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THEORY OF BOUNDED GROUPS AND
THEIR BOUNDED COHOMOLOGY

D. W. PauL

Bounded cohomology H, can be defined for groups and for topo-
logical spaces. Recent work has shown that H; (M) of a topolog-
ical space M depends only on II;(A). In this paper we consider
a new concept—a bounded group—and thereby expand the defini-
tion of bounded cohomology. We prove that bounded cohomology
groups are themselves bounded groups and develop their properties in
lower dimensions. In particular, elements of Hbz(G, A) classify bound-
ed group extensions of G by 4. As an application of the theory of
bounded groups we construct the Lyndon spectral sequence. The re-
sult obtained is Theorem 3, which states that H'(H, 4)¢ =, H}(G, A4),
when G/H is finite.

1. Definitions and observations. We introduce the ideas of a bound-
ed group and a bounded group homomorphism. We want to ensure
that the mappings (x, y) — xy and x — x~! are themselves bounded
homomorphisms. Thus, we define a norm (actually a pseudo-norm)
on a group G to be a function || ||: G — R satisfying, for non-negative
constants M, c, M',¢',

(i) J|x]| = O, for all x in G,
(ii) [lxyll < M(llx]| + l¥l) + ¢,
(iii) [~ < Ml|x|| + ",
G together with its norm is a bounded group. A homomorphism f
between two bounded groups G and H is bounded if and only if there
exist non-negative constants My and ¢ such that

I/ (&)l < Myllgll+ ¢y, forall ginG.

Two norms on G are equivalent if there exists a bounded isomorphism
f between the two bounded groups; i.e., both f and f~! must be
bounded. The symbol for a bounded isomorphism will be =,. It is
worth noting that the composition of two bounded homomorphisms
is bounded.

The cross-product of two bounded groups, G x H, is a bounded
group under the natural norm defined as follows:

(& Ml = ligl + liAll.
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314 D. W. PAUL

Here, || || is the symbol for the norm in the appropriate group. Notice
that the choices of definitions for bounded group, bounded homo-
morphism, and cross-product norm achieve the stated goal of making
(g1, &2) — £18& and g — g~ ! bounded homomorphisms.

The need for a pseudo-norm rather than a norm arises as we attempt
to define a quotient norm for G/H, when H is normal in G. Given g
in G/H, define

Il = inf {|ghil.

This norm satisfies properties (i)-(iii); however, the condition ||g|| = 0
does not imply that g is in H. Notice that the projection map n: G —
G/H is a bounded homomorphism.

The quotient norm will appear repeatedly in this work, so we prove
now a simple and crucial lemma.

LeEMMA 1. Let H be a normal subgroup of bounded group G, and let
I1: G — G/H be the projection map. Endow G/H with the quotient
norm. Then there exists a bounded section s: G/H — G, so that ITos =
1.

Proof .
I1 = inf ||gh|| = L.
IT(g)ll = inf llghl
Given ¢ > 0, for each g there exists an 4, in H such that
lghell < L +e.
Pick such an 4., and define
s(I1(g)) = ghe.
Then ||s(II(g))|| = l|ghe|l < L + ¢ = [TI(g)]| + &. o
The bounded cohomology groups of a bounded group G are defined
directly in terms of the bar resolution [2]. Let 4 and G be bounded
groups, and let 4 be a left G-module. The G-module action must be

bounded; i.e.,
lgall < Mlla|l +c.

The chain complex consists of free G-modules B,(G). In non-homoge-
neous coordinates, B,(G) has generators [x;/ - - - /xp], n-tuples of ele-
ments of G, with the normalization condition that

[x1/---/xx]=0 ifany x; =1.
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The group B,(G) is bounded with the following norm inherited from
G:
lxlxa/ -« /xadll = llx I+ el + - + lIXall-

For a and b in B,(G), ||a+b| = |la||+]|b]|- An n-cochain f: B,(G) — 4
is a G-module homomorphism, bounded as a group homomorphism,
uniquely determined by its values on the generators. These n-cochains
form a group and are denoted Hom%(B,,(G), A), or B". Because A4 has
bounded G-module action, df is also a bounded cochain, and thus it
is in B"*!. The cohomology groups H}(G, A) are those of the cochain
complex Hom%(B,(G), 4).

The bar resolution is also defined in homogeneous coordinates. In
this case, B;,(G) consists of all elements (xy, ..., x,), where (X, ..., X,)
= 0 when x; = x;,;. We define the norm of elements of B}, (G) by the
formula

(X0, - - - Xn)ll = Il + - + llxn]l-

LemMMA 2. B,(G) =4 B, (G).

Proof . The two resolutions are algebraically isomorphic [2]; an ele-
ment x[x;/---/xn] in B,(G) determines one in B;(G) by

x[x1/ - /xn] = (%6 XX1, ..., XX1 - Xn).
Conversely,

(Yor - ¥n) = volvg'wi/ - 1yt vnd

For the proof of boundedness, note that in each direction elements
of G are multiplied a finite number of times before the cross-product
norm is applied. For a fixed n, these actions are bounded, and thus
B,(G) and B, (G) are bounded isomorphic. 0

We would like to know if the quotient H}'(G, A) itself can be con-
sidered bounded. First, a natural norm to assign an n-cocycle f in
Hom’é(B,,(G), A) is the sup norm.

1Al = Sup £ Gl

Verifying the conditions for Z} (G, 4) (the n-cocycles) to be a bounded
group depends on knowing that f is bounded and that 4 is a bounded
group. Now we define the norm for the cohomology class of f by the
quotient norm:

|71l = jinf 11/ + gl
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Now the cohomology groups H}} (G, 4) = Z}(G, A)/B} (G, A) are them-
selves bounded groups.

2. Low dimensional cohomology groups. We first note two stan-
dard results about the zero- and one-dimensional bounded cohomol-
ogy groups. Given a bounded G-module action on any bounded group
A, it is clear that H)(G, A) is A®. H} (G, A) is easily seen to be isomor-
phic to the group of all bounded crossed homomorphisms modulo the
principal ones. Our concern is with the relationship between H, bz(G, A)
and extensions. We develop the theory for the case of central exten-
sions and trivial G-module action. The results easily extend to the
case of bounded module action.

Let G and K be bounded groups, and let K be abelian. A bounded
central extension E of K by G is defined as a central extension with
bounded homomorphisms i and 7.

E:O———>K—£—>X——"—>G—->l

Let E and E’ be two bounded central extensions of K by G; then F
and E' are congruent if there exists a bounded homomorphism S, with
bounded inverse #~!, such that the following diagram commutes:

E: 0 Kt x -2.¢G 1
I
E:0 K-+t x 2,6 1

The collection of such congruence classes is denoted Cent, (G, K).

Assuming non-homogeneous coordinates and trivial G-module ac-
tion on K, we construct the groups H,f(G, K). An n-cocycle f has the
property that

1/ G eos )l < MY(HxLH A+ -+ llxall) + .

Our goal is to associate a congruence class in Cent, (G, K) to each
cohomology class in H(G, K).

Given f in HbZ(G, K) as just defined, form the group X consisting
of all pairs (k, g), k in K and g in G. The group operation is defined

(k1, &1)(ka, &) = (k1 + ka2 + (81, &2), 8182)-

A bounded group was defined in order to make this extension group
X bounded.
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LEMMA 3. X is a bounded group under the following norm:
(k. &)l = NIkl +llgll-

Proof'. Clearly ||(k, g)|| > 0.
(k1 &1) (K2, &)l = lI(k1 + ka2 + (81, £2). £182)-

The bounds from the group operations in X and G combine with the
bound on f to make the operation in X bounded. Similarly, we see
that ||(k &)l = lI(k &)~ = l(=k ~ f(g &), &7")|l is bounded. O

The homomorphisms are defined to be:

itK—-X ik)=(k1),
n: X—>G =nkg =g

LEMMA 4. The homomorphisms i and ©n are bounded.

Proof .

iGN = Nl (k, DI = K] +c.
lz(k )l = llgll < ikl + &l O

LEMMA 5. X/K =, G.
Proof . Let (k, gy) represent a class in X/K.

The groups are known to be isomorphic; the boundedness of each
direction of the isomorphism is demonstrated here.

II(k. go)ll = infl|(k, go)ll = infllkf + [ goll = lIgoll + .
1goll < inflikc]| + [l goll < (k. go). u

The proofs of the exactness of the sequence
E:0—K-5Xx5G—1

and of i(K) lying in the center of X are standard [2].
Thus we have easily found a bounded central extension for the two-
cocycle f.



318 D. W. PAUL

LEMMA 6. If f and g are cohomologous, then their associated ex-
tensions X and X' are congruent.

Proof. Let g = f + dd, and note that d must be bounded. Define
Bk g)=(k—-d(g), g); d is bounded and thus g is a bounded homo-
morphism. The inverse 7!, defined f~1(k, g) = (k +d(g), &), is also
bounded. The map £ makes the diagram commute. o

Given a bounded central extension E, we now wish to find an asso-
ciated two-cocycle in Z}(G, K).

E0—K-X"26G6—1.
“‘_’/

S

Since G has a norm equivalent to the quotient norm, there exists
a bounded section s: G — X by Lemma 1. We require further that
s(1) = 1, which may only affect the bounded condition of s by a
constant. Define A in Z}(G, K) by

A(a, b) = s(a)s(b)s(ab)™".

The class of A is easily seen to be an element of Z?(G, K); as a com-
position of a finite number of group operations it is bounded.

LemMA 7. If E and E’' are congruent bounded central extensions

E: 0 K— X ", ¢ 1
I
E':0 K——X —2>g¢ > 1

B

. . ] i
with bounded sections s and t, then their associated cocycles As and A,
are cohomologous as bounded cocycles.

Proof . Define d: B1(G) — K by
d(g) =t(g)B(s(g) "

Standard arguments show that A, = A; + dd. Since d is bounded as
a composition of g, ¢, and s, A; and A are in the same bounded
cohomology class. O
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Lemma 7 is the last step in the proof of the following:

THEOREM 1. Assume that G has trivial module action on abelian
group K. There is a one-to-one correspondence between Centy(G, K)
and H?(G, K). 0

3. Bounded cohomology spectral sequence. The construction of a
spectral sequence demonstrates the usefulness of having a bounded
condition on the cohomology groups. We follow the treatment in
Mac Lane [2], and simply replace groups and homomorphisms with
bounded groups and homomorphisms. Thus, a bounded cohomology
spectral sequence E = {E,,d,} is a sequence E,, E3,... of Z-bigraded
modules, each bounded as a group, and each with a bounded differ-
ential d, of bidegree (r, 1 — r) so that

H(Er: dr) = Er+1~

H (E,,d,) has the quotient norm.

To demonstrate the potential usefulness of redefining the spectral
sequence in this way, we construct the Lyndon spectral sequence. We
can then relate the bounded cohomology of a group and its subgroup.
Where inserting the word “bounded” in the standard arguments causes
no problem we simply state the result. Complications arise later, how-
ever, and we deal with those in detail.

For H a normal subgroup of bounded group G, and 4 a bounded
G-module, form the bicomplex

KP4 = Hom}, ;(B,(G/H), Homy (By(G), 4)).
The two differentials are defined, for f in K24,
8" f(B')(b") = (=1)P*9*1 f(9b")(b"), b’ € Bpy1,b" C By,
3" f(B)(b") = (-1)7T f(b")(8b"), b’ € Bp,b" € By
There are two filtrations of this bicomplex—by the indices p and gq.
That each induces a bounded cohomology spectral sequence on Tot K
is laborious but straightforward. First we identify the E, terms.
Reverse the indices for the second filtration, and recall that E;”¢ =
H'"PH'Y(K). For fixed p, H'Y(K) is the bounded cohomology of G/H
with coefficients in Hom’,’,(Bp(G), A). This group H'(K) is zero for
g>0. HO(K) is
HY(G/H Hom¥(B,(G), A)) =, [Hom%(B,(G), 4)]°/#
=, Hom®(B,(G), 4).
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Now calculating H"? H'Y(K) yields
EPY =, H?(G, A),
E)?"=0 wheng>0.
The filtrations of K determine the total space Tot K, a single com-
plex, as
TotK= » KPP, 6=8+06"

p+g=n
THEOREM 2. H}'(G, A) =, Hy(TotK).

Proof . Consider the following chain transformations:
¢: HomZ(B(G), A) — TotK,
n: TotK — Hom%(B(G), A).

For f: B,(G) — A, {f is an element in K*” defined by

(EN)(u)(b) = f(b),

for u in G/H, b in B,(G). The homomorphism ¢ f has the same norm
as f, and therefore { itself is a bounded chain transformation. For A
of degree n in TotK, h = (hg,..., h,) is an (n + 1)-tuple of bounded
homomorphisms, 4; in K*"~!. Define nh, for (xy, ..., x,) in By(G),

n

(nh)(xg, ..., Xn) = Z(hi(nxo, ce s X)) (Xis ooy Xn)

i=0
The maps nh and 7 are easily seen to be bounded, and they satisfy the
identity n{ = 1. The following is a bounded chain homotopy between
¢ and 7.

Define s,: X" — X"~1, for fin X", uin B,(G/H), and a in B,(G),

p+q=n,by

g
snf(u)(a) = (—1)4 Zf(uo, ..., Up, Ay, ..., ma;)(a;, ..., aq).
i=0

Thus { and 7 differ by the coboundary of a bounded (n — 1)-cochain,
({n)* = 1, and the cohomologies of the complexes are bounded iso-
morphic. O

From the first spectral sequence, E;7? = H'? H"I(K). For fixed p,

Kerd": KP4 — KPa+l
Imo”: Kpa-1 — KpPq~

In the next result, restriction to the case when G/H is finite allows
us to obtain both the isomorphism and a bounded map.

H" (K) —
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LeEMMA 8. For G/H finite,
H"i(K) =, Hom, ,(B,(G/H), H (Hom}; (B(G), 4))).

Proof . Given a class x in G"9(K), lift the class to f, in K4 so that
fp=x. Then send x to f: B,(G/H) — Hg(Homlﬁ,(B(G),A)), where

Sf(a) = fp(a). We will first show that this map is an isomorphism.
Suppose f = 0. Then fj(a) is actually 6”h,, for A, in
Hom (B,-1(G), 4)
and for all a. Now define G in K?49-1 by
G(a) = h,.
We know G is bounded only because G/H is finite, and thus

Hom, ,; (B,(G/H), V) = Homg,u(B,(G/H), V),
0"G(a)=06"ha = f(a).
So fp is in the Im¢”: KP9~! — K?4, and j_’p =x =01in H"(K). The
map 1is injective.
To show the map is onto, consider
f: Bp(G/H) — H}(HomY (B(G), A).
Now define f, in K74 by
fo(a) = s(f(a)),

where s is the bounded lifting for H) (Hom?,(B(G), A). The class 71,
is sent to f, so the map is surjective.

The bounded nature of the isomorphism also depends on the finite-
ness of G/H. Let L = ||f,| in H"(K), and let R = | f]| on the

right.

9€K?4~! 4eB,(G

R= sup inf [ f(a) - d"h|.
a€B,(G/H) heHom! (B, 4)

First we will demonstrate that L < R. For all a in By(G/H),
infs., || f(a) — 6"h|| < R. So it is possible, given ¢ > 0, for each
a, to pick A, such that

If(a) —6"h4|| < R +e.
Define G in K?4-! by

L=|f,|= inf sup || fp(a) — 3" (g(a))ll.
»(G/H)
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Here we use the fact that G/H is finite. Now look at the norm on the
left.
L = infsup | f(a) - 3" (g(a).

The infinum over all g is less than or equal to values obtained plugging
in specific g in K?971;

L <sup|fla) - 0"(G(a))|l
=sup||f(a) —6"h4)| < R +e.

This is true for all ¢, so L < R.
To show R < L, we again start by considering the norm R. For
each ¢ > 0, pick a. such that

infl|f(a;) - "h| 2 R —e.
L = infsup||f(a) - 8"g(a)]l.
Fix g and consider the sup,|f(a) — 6"g(a)l|. Each g(a) is in
Hom%(Bq_l(G), A), and the sup, includes a,. Therefore,
sup||f(a) — 0" g(a)ll 2 |lf(ae) — 6" g (ac)l
> inf||f(a:) ~ "h|| > R~
Since, for every g, sup, || f(a) —d"g(a)|]| > R +e¢,
L= igfsup |f(a)—d"g(a)|| > R —e.
a

As a result, L > R; in fact we now know that L = R, so the isomor-
phism is bounded. o

We state the following lemma without proof, for the isomorphism
is generated by a standard chain transformation easily seen to be
bounded.

LemMA 9. HJ(Hom% (B(G), 4)) =, H}'(Hom}(B(H), A)).

For G/H finite, the previous lemmas allow us to assert the following:
H"(K) =}, Homg,(B,(G/H), Hf (Hom(B(G), A)))
=, Homg, 1 (Bp(G/H), H/ (H A)).

Taking the cohomology of H"%? with respect to ¢’ yields the cohomol-
ogy of G/H:

ESP =, HPH" =, H!(G/H Hf(H, A)).
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Assume A has characteristic zero. Because G/H is finite, most of
the terms of the spectral sequence vanish and a useful isomorphism
emerges. The E}? term, for p > 0 and ¢ > 0 is the cohomology of a
finite group with coefficients in a module of characteristic zero; thus
the term is zero. The only non-trivial E, terms are on the fiber, and
all differentials are zero. Therefore,

EQ" = EQn.
LeEMMA 10. EQ" =, H!'(TotK).

Proof . By definition,

C'UF'X" cr
= o TR =5

where C” and B" are the cocycles and coboundaries of degree n. The
isomorphism takes a class in E'3” to a representative f + s, f in C”
and s in F1 X", then to f in C"/B". It remains to be shown that this
isomorphism is bounded.

In E'2" the norm is calculated, for f = fo @ f1©--- @ fr,

L=|f+sl=|fl= ,sé‘e‘zf;n |f —dg — A
heF' X"
= inf(1fo— 8" goll + /i = 8'g0 = 6”1 = |

+ o (1 = ' gn1 = Pall)-
For any dg we can choose 4 so that #; = —d'g;_, — 6”g;. Then,

L =inf|| f — 6" goll.
680

In H}'(TotK),
R=|fll= ,inf I.f —ogll-
gEBn

Now recall that H?(G/H, Homf{,(Bq (H), A)) is zero when p > 0. The
homomorphism f = fy®--- @ f, is a cocycle, and thus ¢’ f, = 0. This
implies that f, = 6'G,_,; since f = f — 0G,_; we can replace f by
Fi=f® & (-1 —3"Gy_1).

Now F; is a cocycle as well, so f,_ — "G,_; = §'G,_,. Replace
Fiby F, = fo®---®(f—» —6"G,_»). Repeat this procedure until left
with o

F = fy—06"Gy, where F=f.
R=|fll=IIFll= (ig,lgf, |fo—8"Go —d"¢g|| = L.
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The isomorphism is bounded. o
Combining this result with Theorem 2 yields
HJ'(H A)¢ =, EX" =, H'(TotK) =, H'(G, A).

We have proved the following:

THEOREM 3. For G/H finite, H!'(H A)® =, H}(G, A).
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