the set

{dΐMdζW I n(i) > 0 and /i(l) + /i(2) > 0}

is linearly independent over the subring of central {d\,d>ι)-constants
of R. Actually, we show this set is linearly independent over R.

If we have some α / 7 e R such that

find / such that Xι+h is not involved in any of the α i ; for h > 0. Then

0 = J 2 { i f Σ i l

U

Therefore each α / 7 = 0 and the set

fWdζW I n{i) > 0 and n(l) + n(2) > 0}

is linearly independent over R. Thus the ring R[D\, D2\d$, d\, d2] is
simple.
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